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t We advo
ate the Mendler style of 
oding terminating re
ursion s
hemes as 
om-binators by showing on the example of two simple and mu
h used s
hemes (
ourse-of-valueiteration and simultaneous iteration) that 
hoosing the Mendler style 
an sometimes leadto handier 
onstru
tions than following the 
onstru
tion style of 
ata and para like 
ombi-nators.1 Introdu
tionThis paper is intended as an advert for something we 
all the Mendler style. This is a not toowidely known style of 
oding terminating re
ursion s
hemes by 
ombinators that di�ers from the
onstru
tion style of the famous 
ata and para 
ombinators (for iteration and primitive-re
ursion,respe
tively) [Mal90,Mee92℄, here 
alled the 
onventional style. The paper argues that, for 
ertainre
ursion s
hemes, opting for the Mendler style gives simpler 
onstru
tions than 
hoosing the
onventional style. This is demonstrated on the example of two simple and useful terminatingre
ursion s
hemes, 
ourse-of-value iteration and simultaneous iteration. Course-of-value iterationis a s
heme for the de�nition of fun
tions of an indu
tive argument where the result value for anygiven argument value is determined by the \
ourse" of the result value for its an
estral (not justthe result values for its immediate prede
essors, as is the 
ase for simple iteration). Simultaneousiteration is a s
heme for the de�nition of fun
tions of two indu
tive arguments where the resultvalue for any given pair of argument values is determined by the result values for the pairs of theirimmediate prede
essors.What is the Mendler style about and what is its di�eren
e from the 
onventional style? Let usexplain this on the example of simple iteration. Suppose we want to de�ne a fun
tion f from anindu
tive type �F to type C by iteration. The re
ursive de�ning equation would be of the formf Æ inF = : : : f : : :or, more 
on
isely, f Æ inF = �f (1)where � is some de�nable fun
tion on morphisms from �F to C whi
h returns morphisms fromF �F to C. Just in this general form, the equation (1) does not ne
essarily de�ne f iteratively; infa
t, it may not de�ne f at all, as it need not determine the output of f on all possible inputs.The 
onventional method to ensure that (1) is a de�nition by iteration (the method used in the
ata 
onstru
tion) 
onsists in insisting that �f = � Æ F f (for any f : �F !C) where � is somemorphism that 
an only be from F C to C. This means imposing a relatively synta
ti
 
onditionon the right-hand side of (1): no expression other than `� Æ F f ' is a

eptable unless we are eagerand able to prove that it equals � Æ F f (whi
h may require quite a bit of equational reasoning).? On leave to Dept. of Informati
s, Univ. of Minho, Campus de Gualtar, P-4710-057 Braga, Portugal;tarmo�di.uminho.pt.



The Mendler-style method to ensure the iterative de�nition-ness of (1) (the method of theMendler-style version of the 
ata 
onstru
tion) is to leave the form of its right-hand side as weideally wanted it, i.e., `�f ', but to require � not to use any spe
i�
s about the type �F . This isa
hievable by insisting that � be an instan
e of a fun
tion parametri
 in A on morphisms from Ato C for any type A that returns morphisms from F A to C (whi
h is veri�able by type-
he
king).This means adopting a 
onsiderably more semanti
 approa
h to 
ontrolling the right-hand side of(1).In terms of what 
an be programmed, the two approa
hes to 
oding iteration are 
learlyequivalent. Any � 
an be lifted to a � doing the same job by de�ning �
 = � Æ F
 and any �
an be unlifted to an equipotent � by de�ning � = � id (the Yoneda lemma!). But being able toprogram more is not really the point with the Mendler style. The point is not having to struggleas mu
h when programming the same. It is not possible to demonstrate this on the example ofsimple iteration (opting for the Mendler style for this s
heme yields too little gain; 
ourse-of-valueiteration and simultaneous iteration dis
ussed below are good examples). But the reason why theMendler style is easier to work with in some 
ases 
an be pointed out already on the example ofsimple iteration. The morphism � : F C!C relates (
andidate) result values of f (for argumentvalues that stand in a well-de�ned relation to ea
h other, but 
annot be named). The fun
tion �,sending morphisms A!C to morphisms F A!C, at the same time, is best thought of as relating(
andidate) approximations of f (restri
tions of f to various subtypes A of �F ). The 
onventionalstyle gives the programmer a

ess by referen
e only to (
andidate) result values of the fun
tion.The Mendler style allows expli
it referen
e to argument values and to (
andidate) approximationsof the fun
tion, and this 
an make writing programs a good deal easier.What are the origins of the Mendler style and why the name? It seems that the te
hniquewas invented by N P Mendler, in type theory. In [Men87℄ (a 
onferen
e paper), he studied a sim-ply typed lambda 
al
ulus with an unusual primitive-re
ursion 
ombinator; [Men91℄ (the journalversion) treats a simpler 
al
ulus with a similar iteration 
ombinator. Mendler had a type theoryreason for dissatisfa
tion with the 
onventional style: the right-hand side of the de�ning equa-tion for a 
onventional-style 
ombinator always mentions F (more exa
tly, the morphism-mapping
omponent of F , the map-fun
tion). This, although �ne from the 
ategory theory point of view,is not too well with a type theorist. In 
ategory theory, fun
tors are \born" bipartite, 
onsistingof an obje
t mapping and a morphism mapping. In type theory, the situation is di�erent: at �rst,there is a (de�nable) obje
t mapping (an iterative predi
ate on the stru
ture of the expression forit tells whether it is 
ertain that the obje
t mapping is fun
torial, i.e., extendible into a fun
tor),and only then a morphism mapping is asso
iated to it (by expli
itly de�ning it using another, sim-ilar iteration). Some important works 
ommenting on [Men87℄/[Men91℄ and, in parti
ular, on theembeddings between simply typed lambda 
al
uli with 
onventional- and Mendler-style iteratorsand primitive-re
ursors and system F are [Lei90,Geu92,Sp l93℄.In [UV97,UV00,Uus98,Mat98,Mat00℄, whi
h are more re
ent, an observation is emphasized thattype theory systems with Mendler-style re
ursion 
ombinators do not loose any of their desirablemeta-theoreti
 properties, if � is allowed to apply also to non-
ovariant fun
tors. It is also shownhow to interpret su
h systems in latti
e theory (�F is not ne
essarily a (pre-)�xed point of F ,if F is non-monotoni
). The same latti
e theory explanations appear in [SU99℄, again a work onembeddings between type theory systems. [UV99b℄ gives a 
ategory-theoreti
 intepretation of asimply typed lambda 
al
ulus with Mendler-style iterator, based on suitably de�ned 
on
epts ofm-algebra and m-algebra homomophism.In this paper, we build on [UV99b℄, but ignore the mixed-variant (difun
torial) generalizationwhi
h leads away from 
onventional datatypes. Instead, we 
on
entrate on re
ursion 
ombinatorsde�nable via the 
ata 
ombinator, i.e., the 
onventional-style iterator that the value 
onstru
torfor an indu
tive type 
omes together with. The dis
ussions of 
onventional-style 
ombinators for
ourse-of-value iteration and simultaneous iteration appeared in [UV99a,Uus99℄; those of Mendler-style 
ombinators for these re
ursion s
hemes are a novel 
ontribution of this paper. A type-theoreti
 presentation of the Mendler-style 
ourse-of-value re
ursion 
ombinator 
an be found in[UV97,UV00,Uus98℄.



The rest of the paper is organized as follows. In Se
tion 2, we �rst re
apitulate the 
ustomary
ategori
al 
onstru
tions for indu
tive types and iteration, namely, the initial algebra and the 
ata
ombinator, and then present the Mendler-style version of the latter. In Se
tion 3, we des
ribe the
onstru
tion of both a 
onventional and a Mendler-style 
ombinator for 
ourse-of-value iteration,trying to show that the Mendler-style 
onstru
tion is simpler and handier to work with. In Se
tion4, we do the same with simultaneous iteration, and in Se
tion 5, we 
on
lude by dis
ussing bothsome issues for further work that are internal to the setting we have adopted in this paper andsome possible 
onne
tions to be 
he
ked out in the future with work by others. In Se
tions A, B,C of the Appendix, all re
ursion 
ombinators and examples of the paper appear implemented inHaskell (on the Mendler-style side, this requires using \rank-2 type signatures"). This 
ode maywell be easier to read than the 
ombinator expressions in the paper, as the these are \pointfree",but the 
ode is \pointwise".2 Initial algebras and 
atamorphismsAny generi
 de�nition of the notion of indu
tive type states that an indu
tive type is a type onwhi
h some �xed re
ursion s
heme 
oded in some �xed way properly de�nes fun
tions. The most
ommon pra
ti
e is to use iteration in the 
onventional 
oding. This is also how indu
tive types areusually 
onstru
ted in 
ategory theory: 
atamorphisms, unique homomorphisms from an initialalgebra to other algebras, 
apture iteration. Let us re
all this 
ategori
al-algebrai
 de�nition ofindu
tive type and a

ept it as the basis for the subsequent exposition.Let F be a (
ovariant) fun
tor. An F -algebra with 
arrier C is a morphism � : F C!C. Ahomomorphism between F -algebras  , � with 
arriers D, C is a morphism h : D!C su
h thath Æ  = � Æ F hF D  
//F h

��

Dh
��F C �

// CAssume that there exists an initial F -algebra. Denote it by inF and its 
arrier by �F . Then,by the de�nition of initiality, for any F -algebra � with 
arrier C, a unique morphism f : �F!Cexists su
h that f Æ inF = � Æ F fF �F inF
//F f

��

�Ff
��F C �

// CThis f is 
alled the F -
atamorphism of � and denoted by (j� j)F . The equation for 
atamorphismssays roughly that the result value of f for any given argument value is equal to � applied to theresult values of f for its prede
essors; this is the 
onventional 
oding of iteration. The statementthat the equation has a unique solution says that 
onventional-style iteration de�nes fun
tions.The de�nition says that the 
ata 
ombinator is 
al
ulationally 
hara
terized by the followinglaw. If � is an F -algebra, then f = (j� j)F , f Æ inF = � Æ F fThe following laws of 
ata 
an
ellation, re
e
tion, and fusion are straightforward 
orollaries. If �is an F -algebra, then (j� j)F Æ inF = � Æ F (j� j)Fid = (j inF j)F



If  , � are F -algebras, then h Æ  = � Æ F h ) h Æ (j j)F = (j� j)FThe 
an
ellation law, dire
ted left-to-right, gives the natural 
omputation rule for 
atamorphisms.Example 1. De�ne NC = 1 + C. Then Nat = �N behaves as the type of natural numbers. The
onstru
tors zero : 1 ! Nat and su

 : Nat ! Nat 
an be de�ned by stating zero = inN Æ inl,su

 = inN Æ inr.The fun
tion n2i : Nat! Int 
onverting naturals to integers admits the following 
atamorphi
de�nition. n2i = (j [ �0; (�1�+) ℄ j)NDe�ne LE C = 1+E�C. Then ListE = �(LE) behaves as the type of lists with element type E.The 
onstru
tors nil : 1!ListE and 
ons : E � ListE!ListE are de�ned by letting nil = inLE Æ inl,
ons = inLE Æ inr.Coding iteration in the Mendler style leads to the de�nition of a di�erent 
ombinator, them-
ata 
ombinator [UV97,UV00,UV99b℄. Let F be a fun
tor for whi
h an initial algebra exists.An F -m-algebra with 
arrier C is a fun
tion � on morphisms A!C returning morphisms F A!Cfor any A su
h that, if �, � are morphisms to C, then� = � Æ g ) �� = �� Æ F gA �
//g

��

CB �
// C ) F A ��

//F g
��

CF B ��
// CEquivalently, one might just require that, if � is a morphism to C, then�� = � id Æ F �F A ��

//F �
��

CF C � id
// C(i.e., the above 
ondition for � := id only). The side 
ondition on � states that � is parametri
.For any � that is de�nable, its satisfa
tion is therefore a \theorem for free" in the sense of Wadler[Wad89℄.A homomorphism between two F -m-algebras 	 , � with 
arriers D, C is a morphism h : D!Csu
h that, if Æ is a morphism to D and 
 is a morphism to C, thenh Æ Æ = 
 ) h Æ 	 Æ = �
Dh

��
A Æ 44iiiiiiiiiii 
 **UUUUUUUUUUU C ) Dh

��
F A 	 Æ 44hhhhhhhhhh �
 **VVVVVVVVVVV CAn equivalent 
ondition is h Æ 	 id = �hDh

��
F D 	 id 33hhhhhhhhhh �h ++VVVVVVVVVVV C



(the above for Æ := id only).Assume now that there is an initial F -algebra. Then, for any F -m-algebra � with 
arrier C, aunique morphism f : �F!C exists su
h that, if m is a morphism to �F and 
 is a morphism toC, then f Æm = 
 ) f Æ (inF Æ F m) = �
�Ff
��

A m 44iiiiiiiiiii 
 **VVVVVVVVVVV C ) �Ff
��

F A inF ÆF m 44hhhhhhhhhh �
 ++VVVVVVVVVVV Cor, equivalently, f Æ inF = �f �Ff
��

F �F inF 44hhhhhhhhhh �f ++VVVVVVVVVVV C(the above for m := id). This shows that �m: inF Æ F m is an initial F -m-algebra with 
arrier�F . The f is 
alled the F -m-
atamorphism of � and denoted by (j� j)mF . The equation for m-
atamorphisms is a Mendler-style 
oding of iteration. It is best thought of as saying that, if 
 isthe restri
tion of f to a subtype A of �F 
ontaining the prede
essors of a given argument value,then the result value of f for this argument value is equal to �
 applied to it (m should be thoughtof as the \natural" embedding of A in �F ). The statement that the equation has a unique solutionsays that Mendler-style iteration de�nes fun
tions.A

ording to the de�nition, the m-
ata 
ombinator is 
hara
terized by the following law. If �is an F -m-algebra, then f = (j� j)mF , f Æ inF = �fFrom this, the m-
ata 
an
ellation, re
e
tion, and fusion laws follow straightforwardly. If � is anF -m-algebra, then (j� j)mF Æ inF = � (j� j)mFid = (j�m: inF Æ F m j)mFIf 	 , � are F -m-algebras, then(8Æ; 
: h Æ Æ = 
 ) h Æ 	 Æ = �
) ) h Æ (j	 j)mF = (j� j)mFDire
ting the 
an
ellation law again gives the appropriate 
omputation rule.Example 2. The de�nition of the fun
tion n2i as a m-
atamorphism is the following.n2i = (j�
: [ �0; (�1�+) Æ 
 ℄ j)NAny 
atamorphism is an m-
atamorphism and vi
e versa. If � is an F -algebra, then(j� j)F = (j�
: � Æ F 
 j)mFIf � is an F -m-algebra, then (j� j)mF = (j� id j)F



3 HistomorphismsThe 
onstru
tions of 
onventional and Mendler-style iteration 
ombinators are almost equallytrivial. A useful re
ursion s
heme not lending itself too easily for 
onventional-style 
oding butadmitting a neat 
oding in the Mendler style is 
ourse-of-value iteration: if no referen
es areallowed in an equation to inputs of the fun
tion de�ned, then the equation has to refer to 
andidate\
ourses" of its outputs.In the 
onventional style, 
ourse-of-value iteration admits the following 
oding [UV97,UV00,UV99a℄.Let F again be a fun
tor. De�ne (C n F )A = C � F A for any A and let out nF stand for a �nalC n F -
oalgebra, �(C n F ) for its 
arrier, and [( � )℄ nF for the 
orresponding ana 
ombinator.�(CnF ) is the 
oindu
tive type of F -streams for an element type C, out nF the value destru
tor,and [( � )℄ nF the 
onventional-style 
oiterator (generator) for F -streams. (So out nF is a morphism�(C n F ) ! C � F �(C n F ) natural in C, and [( � )℄CnF is a fun
tion parametri
 in C send-ing any 
 : A! C � F A, i.e., any (C n F )-
oalgebra with 
arrier A, to the unique morphismf : A!�(C n F ) su
h that out nF Æ f = (id� F f) Æ 
.)A F -
v-algebra with 
arrier C is a morphism � : F �(C n F )!C. A homomorphism betweenF -
v-algebras  , � with 
arriers D, C is a morphism h : D!C su
h thath Æ  = � Æ F �(hn F )F �(D n F )  
//F �(hnF )

��

Dh
��F �(C n F ) �

// CAssume the existen
e of an initial F -algebra. Then, for any F -
v-algebra � with 
arrier C,there turns out to exist exa
tly one morphism f : �F!C su
h thatf Æ inF = � Æ F [( h f; in�1F i )℄ nFF �F inF
//F [( h f;in�1F i )℄CnF

��

�Ff
��F �( n F ) �

// CThis f is 
alled the F -histomorphism of � and denoted by fj� jgF . The 
hara
teristi
 equation of fsays that the result value of f for any given argument value is equal to � applied to the \
ourse" ofthe result value of f for its an
estral. The intuitive reason why the \
ourse" has to be 
oindu
tiveand 
annot be indu
tive is that, within the re
ursion s
heme, we 
annot assess the argument valueand hen
e 
annot set any bound on its depth.The important 
al
ulation laws about the histo 
ombinator are the following. If � is an F -
v-algebra, then f = fj� jgF , f Æ inF = � Æ F [( h f; in�1F i )℄ nFIf � is an F -
v-algebra, thenfj� jgF Æ inF = � Æ F [( h fj� jgF ; in�1F i )℄ nFid = fj inF Æ F (fst Æ out nF ) jgFIf  , � are F -
v-algebras, thenh Æ  = � Æ F �(hn F ) ) h Æ fj jgF = fj� jgFAny 
atamorphism is a histomorphism. If � is an F -algebra, then(j� j)F = fj� Æ F (fst Æ out nF ) jgF



The histo 
ombinator is redu
ible to the 
ata 
ombinator. If � is an F -
v-algebra, thenfj� jgF = fst Æ out nF Æ (j out�1nF Æ h�; F id i j)FExample 3. Using the histo 
ombinator, the following de�nitions 
an be given to the Fibona

ifun
tion �bo : Nat! Int (from naturals to integers) and the fun
tion evens : ListE!ListE sele
tingfrom a given list every se
ond element, fun
tions, whi
h are \naturally" 
ourse-of-value-iterative.�bo = fj24 �0;� �1 Æ snd;�+ Æ (id� (fst Æ out nN)) � Æ distl Æ out nN 35 jgNevens = fj24 nil;� nil;
ons Æ (id� (fst Æ out nLE)) � Æ (snd Æ out nLE) Æ snd 35 jgLE(Here, distl stands for the unique isomorphism A � (B1 + B2) ! (A � B1) + (A � B2) naturalin A, B1, B2; distl = un
urry0 [ 
urry0 inl; 
urry0 inr ℄. distr, used in a later example, is the naturalisomorphism (A1 +A2) �B!(A1 �B) + (A2 �B); distr = un
urry [ 
urry inl; 
urry inr ℄.)Note that, 
omputationally, 
ourse-of-value iterative fun
tion de�nitions are disastrous (they
ompute same fun
tion values over and over again); as programs, \memoizing" de�nitions 
ombin-ing simple iteration with tupling/proje
ting are preferable. But 
ourse-of-value iterative fun
tionde�nitions win in \de
larative performan
e"; as spe
i�
ations, they do better.In the Mendler style, working with \
ourses" of result values is not a ne
essity for 
oding 
ourse-of-value iteration. There is a 
onstru
tion of a Mendler-style analog to the histo 
ombinator thatavoids this [UV97,UV00℄. Let F be a fun
tor. Say that a F -m-
v-algebra with 
arrier C is afun
tion � on morphisms A!C � F A returning morphisms F A!C for any A su
h that, if �,� are (C n F )-
oalgebras, then(id� F g) Æ � = � Æ g ) �� = �� Æ F gA �
//g

��

C � F Aid�F g
��B �

// C � F B ) F A ��
//Fg

��

CF B ��
// Cor, whi
h is equivalent, that, if � is a (C n F )-
oalgebra, then�� = � out nF Æ F [(� )℄ nFF A ��

//F [(� )℄ nF
��

CF �(C n F )� out nF
// C(the above for � := out nF only). Just as the side 
ondition for m-algebras, this side 
ondition on� is a parametri
ity 
ondition and its satisfa
tion 
an be taken for granted, if � is de�nable.A homomorphism between two F -m-
v-algebras 	 , � with 
arriers D, C is a morphism h :D!C su
h that, if Æ is a (D n F )-
oalgebra and 
 is a (C n F )-
oalgebra, then(h� F id) Æ Æ = 
 ) h Æ 	 Æ = �
D � F Ah�F id

��
A Æ 33gggggggggg 
 ++WWWWWWWWWW C � F A ) Dh

��
F A 	 Æ 44hhhhhhhhhh �
 **VVVVVVVVVVV C



or, equivalently, h Æ 	 out nF = � ((h� F id) Æ out nF )Dh
��

F �(D n F )	 out nF 33gggggggggg� ((h�F id)Æout nF ) ++WWWWWWWWWW C(the above 
ondition for Æ := out nF only).Assume now the existen
e of an initial F -algebra. For any F -m-
v-algebra � with 
arrier C,then a unique morphism f : �F!C exists su
h that, if m1 is a morphism to �F , 
1 is a morphismto C, and m2 = 
2 is an F -
oalgebra, thenF m1 Æ 
2 = in�1F Æm1 ^ f Æm1 = 
1 ) f Æ (inF Æ F m1) = � h 
1; 
2 iA 
2
//m1

��

F AF m1
���F in�1F

// F �F ^ �Ff
��

A m1 44iiiiiiiiiii 
1 **VVVVVVVVVVV C ) �Ff
��

F A inF ÆF m1 44hhhhhhhhhh� h 
1;
2 i ++VVVVVVVVVVV Cor, equivalently, f Æ inF = � h f; in�1F i�Ff
��

F �F inF 44hhhhhhhhhh� h f;in�1F i ++VVVVVVVVVVV C(the above 
ondition for hm1;m2 i := h id; in�1F i only). Let us 
all this f the F -m-histomorphismof � and denote it by fj� jgmF . It is best thought of as saying that, if 
1 is the restri
tion of f to asubtype A of �F that (1) is downward 
losed (
ontains the prede
essors of any value inside it), and(2) 
ontains the prede
essors of a given argument value, and 
2 is the restri
tion of the uninje
tionfun
tion in�1F to A, then the result value of f for the argument value is equal to � h 
1; 
2 i appliedto it. (m1 should be thought of as the \natural" embedding of A in �F .)The important laws about m-histo 
ombinator are the following. If � is an F -m-
v-algebra,then f = fj� jgmF , f Æ inF = � h f; in�1F iIf �, is an F -m-
v-algebra, then fj� jgmF Æ inF = � h fj� jgmF ; in�1F iid = fj�m: inF Æ F (fst Æm) jgmFIf 	 , � are F -m-
v-algebras, then(8Æ; 
: (h� F id) Æ Æ = 
 ) h Æ 	 Æ = �
) ) h Æ fj	 jgmF = fj� jgmFAny m-
atamorphism is a m-histomorphism. If � is an F -m-algebra, then(j� j)mF = fj�
: �(fst Æ 
) jgmFThe m-histo 
ombinator redu
es to the 
ata 
ombinator. If � is an F -m-
v-algebra, thenfj� jgmF = fst Æ out nF Æ (j out�1nF Æ h� out nF ; F id i j)F



Example 4. Using the m-histo 
ombinator, �bo and evens are 
ourse-of-value-iteratively de�nableas follows. �bo = fj�
: 24 �0;� �1 Æ snd;�+ Æ (id� (fst Æ 
)) � Æ distl Æ 
 35 jgmNevens = fj�
: 24 nil;� nil;
ons Æ (id� (fst Æ 
)) � Æ (snd Æ 
) Æ snd 35 jgmLEThese de�nitions look super�
ially similar to the de�nitions using the histo 
ombinator, buthow they work is quite di�erent.Any histomorphism is a m-histomorphism and the other way around. If � is an F -
v-algebra,then fj� jgF = fj�
: � Æ F [( 
 )℄ nF jgmFIf � is an F -m-
v-algebra, then fj� jgmF = fj� out nF jgF4 MultimorphismsAnother re
ursion s
heme for whi
h a simple 
onventional-style 
ombinator 
annot, but a Mendler-style 
ombinator 
an be de�ned is simultaneous iteration or multi-iteration.Similarly to the 
ase of 
ourse-of-value iteration, 
onstru
ting a 
onventional-style 
ombinatorfor simultaneous iteration requires an introdu
tion of an intermediate stru
ture. The solution of[FSZ94,HIT97,Uus99℄ is the following.Let F1, F2, and F be fun
tors and let � : F1 C1 � F2 C2!F (C1 � C2) be natural in C1, C2.Assume that initial algebras exist for F1, F2. Then, for any � : F C ! C, there is exa
tly onemorphism f : �F1 � �F2!C su
h thatf Æ (inF1 � inF2) = � Æ F f Æ �F1 �F1 � F2 �F2 inF1�inF2
//�

��

�F1 � �F2f
��

F (�F1 � �F2)F f
��F C � // CCall this f the F1; F2;F -� -multimorphism of � and denote it by (j� j)�F1;F2;F .The multi 
ombinator obeys the following laws. If � is an F -algebra, thenf = (j� j)�F1;F2;F , f Æ (inF1 � inF2) = � Æ F f Æ �If � is an F -algebra, then(j� j)�F1 ;F2;F Æ (inF1 � inF2) = � Æ F (j� j)�F1;F2;F Æ �If  , � are F -algebras, thenh Æ  = � Æ F h ) h Æ (j j)�F1;F2;F = (j� j)�F1 ;F2;FIf  1 is an F1-algebra,  2 is an F2-algebra, and � is an F -algebra, thenh Æ ( 1 �  2) = � Æ F h Æ � ) h Æ ((j 1 j)F1 � (j 2 j)F2) = (j� j)�F1 ;F2;F



The multi 
ombinator is redu
ible to the 
ata 
ombinator. If � is an F -algebra, then(j� j)�F1 ;F2;F= un
urry(j (in�1F2 !�) Æ 
urry(F (un
urry id) Æ �) j)F1= un
urry0(j (in�1F1 !�) Æ 
urry0(F (un
urry0 id) Æ �) j)F2Example 5. De�ne NNC = (1 + 1) + (1 + C) andnn = ((fst + fst) Æ distl) + ((snd + id) Æ distl) Æ distrThe less-than fun
tion ltnat : Nat!Bool on naturals is de�ned as a N;N;NN-nn-multimorphismas follows. ltnat = (j [ [ false; true ℄; [ false; id ℄ ℄ j)nnN;N;NNDe�ne NLE C = (1 + 1) + (1 +E � C) andnl = ((fst + fst) Æ distl) + ((snd + h fst Æ snd; h fst; snd Æ snd i i) Æ distl) Æ distrThen the fun
tion take : Nat� ListE!ListE that sele
ts a given number of �rst elements from agiven list is de�ned as a N; LE;NLE-nl-multimorphism in the following way.take = (j [ [ nil; nil ℄; [ nil; 
ons ℄ ℄ j)nlN;LE;NLEIn the Mendler style, resorting to any intermediate stru
ture is unne
essary. Let F1, F2 befun
tors. The 
on
ept of m-algebra is readily generalizable to apply to a tuple of fun
tors, not justone fun
tor. Say that a F1; F2-m-algebra with 
arrier C is a fun
tion � on morphisms A1�A2!Creturning morphisms F1 A1 � F2A2 ! C for any A1; A2 su
h that, if �, � are morphisms fromprodu
ts to C, then � = � Æ (g1 � g2) ) �� = �� Æ (F1 g1 � F2 g2)A1 �A2 �
//g1�g2

��

CB1 �B2 �
// C ) F1 A1 � F2A2 ��

//F1 g1�F2 g2
��

CF1B1 � F2B2 ��
// CAssume that initial algebras exist for F1, F2. Then, for any F1; F2-m-algebra � with 
arrier C,there exists a unique morphism f : �F1 � �F2!C su
h that, if m1 is a morphism to �F1 and m2is a morphism to �F2, and 
 is a morphism to C, thenf Æ (m1 �m2) = 
 ) f Æ ((inF1 Æ F1m1) � (inF2 Æ F2m2)) = �
�F1 � �F2f

��

A1 �A2 m1�m2 22ffffffffff 
 ,,XXXXXXXXXXXXXX C ) �F1 � �F2f
��

F1A1 � F2 A2(inF1ÆF1m1)�(inF2ÆF2m2)22eeeeeeeeeeeee �
 ,,ZZZZZZZZZZZZZZZZZ Cor, equivalently, f Æ (inF1 � inF2) = �f�F1 � �F2f
��

F1 �F1 � F2 �F2inF1�inF2 22eeeeeeeeee �f ,,YYYYYYYYYYYYYY C(the above 
ondition for m1 := id, m2 := id only). Call this f the F1; F2-m-multimorphism of �and denote it by (j� j)mF1 ;F2 .



The m-multi 
ombinator obeys the following laws. If � is an F1; F2-m-algebra, thenf = (j� j)mF1 ;F2 , f Æ (inF1 � inF2) = �fIf � is an F1; F2-m-algebra, then(j� j)mF1 ;F2 Æ (inF1 � inF2) = � (j� j)mF1;F2If 	 , � are F1; F2-m-algebras, then(8Æ; 
: h Æ Æ = 
 ) h Æ 	 Æ = �
) ) h Æ (j	 j)mF1;F2 = (j� j)mF1;F2If 	1 is an F1-m-algebra, 	2 is an F2-m-algebra, and � is an F1; F2-m-algebra, then(8Æ1; Æ2; 
: hÆ (Æ1� Æ2) = 
 ) hÆ (	1 Æ1�	2 Æ2) = �
) ) hÆ ((j	1 j)mF1 � (j	2 j)mF2) = (j� j)mF1;F2The redu
tion of m-multi to 
ata is the following. If � is an F1; F2-algebra, then(j� j)mF1;F2= un
urry(j (in�1F2 ! id) Æ 
urry(�(un
urry id)) j)F1= un
urry0(j (in�1F1 ! id) Æ 
urry0(�(un
urry0 id)) j)F2Example 6. Re
ast using the m-multi 
ombinator, the natural, i.e., simultaneous-iterative, de�ni-tions of ltnat and take take the following form.ltnat = (j�
: 2664 � false Æ fst;true Æ fst � Æ distl;� false Æ snd;
 � Æ distl 3775 Æ distr j)mN;Ntake = (j�
: 2664 � nil Æ fst;nil Æ fst � Æ distl;� nil Æ snd;
ons Æ h fst Æ snd; 
 Æ h fst; snd Æ snd i i � Æ distl 3775 Æ distr j)mN;LEAny multimorphism is an m-multimorphism. If � is an F -algebra, then(j� j)�F1;F2;F = (j�
: � Æ F 
 Æ � j)mF1;F2The opposite 
laim, that any m-multimorphism is a multimorphism, holds, if 
ertain tensors and
oends 
an be assumed to exist. If � is an F1; F2-m-algebra, then(j� j)mF1;F2 = (j [� ℄ j)�F1;F2;Fwhere F C = R A1;A2 hom(A1 � A2; C) 
 (F1A1 � F2A2) and � = In (id � id). (In is a fun
tionparametri
 in A1; A2 on morphisms A1 �A2!C returning morphisms F1 A1 � F2A2!F C, and[� ℄ is, for any fun
tion � parametri
 in A1; A2 on morphisms A1 �A2!C returning morphismsF1A1 � F2 A2!C 0, the unique morphism f : F C!C 0 su
h that f Æ In� = ��.)5 Con
lusionThis paper aimed to demostrate that the key to a reasonable 
oding of a (not entirely trivial)terminating re
ursion s
heme as a 
ombinator may sometimes lie in the Mendler style. We �ndthat 
ourse-of-value iteration and simultaneous iteration are good witnesses to this 
laim. The
laim is also supported by the fa
t that the same idea has re
ently been applied (although notunder the same name) in a number of 
ontexts. Bird and Paterson's ho-algebras [BP99℄ for the



analysis of nested, or irregular, datatypes, for instan
e, 
an be seen as an appli
ation of Mendler'ste
hnique. In his study of the prin
iple of guarded-by-destru
tors re
ursion (originally guarded-by-
onstru
tors 
ore
ursion), Gim�enez swit
hed from a very synta
ti
ally de�ned 
ombinator [Gim95℄to a more semanti
ally motivated one [Gim98℄, whi
h seems to be very 
losely related to what we
onsider to be the prime Mendler-style en
oding of 
ourse-of-value primitive re
ursion. He howeverworks in a system with subtyping, whi
h means that 
ertain 
astings between types that we haveto do expli
itly in our framework, happen silently in his setting. The exa
t 
onne
tion has to bespelled out.Within our own setting, we have to 
larify the exa
t interrelation of F -(m-)algebras and F -(m-)
v-algebras. F -m-
v-algebras are parti
ularly interesting also be
ause of their equivalen
e tom-algebras for a mixed-variant fun
tor.A
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atamorphisms, in HaskellIn Haskell, like in type theory, fun
tors arise from the asso
iation of a morphism mapping to anobje
t mapping. A fun
tor in Haskell is a type 
onstru
tor from the 
lass Fun
tor de�ned in theHaskell Prelude as follows:> -- 
lass Fun
tor f where> -- fmap :: (a -> b) -> f a -> f bThe type 
onstru
tor f, in itself, is the obje
t mapping part of a fun
tor. The morphism mappingis the fun
tion fmap. The 
lass de�nition for
es fmap to have the 
orre
t typing, but 
annot for
e itto preserve identities and 
omposition, so at ea
h time the programmer de�nes the fmap fun
tionfor a parti
ular type 
onstru
tor f, it is his responsibility to ensure that these 
onditions are met.An initial algebra is \
reated" for any fun
tor f by a re
ursive newtype de�nition produ
inga data 
onstru
tor In for the initial algebra and a type Mu f for its 
arrier. From this basis, theinverse of In is de�nable dire
tly.> newtype Mu f = In (f (Mu f))> unIn :: Mu f -> f (Mu f)> unIn (In x) = xThat In is an algebra is stated in the de�nition of Mu f. Its initiality follows from the existen
eof a mat
hing 
ata 
ombinator. This fun
tion, 
ata, is de�nable by turning the 
ata 
omputationrule into a re
ursive fun
tion de�nition. Note that the de�nition uses fmap.> 
ata :: Fun
tor f => (f 
 -> 
) -> Mu f -> 
> 
ata phi (In x) = phi (fmap (
ata phi) x)The type of natural numbers, the number zero and the su

essor fun
tion are de�ned as follows.



> data N 
 = Z | S 
> instan
e Fun
tor N where> fmap g Z = Z> fmap g (S 
) = S (g 
)> type Nat = Mu N> zer :: Nat> zer = In Z> su
 :: Nat -> Nat> su
 n = In (S n)The type of lists, the empty list and the 
ons fun
tion are de�ned similarly, for any elementtype.> data L e 
 = N | C e 
> instan
e Fun
tor (L e) where> fmap g N = N> fmap g (C e 
) = C e (g 
)> type List e = Mu (L e)> nil :: List e> nil = In N> 
ons :: e -> List e -> List e> 
ons e es = In (C e es)Using 
ata, the fun
tion 
onverting a natural to an integer is de�ned as follows.> n2i' :: Nat -> Int> n2i' = 
ata phi> where phi Z = 0 -- n2i^_Z> phi (S n2i_n) = 1 + n2i_n -- n2i^_(S n)Note that phi is a fun
tion 
omputing the result value of the 
onversion fun
tion for an unspe
i�edargument value from the result value of the 
onversion fun
tion, n2i n, for the prede
essor, if itexists.The m-
ata 
ombinator is de�ned as the 
ata 
ombinator, by making its 
omputation rule ade�nition.> 
ataM :: (forall a. (a -> 
) -> f a -> 
) -> Mu f -> 
> 
ataM phiM (In x) = phiM (
ataM phiM) xThe type of m
ata involves a non-top-level universal quanti�
ation, permitted in the version ofHaskell with \rank-2 type signatures". The quanti�ed type, the expe
ted type of phiM, is the typeof a m-algebra. The parametri
ity of phiM is a \theorem for free", provided that phiM is a de�nedfun
tion.With 
ataM, the fun
tion for the naturals-to-integers 
onversion is de�ned as follows.> n2i'' :: Nat -> Int> n2i'' = 
ataM phiM> where phiM n2i Z = 0 -- n2i^ Z> phiM n2i (S n) = 1 + n2i n -- n2i^ (S n)The fun
tion phiM 
omputes the result value of the 
onversion fun
tion from an expli
itly givenargument value and a restri
tion, n2i, of the 
onversion fun
tion to a domain 
ontaining at leastthe prede
essor, n, if it exists.



B Histomorphisms, in HaskellIn order to de�ne the histo 
ombinator, we �rst have to de�ne the type Strf 
 f of f-streamsfor any given fun
tor f and element type 
, together with its destru
tors, hdf and tlf. The lattertwo fun
tions form a �nal 
oalgebra for the fun
tor sending a type a to the type (
, f a). The
arrier is Strf 
 f.> data Strf 
 f = Consf 
 (f (Strf 
 f))> hdf :: Strf 
 f -> 
> hdf (Consf 
 _) = 
> tlf :: Strf 
 f -> f (Strf 
 f)> tlf (Consf _ f
s) = f
sWe also need the generator fun
tion, genStrf, for f-streams. This is the 
orresponding ana
ombinator.> genStrf :: Fun
tor f => (a -> 
) -> (a -> f a) -> a -> Strf 
 f> genStrf gamma1 gamma2 a => Consf (gamma1 a) (fmap (genStrf gamma1 gamma2) (gamma2 a))These preparations made, the histo 
ombinator is now de�nable as follows, guided by the
omputation rule.> histo :: Fun
tor f => (f (Strf 
 f) -> 
) -> Mu f -> 
> histo phi (In x) = phi (fmap (genStrf (histo phi) unIn) x)This de�nition, however, is 
omputationally unfeasible. But lu
kily enough, we 
an, at will,swit
h to another, very reasonable de�nition, whi
h is based on the histo-to-
ata redu
tion.> -- histo phi = hdf . 
ata (\f
s -> Consf (phi f
s) f
s)Using histo, the Fibona

i fun
tion is de�nable as follows.> fibo' :: Nat -> Int> fibo' = histo phi> where phi Z = 0 -- fibo^_Z> phi (S (Consf fibo_n fiboHist_n)) -- fibo^_(S n)> = 
ase fiboHist_n of> Z -> 1> S (Consf fibo_n' _) -> fibo_n + fibo_n'Here, phi 
omputes the result value of Fibona

i for an unspe
i�ed argument value from both theresult value of Fibona

i, fibo n, for the prede
essor and the \history" of \earlier" result valuesof Fibona

i, fiboHist n, if the prede
essor exists.The fun
tion taking from a given list every se
ond element is de�nable in a similar fashion.> evens' :: List e -> List e> evens' = histo phi> where phi N = nil -- evens^_nil> phi (C _ (Consf _ evensHist_es)) -- evens^_(C _ es)> = 
ase evensHist_es of> N -> nil> C e' (Consf evens_es' _) -> 
ons e' evens_es'In sharp 
ontrast to what we saw when paving the way for de�ning the histo 
ombinator, nopreparations whatsoever are needed in order to de�ne the m-histo 
ombinator.



> histoM :: (forall a. (a -> 
) -> (a -> f a) -> f a -> 
) -> Mu f -> 
> histoM phiM (In x) = phiM (histoM phiM) unIn xUsing histoM, the Fibona

i fun
tion is de�ned in the following way.> fibo'' :: Nat -> Int> fibo'' = histoM phiM> where phiM fibo unIn Z = 0 -- fibo^ Z> phiM fibo unIn (S n) = 
ase unIn n of -- fibo^ (S n)> Z -> 1> S n' -> fibo n + fibo n'Here, phiM 
omputes the result value of Fibona

i from an expli
itly given argument and therestri
tions, fibo and unIn, of the Fibona

i fun
tion and the uninje
tion fun
tion (the other,globally de�ned and overriden unIn), to a domain that is downward 
losed and 
ontains at leastthe prede
essor, n, if it exists.The fun
tion for taking from a list every se
ond element is de�nable as follows.> evens'' :: List e -> List e> evens'' = histoM phiM> where phiM evens unIn N = nil -- evens^ N> phiM evens unIn (C _ es) = 
ase unIn es of -- evens^ (C _ es)> N -> nil> C e' es' -> 
ons e' (evens es')C Multimorphisms, in HaskellDe�ning the multi 
ombinator, again, requires extra de�nitions to be made. For any given twofun
tors f1, f2, we have to have a means to asso
iate a fun
tion tau to a third fun
tor f, if f isto be the \zip" of f1, f2. For this purpose, we introdu
e a type 
lass Multifun
.> 
lass Fun
tor f => MultiFun
 f1 f2 f where> tau :: (f1 a1, f2 a2) -> f (a1, a2)A rewrite into Haskell of the multi 
omputation rule gives a de�nition for the multi 
ombinator.> multi :: MultiFun
 f1 f2 f => (f 
 -> 
) -> (Mu f1, Mu f2) -> 
> multi phi (In x1, In x2) = phi (fmap (multi phi) (tau (x1, x2)))In order to de�ne the less-than fun
tion for naturals using multi, we have to �rst de�ne a type
onstru
tor NN, make it an instan
e of Fun
tor and then make N, N, NN together an instan
e ofMultiFun
.> data NN 
 = ZZ | ZS | SZ | SS 
> instan
e Fun
tor NN where> fmap g ZZ = ZZ> fmap g ZS = ZS> fmap g SZ = SZ> fmap g (SS 
) = SS (g 
)> instan
e MultiFun
 N N NN where> tau (Z, Z) = ZZ> tau (Z, S _) = ZS> tau (S _, Z) = SZ> tau (S 
1, S 
2) = SS (
1, 
2)These preparations made, giving the de�nition for the fun
tion itself is an easy task.



> lt' :: (Nat, Nat) -> Bool> lt' = multi phi> where phi ZZ = False -- lt^_ZZ> phi ZS = True -- lt^_ZS> phi SZ = False -- lt^_SZ> phi (SS lt_n1_n2) = lt_n1_n2 -- lt^_(SS n1 n2)De�ning the take fun
tion for lists pro
eeds similarly.> data NL e 
 = ZN | ZC | SN | SC e 
> instan
e Fun
tor (NL e) where> fmap g ZN = ZN> fmap g ZC = ZC> fmap g SN = SN> fmap g (SC e 
) = SC e (g 
)> instan
e MultiFun
 N (L e) (NL e) where> tau (Z, N) = ZN> tau (Z, C _ _) = ZC> tau (S _, N) = SN> tau (S 
1, C e 
2) = SC e (
1, 
2)> take' :: (Nat, List e) -> List e> take' = multi phi> where phi ZN = nil -- take^_ZN> phi ZC = nil -- take^_ZC> phi SN = nil -- take^_SN> phi (SC e take_n_es) = 
ons e take_n_es -- take^_(SC e (n, es))The m-multi 
ombinator is de�nable right away.> multiM :: (forall a1 a2. ((a1, a2) -> 
) -> (f1 a1, f2 a2) -> 
)> -> (Mu f1, Mu f2) -> 
> multiM phiM (In x1, In x2) = phiM (multiM phiM) (x1, x2)Using multiM, the less-than fun
tion is de�ned as follows.> lt'' :: (Nat, Nat) -> Bool> lt'' = multiM phiM> where phiM lt (Z, Z) = False -- lt^ (Z, Z)> phiM lt (Z, S _) = True -- lt^ (Z, S _)> phiM lt (S _, Z) = False -- lt^ (S _, Z)> phiM lt (S n1, S n2) = lt (n1, n2) -- lt^ (S n1, S n2)The take fun
tion is de�ned analogously as follows.> take'' :: (Nat, List e) -> List e> take'' = multiM phiM> where phiM take (Z, N) = nil -- take^ (Z, N)> phiM take (Z, C _ _) = nil -- take^ (Z, C _ _)> phiM take (S _, N) = nil -- take^ (S _, N)> phiM take (S n, C e es) = -- take^ (S n, C e es)> 
ons e (take (n, es))


