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1 Introdu
tion
This paper is a 
omparative study of a number of least and greatest �xed pointoperators, or indu
tive and 
oindu
tive de�nition operators, that natural-dedu
tion (n.d.) proof systems for intuitionisti
 logi
s (typed lambda 
al-
uli with produ
t and sum types) 
an be extended with as logi
al 
onstants(type-language 
onstants), either by an axiomatization by intended proof andredu
tion rules (\impli
it de�nition") or by a proof- and redu
tion-preservingen
oding in terms of some logi
al 
onstants already present (\expli
it de�ni-tion"). One of the reasons why su
h logi
al or type-language 
onstants areinteresting lies in their useful programming interpretation: indu
tive typesbehave as data types, their introdu
tions as data 
onstru
tors and elimina-tions as re
ursors; 
oindu
tive types may be viewed as 
odata types, theirintrodu
tions as 
ore
ursors and eliminations as 
odata destru
tors. In theliterature, a fairly large number of axiomatizations and en
odings of bothparti
ular [
o℄indu
tively de�ned types and general [
o℄indu
tive de�nitionoperators 
an be found, see e.g., [1,14,19,20,24,25,15,7℄. The paper grew outof a wish to better understand their individual properties and their relationsto ea
h other.
The 
ontribution of the paper 
onsists in a 
oordinated analysis of eightintensional-semanti
ally distin
t pairs of [
o℄indu
tive de�nition operators, ar-ranged into a 
ube-shaped taxonomy, whi
h resulted from an attempt to �tthe various known axiomatizations and en
odings into a single pi
ture and to�nd �llers for the holes. Ea
h node of the 
ube stands for an axiomatizationby proof and redu
tion rules of one pair of logi
al 
onstants and ea
h ar
 fora proof- and redu
tion-preserving en
oding of one pair in terms of another.Some axiomatizations and en
odings rely on the presen
e in the system of 
er-tain other logi
al 
onstants (the standard propositional 
onne
tives, 2nd-orderquanti�ers, or a \retra
tive" re
ursive de�nition operator �). The three dimen-sions of the 
ube re
e
t three orthogonal binary 
hoi
es: 
onventional-style vs.Mendler-style, basi
 (\[
o℄iterative") vs. enhan
ed (\primitive-[
o℄re
ursive"),simple vs. 
ourse-of-value [
o℄indu
tion.2
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{� and � (with optional supers
ripts) are 
onventional-style indu
tive and 
oin-du
tive de�nition operators; m and n (with optional supers
ripts) are Mendler-style operators. The supers
ript `q' marks the \enhan
ed" feature, the super-s
ript `?' indi
ates the \
ourse-of-value" feature.The distin
tions between basi
 and enhan
ed, simple and 
ourse-of-value [
o℄in-du
tion are distin
tions between essentially di�erent forms of [
o℄indu
tion,with di�erent asso
iating s
hemes of (total) [
o℄re
ursion. Basi
 [
o℄indu
tiongives [
o℄iteration, enhan
ed [
o℄indu
tion gives (full) primitive [
o℄re
ursion.All axiomatizations and en
odings we have found in the literature deal withsimple forms of [
o℄indu
tion. The axiomatizations and en
odings for 
ourse-of-value [
o℄indu
tion in this paper are ours, we think.The di�eren
e between 
onventional- and Mendler-style [
o℄indu
tion (namedafter Mendler [19,20℄) is more te
hni
al and harder to spell out informally,but not shallow. A 
onventional-style [
o℄indu
tive de�nition operator appliesto a proposition-fun
tion only if it is positive; the asso
iating redu
tion rulerefers then to a proof of its monotoni
ity (all positive proposition-fun
tionsare monotoni
 wrt the preorder of in
lusion). Mendler-style operators applyto any proposition-fun
tions. The axiomatizations of enhan
ed and 
ourse-of-value 
onventional-style operators rely on the presen
e in the system of otherlogi
al 
onstants, those of Mendler-style operators do not. Thus, in more thanone sense, Mendler-style operators are more uniform than 
onventional-styleoperators; resorting to programming jargon, one might for instan
e want tosay that the Mendler-style operators are generi
, whereas the 
onventional-style ones are only polytypi
. These uniformity features have a pri
e though:the proof rules of the Mendler-style operators involve impli
it (\external")2nd-order quanti�
ation at the level of premisses.3



Throughout the paper, the semanti
s that we keep in mind is intensional, sowe only 
onsider �-redu
tion, not ��-
onversion.Some remarks are in order regarding the te
hni
al ma
hinery that we use.By natural dedu
tion, we mean a proof system style where instead of axiomsinvolving impli
ations and universal quanti�
ations we systemati
ally preferto have proof rules involving hypotheti
al and s
hemati
 judgements (\exter-nalized" impli
ations and universal quanti�
ations), in sharp 
ontrast to theHilbert style of proof systems. For us therefore, natural dedu
tion is reallythe \extended" natural dedu
tion of S
hroeder-Heister [30,31℄: we allow proofrules to be of order higher than two: not only may 
on
lusions have premissesand these have premisses in their turn, but even the latter may be hypo-theti
al. This 
hoi
e makes axiomatizations of di�erent logi
al 
onstants very
ompa
t, but on the expense of 
ertain added 
omplexity in their en
odingsin terms of other logi
al 
onstants.In order to 
ompa
tify the notation and to get around the te
hni
alities relatedto �-
onversion and substitution, we use a simple meta-syntax, a higher-oderabstra
t syntax derived from logi
al frameworks su
h as de Bruijn's AUT-PIand AUT-QE [5℄, Martin-L�of's system of arities [22, 
hapter 3℄, and Harper,Honsell, and Plotkin's LF [12℄. (x1; : : : ; xn)s denotes the s
hematization ofs wrt. x1; : : : ; xn. s(t1; : : : ; tn) denotes the instantiation of s with t1; : : : ; tn.S
hematization and instantiation are stipulated to satisfy the following rules:((x1; : : : ; xn)s)(t1; : : : ; tn) � s[t1=x1; : : : ; tn=xn℄ and, if x1; : : : ; xn are not freein s, then (x1; : : : ; xn)(s(x1; : : : ; xn)) � s. (� denotes synta
ti
 identity.)We have made an e�ort to make the paper self-
ontained; for the omitteddetails, we refer to Uustalu [35℄. A preliminary report of the present workappeared as [37℄. We also refer to Matthes [17℄, an in-depth study of exten-sions of system F with 
onstru
tors of basi
 and enhan
ed 
onventional- andMendler-style indu
tive types, whi
h in regard to the 
lari�
ation of the rela-tionship between the 
onventional- and Mendler-style indu
tion builds partlyupon our work.The paper is organized as follows. In se
tion 2, we lay down our starting point:it is given by systems that we denote NI and NI2, the n.d. proof systemsfor 1st- and 2nd-order intuitionisti
 propositional logi
s, optionally extendedwith a \retra
tive" re
ursive de�nition operator �. Then, in se
tion 3, we �rstpresent the basi
 [
o℄indu
tion operators, both in 
onventional and Mendler-style and then 
ontinue with their en
odings in terms of the 2nd-order quan-ti�ers and ea
h other. In se
tions 4 and 5, we des
ribe enhan
ed [
o℄indu
tionand 
ourse-of-value [
o℄indu
tion operators respe
tively and their en
odingsvia the operators of the basi
 kind. In se
tion 6, we give a survey of relatedwork on indu
tive and 
oindu
tive types. Finally, in se
tion 7, we 
on
ludeand mention some dire
tions for future work.4



2 PreliminariesIn prin
iple, the [
o℄indu
tive de�nition operators des
ribed below 
an beadded to the n.d. proof system of any intuitionisti
 propositional logi
. (Theyalso admit a straightforward generalization for predi
ate logi
s.) The mostnatural base system for su
h extensions however is NI, the standard n.d.proof system for (full) 1st-order intuitionisti
 propositional logi
. The logi
al
onstants of NI are ^ (
onju
tion), _ (disjun
tion), > (verum), ? (falsum),and! (impli
ation). These propositional 
onne
tives are axiomatized by theproof and redu
tion rules listed in Figure 1. (To save spa
e, the redu
tion rulesare given not for proofs, but for (untyped) term 
odes of proofs; the redu
tionrules for proofs are easy to re
over. The redu
tion relation on terms satis�essubje
t redu
tion.)
L : AL 
R : ARh
L; 
Ri : AL ^AR ^I 
 : AL ^ARfst(
) : AL ^EL 
 : AL ^ARsnd(
) : AR ^ERfst(h
L; 
Ri) �� 
L snd(h
L; 
Ri) �� 
R
 : ALinl(
) : AL_AR _IL 
 : ARinr(
) : AL_AR _IR 
 : AL_AR � : ALeL(�) : C � : AReR(�) : C
ase(
; eL; eR) : C _E
ase(inl(
); eL; eR) �� eL(
) 
ase(inr(
); eL; eR) �� eR(
)hi : > >I 
 : ?
ase(
) : C ?E� : B
(�) : A�(
) : B!A!I 
 : B!A e : B
 � e : A !E�(
) � e �� 
(e)Figure 1: Proof and redu
tion rules for standard propositional 
onne
tives.Another important base system is NI2, the n.d. proof system for 2nd-orderintuitionisti
 propositional logi
. This system extends NI with 82 and 92, thestandard 2nd-order quanti�ers. The proof rules for 82 and 92 are presented inFigure 2.In the en
odings of enhan
ed [
o℄indu
tion in terms of basi
 [
o℄indu
tion,we shall need a logi
al 
onstant �, a \retra
tive" re
ursive de�nition oper-ator. This is a proposition-valued operator on proposition-fun
tions that arepositive. The proof and redu
tion rules for � appear in Figure 3. The introdu
-tion and elimination rules for � behave as an embedding-retra
tion pair. The5




 : F (Y )[Y ℄
 : 82(F ) 82I 
 : 82(F )
 : F (Q) 82E(Q)
 � 

 : F (Q)
 : 92(F ) 92I(Q) 
 : 92(F ) � : F (Y )e(�) : R[Y ℄e(
) : R 92Ee(
) � e(
)Figure 2: Proof and redu
tion rules for 82, 92.extensions of NI and NI2 with � will be denoted by NI(�) and NI2(�).Of importan
e for us is the fa
t that NI2(�) is strongly normalizing (i.e.,every proof of NI2(�) is strongly normalizing); 
onsult Mendler [19,20℄ andUrzy
zyn [34℄. 
 : F (�(F ))i(
) : �(F ) �I 
 : �(F )o(
) : F (�(F )) �Eo(i(
)) �� 
Figure 3: Proof and redu
tion rules for �.The synta
ti
 
on
epts of positivity and negativity of proposition-fun
tionsare system-dependent. For any parti
ular system, these 
on
epts are de�nedby mutual stru
tural indu
tion on proposition-fun
tions de�nable in this sys-tem. In NI and its extensions 
onsidered in this paper, a proposition-fun
tion(X)F is de�ned to be positive [negative℄ if every o

urren
e of X in F ap-pears within an even [odd℄ number of ante
edents of impli
ations. Also forany parti
ular system and by a similar indu
tion, expli
it de�nitions 
an begiven for the derivable proof rules M� and M+ establishing that positive [neg-ative℄ proposition-fun
tions are monotoni
 [antimonotoni
℄ wrt. the preorderof proposition in
lusion. These proof rules appear in Figure 4.
 : F (Q0) � : Q0d(�) : Q00map+F (
; d) : F (Q00) M+ 
 : F (Q0) � : Q00d(�) : Q0map�F (
; d) : F (Q00) M�F positive F negativeFigure 4: Derivable proof rules M� and M+.As an example, we shall 
onsider the proposition-fun
tion N de�ned by settingN(R) � > _RN is obviously positive. The 
orresponding monotoni
ity witness map+N is de-6



�ned as follows: map+N(
; d) � 
ase(
; (�)inl(�); (�)inr(d(�)))3 Basi
 [
o℄indu
tionThe logi
al 
onstants from the two lower front nodes of the 
ube provide themost fundamental forms of [
o℄indu
tive de�nition of propositions, viz. thebasi
 (in other words, \[
o℄iterative") forms of 
onventional- and Mendler-style[
o℄indu
tive de�nition. � and � are operators of 
onventional-style indu
tionand 
oindu
tion and apply to positive proposition-fun
tions only; m and nare their Mendler-style 
ounterparts appli
able without restri
tions to anyproposition-fun
tions. Their proof and redu
tion rules are given in Figures 5and 6. The proof rules for m and n are more 
omplex than those for � and�, but their redu
tion rules, in 
ompensation, are simpler and more uniform:their right-hand sides do not refer to the M+ proof rule.
 : F (�(F ))wrapF (
) : �(F ) �I 
 : �(F ) 
 : F (R)e(
) : R
ataF (
; e) : R �E
ataF (wrapF (
); e) �� e(map+F (
; (�)
ataF (�; e)))
 : R 
 : Re(
) : F (R)anaF (
; e) : �(F ) �I 
 : �(F )openF (
) : F (�(F )) �EopenF (anaF (
; e)) �� map+F (e(
); (�)anaF (�; e))Figure 5: Proof and redu
tion rules for � and �.
 : F (Q) � : Qd(�) : m(F )mapwrap(
; d) : m(F ) mI(Q) 
 : m(F ) 
 : F (Y ) � : YÆ(�) : Re(
; Æ) : R[Y ℄iter(
; e) : R mEiter(mapwrap(
; d); e)) �� e(
; (�)iter(d(�); e))

 : R 
 : R � : RÆ(�) : Ye(
; Æ) : F (Y )[Y ℄
oit(
; e) : n(F ) nI 
 : n(F ) � : n(F )d(�) : Qmapopen(
; d) : F (Q) nE(Q)mapopen(
oit(
; e); d) �� e(
; (�)d(
oit(�; e)))Figure 6: Proof and redu
tion rules for m and n.7



From the algebrai
 semanti
s point of view, �F is a least pre�xed point of Fwrt. the in
lusion preorder of propositions: it is both itself a pre�xed pointof F (by the I-rule) and a lower bound of the set of all pre�xed points of F(by the E-rule). (Re
all that R is said to be a pre�xed point of F , if F (R)is less than R.) �F , dually, is a greatest post�xed point of F . 3 Sin
e a least[greatest℄ pre�xed [post�xed℄ point of a monotoni
 fun
tion is also its least[greatest℄ �xed point, �F and �F are also least and greatest �xed points of F .In a similar fashion, mF 
an be thought of as a least robustly pre�xed pointof F : it is both itself a robustly pre�xed point of F and a lower bound of allrobustly pre�xed points of F . Here, R is 
onsidered to be a robustly pre�xedpoint of F , if not only is F (R) less than R, but F (Y ) is less than R for allY 's less than R. But mF is also a least (ordinary) pre�xed point of a fun
tionF e [F e(R) � 92((Y )(Y !R) ^ F (Y ))℄ sending any R to a supremum of theset of all F (Y )'s su
h that Y is less than R. F e (whi
h is always positive)appears to be a least monotoni
 majorant of F wrt. the pointwise \lifting" ofthe in
lusion preorder of propositions to a preorder of proposition-fun
tions.If F is monotoni
, then F and F e are equivalent (pointwise). The dualizationis obvious: nF is a greatest robustly post�xed point of F and a greatest(ordinary) post�xed point of a fun
tion F a [F a(R) � 82((Y )(R!Y )!F (Y ))℄sending any R to an in�mum of the set of all F (Y )'s su
h that Y is greaterthan R.Under the programming interpretation, �F is a data type, with wrapF a data
onstru
tor and 
ataF an iterator, and �F is a 
odata type, with anaF a
oiterator and openF a 
odata destru
tor, in the most standard sense. mF ,with mapwrap and iter, and nF , with 
oit and mapopen, are Mendler-styleversions of these things. This is best explained on an example.The type of standard natural numbers Nat, with zero and su

 the 
onstantzero and the su

essor fun
tion and nat
ata the iterator, is normally axioma-tized as follows:zero : Nat 
 : Natsu

(
) : Nat 
 : Nat ez : R 
 : Res(
) : Rnat
ata(
; ez ; es) : Rnat
ata(zero; ez; es) �� eznat
ata(su

(
); ez ; es) �� es(nat
ata(
; ez ; es))These typing and redu
tion rules are essentially nothing else than those for3 Note here that, in a preorder (also in a Heyting algebra), it may turn out thatall monotoni
 fun
tions have least [greatest℄ pre�xed [post�xed℄ points; hen
e al-lowing � and � to apply to any positive F should not lead to in
onsisten
ies (theen
odability of �, � in terms of 82, 92 demonstrates that this is the 
ase indeed).8




onventional basi
 indu
tion with N as the underlying proposition-fun
tion.Indeed, making the following de�nitions ensures the required typing and re-du
tion properties:Nat � �(N)zero � wrapN(inl(hi))su

(
) � wrapN(inr(
))nat
ata(
; ez ; es) � 
ataN(
; (
)
ase(
; (�)ez ; (�)es(�)))This suggests a similar spe
ialization of Mendler-style basi
 indu
tion for Nby the following de�nitions:Nat � m(N)mapzero(d) � mapwrap(inl(hi); d)mapsu

(
; d) � mapwrap(inr(
); d)natiter(
; ez ; es) � iter(
; (
; Æ)
ase(
; (�)ez(Æ); (�)es(�; Æ)))The type Nat of Mendler-style natural numbers, with mapzero, mapsu

 andnatiter the Mendler-style 
onstant zero, su

essor fun
tion, and iterator, obeysthe following typing and redu
tion rules.� : Qd(�) : Natmapzero(d) : Nat 
 : Q � : Qd(�) : Natmapsu

(
; d) : Nat 
 : Nat � : YÆ(�) : Rez(Æ) : R[Y ℄ 
 : Y � : YÆ(�) : Res(
; Æ) : R[Y ℄natiter(
; ez ; es) : Rnatiter(mapzero(d); ez ; es) �� ez((�)natiter(d(�); ez ; es))natiter(mapsu

(
; d); ez ; es) �� es(
; (�)natiter(d(�); ez ; es))Here, it may be helpful to think of Q as some 
hosen type of representationsfor naturals and d as a method for 
onverting representations of this type tonaturals. A natural, hen
e, is 
onstru
ted from nothing or a representation(for its prede
essor), together with a method for 
onverting representations tonaturals. Using Nat as Q, the standard 
onstru
tors of naturals are de�nableas follows:zero � mapzero((�)�)su

(
) � mapsu

(
; (�)�) 9



nat
ata and natiter are iterators. Iteration is a very simple form of total re-
ursion: the result of an iteration on a given natural is only dependent of theresult on the prede
essor. If the \straightforward" de�nition of a fun
tion fol-lows some more 
omplex form of re
ursion, then de�nitions by iteration 
anget 
lumsy. The fa
torial of a given natural, for instan
e, depends not onlyon the fa
torial of its prede
essor, but also on the prede
essor itself. An itera-tive de�nition of the fa
torial has to de�ne both the fa
torial and the identityfun
tion \in parallel" and then proje
t the fa
torial 
omponent out.fa
t(
) � fst(nat
ata(
;* one;zero+ ; (
)*mult(fst(
); su

(snd(
)));su

(snd(
)) +))fa
t(
) � fst(natiter(
; (Æ)* one;zero+ ; (
; Æ)*mult(fst(Æ(
)); su

(snd(Æ(
))));su

(snd(Æ(
))) +))Exa
tly the same tri
k of \tupling" is also needed to program the Fibona

ifun
tion: the Fibona

i of a given natural number depends not only on theFibona

i of its prede
essor, but also on the Fibona

i of its pre-prede
essor.An iterative de�nition of Fibona

i has to de�ne both Fibona

i and the \one-step-behind Fibona

i" \in parallel".�bo(
) � fst(nat
ata(
;* zero;inl(hi)+ ; (
)* 
ase0�snd(
); (�0)one;(�0)add(fst(
); �0)1A ;inr(fst(
)) +))
�bo(
) � fst(natiter(
; (Æ)* zero;inl(hi)+ ; (
; Æ)* 
ase0�snd(Æ(
)); (�0)one;(�0)add(fst(Æ(
)); �0)1A ;inr(fst(Æ(
))) +))These examples show how other forms of re
ursion 
an be 
aptured by it-eration using \tupling". Su
h modelling is not without drawba
ks, however.First, it is more transparent to de�ne a fun
tion using its \native" form of re-
ursion. Se
ond, the intensional behavior of iterative de�nitions is not alwayssatisfa
tory. It is well known, for instan
e, that the prede
essor fun
tion 
anbe programmed using iteration, but the programs take linear time to 
ompute(and only work as desirable on numerals, i.e., 
losed natural number terms).pred(
) � 
ataN(
; (
)map+N(
; (�)wrapN(�)))pred(
) � iter(
; (
; Æ)map+N(
; (�)mapwrap(Æ(�); (�)�)))The more 
omplex forms of indu
tion 
onsidered in the following se
tions10



remedy these problems by o�ering more advan
ed forms of re
ursion.Basi
 [
o℄indu
tion vs. 2nd-order quanti�ersBoth �, � and m, n 
an be en
oded in terms of 82, 92 in a proof- and redu
tion-preserving manner.Proposition 1 The following is a proof- and redu
tion-preserving en
odingof �, � in terms of 82, 92:�℄(F ) � 82((X)(F (X)!X)!X)wrap℄F (
) � �((�)� �map+F (
; (�)� � �))
ata℄F (
; e) � 
 � �((
)e(
))�℄(F ) � 92((X)(X!F (X)) ^X)ana℄F (
; e) � h�((
)e(
)); 
iopen℄F (
) � map+F (fst(
) � snd(
); (�)hfst(
); �i)This en
oding is a proof theory re
apitulation of the Knaster{Tarski �xedpoint theorem [33℄ stating that an in�mum [supremum℄ of the set of all pre-�xed [post�xed℄ points of a monotoni
 fun
tion is its least [greatest℄ pre�xed[post�xed℄ point. In its general form, the en
oding seems to be a pie
e of folk-lore. For the spe
ial 
ase of \polynomial" proposition-fun
tions (su
h as N),essentially the same en
oding was �rst given by B�ohm and Berardu

i [1℄ andLeivant [14℄. For naturals, our en
oding spe
ializes to the following:Nat℄ � 82((X)(> _X!X)!X)zero℄ � �((�)� � inl(hi))su

℄(
) � �((�)� � inr(
 � �))nat
ata℄(
; ez ; es) � 
 � �((
)
ase(
; (�)ez ; (�)es(�)))(In B�ohm and Berardu

i's en
oding, Nat℄ � 82((X)X ! (X ! X)! X),zero℄ � �((�z)�((�s)�z)), su

℄(
) � �((�z)�((�s)�s�(
��z��s))), nat
ata℄(
; ez; es) �
 � ez � es.)Proposition 2 The following is a proof- and redu
tion-preserving en
odingof m, n in terms of 82, 92:m℄(F ) � 82((X)82((Y )(Y !X)!(F (Y )!X))!X)11



mapwrap℄(
; d) � �((�)� � �((�)d(�) � �) � 
)iter℄(
; e) � 
 � �((Æ)�((
)e(
; (�)Æ � �)))n℄(F ) � 92((X)82((Y )(X!Y )!(X!F (Y ))) ^X)
oit℄(
; e) � h�((Æ)�((
)e(
; (�)Æ � �))); 
imapopen℄(
; d) � fst(
) � �((�)d(hfst(
); �i)) � snd(
)This en
oding builds on the following robust analog of the Knaster-Tarski�xed point theorem: an in�mum [supremum℄ of the set of all robustly pre�xed[post�xed℄ points of any fun
tion (monotoni
 or not) is its least [greatest℄robustly pre�xed [post�xed℄ point.Corollary 3 NI2(�) (and also its any fragment, in
luding NI) extendedwith operators �; � or m;n is strongly normalizing and 
on
uent.Mendler-style vs. 
onventional [
o℄indu
tionIt is also possible to en
ode �, � in terms of m, n and vi
e versa. For theen
oding in the latter dire
tion, 82, 92 have to be available.Proposition 4 The following is a proof- and redu
tion-preserving en
odingof �, � in terms of m, n:�℄(F ) � m(F )wrap℄F (
) � mapwrap(
; (�)�)
ata℄F (
; e) � iter(
; (
; Æ)e(map+F (
; Æ))�℄(F ) � n(F )ana℄F (
; e) � 
oit(
; (
; Æ)map+F (e(
); Æ))open℄F (
) � mapopen(
; (�)�)Proposition 5 The following is a proof- and redu
tion-preserving en
odingof m, n in terms of �, � in the presen
e of 92, 82:F e(R) � 92((Y )(Y !R) ^ F (Y ))m℄(F ) � �(F e)mapwrap℄(
; d) � wrapFe(h�(d); 
i)iter℄(
; e) � 
ataFe(
; (
)e(snd(
); (�)fst(
) � �))F a(R) � 82((Y )(R!Y )!F (Y ))n℄(F ) � �(F a)
oit℄(
; e) � anaFa(
; (
)�((Æ)e(
; (�)Æ � �)))12



mapopen℄(
; d) � openFa(
) � �(d)The en
oding of m, n in terms of �, � is a proof-theoreti
 version of theobservation that a least [greatest℄ pre�xed [post�xed℄ point of F e [F a℄ is aleast [greatest℄ robustly pre�xed [post�xed℄ point of F .4 Enhan
ed [
o℄indu
tionThe logi
al 
onstants from the two upper front nodes of the 
ube 
apture theenhan
ed (in other words, \primitive-[
o℄re
ursive") forms of 
onventional-and Mendler-style [
o℄indu
tive de�nition. �q and �q are operators of enhan
edindu
tion and 
oindu
tion; mq and nq are their Mendler-style 
ounterparts.Their proof and redu
tion rules are given in Figures 7 and 8. Adding �q, �qto a proof system presupposes the presen
e of ^, _; there is no 
orrespondingrestri
tion governing the addition of mq, nq.
 : F (�q(F ) ^ �q(F ))wrapqF (
) : �q(F ) �qI 
 : �q(F ) 
 : F (R ^ �q(F ))e(
) : RparaF (
; e) : R �qEparaF (wrapqF (
); e) �� e(map+F (
; (�)*paraF (fst(�); e);snd(�) +))
 : R 
 : Re(
) : F (R _ �q(F ))apoF (
; e) : �q(F ) �qI 
 : �q(F )openqF (
) : F (�q(F ) _ �q(F )) �qEopenqF (apoF (
; e)) �� map+F (e(
); (�)
ase0��; (�)inl(apoF (�; e));(�)inr(�) 1A)Figure 7: Proof and redu
tion rules for �q and �q.From the algebrai
 semanti
s point-of-view, �qF is a least \re
ursive" pre�xedpoint of a given (ne
essarily monotoni
) F , i.e., a least element of the set ofall R's su
h that F (R ^ �qF ) is less than R (note the re
urrent o

urren
e of�qF here!). �qF is a greatest \re
ursive" post�xed point of F .mqF is a least \re
ursive" robustly pre�xed point of a given F , ie., a leastelement of the set of all R's su
h that F (Y ) is less than R for all Y 's lessthan not only R but also mqF (note again the 
ir
ularity!). nqF , dually, is agreatest \re
ursive" robustly post�xed point of F .For programming, �qF is a \re
ursive" data type, with wrapqF a \re
ursive"data 
onstru
tor and paraF a primitive re
ursor, and �qF is a \re
ursive"
odata type, with apoF a primitive 
ore
ursor and openqF a \re
ursive" 
odata13




 : F (Q) � : Qd(�) : mq(F ) � : Qi(�) : mq(F )mapwrapq(
; d; i) : mq(F ) mqI(Q) 
 : mq(F )
 : F (Y ) � : YÆ(�) : R � : Y�(�) : mq(F )e(
; Æ; �) : R[Y ℄re
(
; e) : R mqEre
(mapwrapq(
; d; i); e) �� e(
; (�)re
(d(�); e); (�)i(�))

 : R 
 : R � : RÆ(�) : Y � : nq(F )�(�) : Ye(
; Æ; �) : F (Y )[Y ℄
or(
; e) : nq(F ) nqI 
 : nq(F ) � : nq(F )d(�) : Q � : nq(F )i(�) : Qmapopenq(
; d; i) : F (Q) nqE(Q)mapopenq(
or(
; e); d; i) �� e(
; (�)d(
or(�; e)); (�)i(�))Figure 8: Proof and redu
tion rules for mq and nq.destru
tor. mqF , with mapwrapq and re
, and nqF , with 
or and mapopenq, aretheir Mendler-style equivalents.Returning to our running example of naturals, spe
ializing enhan
ed indu
tionfor N yields the type Natq of \re
ursive" natural numbers, with zeroq, su

qand natpara the \re
ursive" 
onstant zero, \re
ursive" su

essor fun
tion andprimitive re
ursor.Natq � �q(N)zeroq � wrapqN(inl(hi))su

q(
) � wrapqN(inr(
))natpara(
; ez ; es) � paraN(
; (
)
ase(
; (�)ez ; (�)es(�)))The typing and redu
tion rules for Natq are the following:zeroq : Natq 
 : Natq ^ Natqsu

q(
) : Natq 
 : Natq ez : R 
 : R ^Natqes(
) : Rnatpara(
; ez ; es) : Rnatpara(zeroq; ez ; es) �� eznatpara(su

q(
); ez ; es) �� es(hnatpara(fst(
); ez ; es); snd(
)i)Note that a non-zero \re
ursive" natural is 
onstru
ted from a pair of naturals.In the redu
tion rule, the �rst of them is used as the argument for the re
urrentappli
ations of the fun
tion being de�ned, while the se
ond one is used dire
tly.In prin
iple, the two naturals 
an be unrelated, but the normal usage of the
onstru
tion is that the se
ond natural is equal to the �rst (the prede
essor),so the standard su

essor fun
tion is re
overed by dupli
ating its argument.14



zero � zeroqsu

(
) � su

q(h
; 
i)The type Natq of \re
ursive" Mendler-style naturals is de�ned as follows:Natq � mq(N)mapzeroq(d; i) � mapwrapq(inl(hi); d; i)mapsu

q(
; d; i) � mapwrapq(inr(
); d; i)natre
(
; ez; es) � re
(
; (
; Æ; �)
ase(
; (�)ez(Æ; �); (�)es(�; Æ; �)))Natq obeys the following typing and redu
tion rules:� : Qd(�) : Natq � : Qi(�) : Natqmapzeroq(d; i) : Natq 
 : Q � : Qd(�) : Natq � : Qi(�) : Natqmapsu

q(
; d; i) : Natq
 : Natq � : YÆ(�) : R � : Y�(�) : Natqez(Æ; �) : R[Y ℄ 
 : Y � : YÆ(�) : R � : Y�(�) : Natqes(
; Æ; �) : R[Y ℄natre
(
; ez ; es) : Rnatre
(mapzeroq(d; i); ez ; es) �� ez((�)d(natre
(�; ez; es)); i)natre
(mapsu

q(
; d; i); ez ; es) �� es(
; (�)d(natre
(�; ez; es)); i)A non-zero \re
ursive" Mendler-style natural is 
onstru
ted from a representa-tion (for the prede
essor), a method for 
onverting representations to naturalsand another fun
tion from representations to naturals. In the normal usage ofthe 
onstru
tion, the se
ond method is also a 
onversion method. ChoosingNatq as the type of representations, the standard 
onstru
tors are obtainedas follows:zero � mapzeroq((�)�; (�)�)su

(
) � mapsu

q(
; (�)�; (�)�)On \re
ursive" naturals 
onstru
ted using the standard 
onstru
tors, natparaand natre
 
apture standard primitive re
ursion. The fa
torial fun
tion, forinstan
e, 
an be programmed as follows:fa
t(
) � natpara(
; one; (
)mult(fst(
); su

(snd(
)))))fa
t(
) � natre
(
; (Æ; �)one; (
; Æ; �)mult(Æ(
); su

(�(
))))15



A degenerate appli
ation of primitive re
ursion, whi
h only uses the \dire
t-a

ess" prede
essors of non-zero naturals, gives a fast (
onstant time) programfor the prede
essor fun
tion:pred(
) � natpara(
; inl(hi); (
)inr(snd(
)))pred(
) � natre
(
; (Æ; �)inl(hi); (
; Æ; �)inr(�(
)))Enhan
ed vs. basi
 [
o℄indu
tionBoth �, � and m, n 
an be en
oded in terms of �q, �q andmq, nq. The 
onverse isalso true, but only if the retra
tive re
ursive de�nition operator � is available.Proposition 6 The following is a proof- and redu
tion-preserving en
odingof �, � in terms of �q, �q:�℄(F ) � �q(F )wrap℄F (
) � wrapqF (map+F (
; (�)h�; �i))
ata℄F (
; e) � paraF (
; (
)e(map+F (
; fst)))�℄(F ) � �q(F )ana℄F (
; e) � apoF (
; (
)map+F (e(
); inl))open℄F (
) � map+F (openqF (
); (�)
ase(�; (�)�; (�)�))Proposition 7 The following is a proof- and redu
tion-preserving en
odingof m, n in terms of mq, nq:m℄(F ) � mq(F )mapwrap℄(
; d) � mapwrapq(
; d; d)iter℄(
; e) � re
(
; (
; Æ; �)e(
; Æ))n℄(F ) � nq(F )
oit℄(
; e) � 
or(
; (
; Æ; �)e(
; Æ))mapopen℄(
; d) � mapopenq(
; d; d)Proposition 8 The following is a proof- and redu
tion-preserving en
odingof �q, �q in terms of �, � in the presen
e of �:�q℄(F ) � �((Z)�((X)F (X ^ Z)))F q(R) � F (R ^ �q℄(F ))wrapq℄F (
) � i(wrapF q(map+F q(
; (�)o(�))))16



para℄F (
; e) � 
ataF q(o(
); e)�q℄(F ) � �((Z)�((X)F (X _ Z)))F q(R) � F (R _ �q℄(F ))apo℄F (
; e) � i(anaF q(
; e))openq℄F � map+F q(openF q(o(
)); (�)i(�))Proposition 9 The following is a proof- and redu
tion-preserving en
odingof mq, nq in terms of m, n in the presen
e of �:mq℄(F ) � �((Z)m((X)(X!Z) ^ F (X))F q(R) � (R!mq℄(F )) ^ F (R)mapwrapq℄(
; d; i) � i(mapwrap(h�(i); 
i; (�)o(d(�))))re
℄(
; e) � iter(o(
); (
; Æ)e(snd(
); (�)Æ(�); (�)fst(
) � �))nq℄(F ) � �((Z)n((X)(Z!X)!F (X))F q(R) � (nq℄(F )!R)!F (R)
or℄(
; e) � i(
oit(
; (
; Æ)�((�)e(
; (�)Æ(�); (�)� � �))))mapopenq℄(
; d; i) � mapopen(o(
); (�)d(i((�))) � �(i)In the last two en
odings, we would really like to de�ne �q℄(F ) � �((X)F (X^�q℄(F ))) and mq℄(F ) � m((X)(X!mq℄(F )) ^ F (X)), but 
annot (be
ause ofthe 
ir
ularity). Resorting to � is a way to over
ome this obsta
le. From theresult in [32℄, it follows that using � is a ne
essity, one 
annot possibly dowithout it.The �rst of these en
odings is impli
it in [25℄ and [15℄. It also appears in [7℄.The se
ond seems to be new.Corollary 10 NI2(�) (and also its any fragment, in
luding NI) extendedwith operators �q; �q or mq;nq is strongly normalizing and 
on
uent.5 Course-of-value [
o℄indu
tionThe logi
al 
onstants from the two lower rear nodes of the 
ube 
apture the
ourse-of-value forms of 
onventional- and Mendler-style [
o℄indu
tive de�ni-tion. �? and �? are operators of 
ourse-of-value indu
tion and 
oindu
tion; m?and n? are their Mendler-style 
ounterparts. Their proof and redu
tion rulesare given in Figures 9 and 10. Adding �?, �? to a proof system presupposesthe presen
e of ^, �, _, � ; there is no 
orresponding restri
tion governing theaddition of m?, n?. 17



(R4 F )(P ) � R ^ F (P )
 : F (�(�?(F )4 F ))wrap?F (
) : �?(F ) �?I 
 : �?(F ) 
 : F (�(R4 F ))e(
) : R
v
ataF (
; e) : R �?E
v
ataF (wrap?F (
); e)�� e(map+F (
; (�)ana 4F (�; (
)* 
v
ataF (fst(open 4F (
)); e);snd(open 4F (
)) +)))(R5 F )(P ) � R _ F (P )
 : R 
 : Re(
) : F (�(R5 F ))
vanaF (
; e) : �?(F ) �?I 
 : �?(F )open?F (
) : F (�(�?(F )5 F )) �Eopen?F (
vanaF (
; e))�� map+F (e(
); (�)
ata 5F (�; (
)wrap 5F (
ase0�
;(�)inl(
vanaF (�; e));(�)inr(�) 1A)Figure 9: Proof and redu
tion rules for �? and �?.

 : F (Q) � : Qd(�) : m?(F ) � : Qk(�) : F (Q)mapwrap?(
; d; k) : m?(F ) m?I(Q) 
 : m?(F )
 : F (Y ) � : YÆ(�) : R � : Y�(�) : F (Y )e(
; Æ; �) : R[Y ℄
viter(
; e) : R m?E
viter(mapwrap?(
; d; k); e) �� e(
; (�)
viter(d(�); e); (�)k(�))


 : R 
 : R � : RÆ(�) : Y � : F (Y )�(�) : Ye(
; Æ; �) : F (Y )[Y ℄
v
oit(
; e) : n?(F ) n?I 
 : n?(F ) � : n?(F )d(�) : Q � : F (Q)k(�) : Qmapopen?(
; d; k) : F (Q) n?E(Q)mapopen?(
v
oit(
; e); d; k) �� e(
; (�)d(
v
oit(�; e)); (�)k(�))Figure 10: Proof and redu
tion rules for m? and n?.From the algebrai
 semanti
s point-of-view, �?F is a least 
ourse-of-value pre-�xed point of a given (ne
essarily monotoni
) F , i.e., a least element of theset of all R's su
h that F (�(Z)R ^ F (Z)) is less than R. �?F is a greatest
ourse-of-value post�xed point of F .mqF is a least 
ourse-of-value robustly pre�xed point of a given F , i.e., a leastelement of the set of all R's su
h that F (Y ) is less than R for all Y 's less than18



not only R but also F (Y ). n?F , dually, is a greatest 
ourse-of-value robustlypost�xed point of F .For programming, �?F is a 
ourse-of-value data type, with wrap?F a 
ourse-of-value data 
onstru
tor and 
v
ataF a 
ourse-of-value iterator, and �?F is a
ourse-of-value 
odata type, with 
vanaF a 
ourse-of-value iterator and open?Fa 
ourse-of-value 
odata destru
tor. m?F , with mapwrap? and 
viter, and n?F ,with 
v
oit and mapopen?, are their Mendler-style equivalents.Spe
ializing 
ourse-of-value indu
tion for N yields the type Nat? of \
ourse-of-value" natural numbers, with zero?, su

? and nat
viter the \
ourse-of-value"versions of 
onstant zero, su

essor fun
tion and iterator respe
tively.Nat? � �?(N)zero? � wrap?N(inl(hi))su

?(
) � wrap?N(inr(
))nat
v
ata(
; ez ; es) � 
v
ataN(
; (
)
ase(
; (�)ez ; (�)es(�)))The spe
ialized typing and redu
tion rules for these 
onstants are the follow-ing:zero? : Nat? 
 : �((Z)Nat? ^ N(Z))su

?(
) : Nat? 
 : Nat? ez : R 
 : �((Z)R ^ N(Z))es(
) : Rnat
v
ata(
; ez ; es) : Rnat
v
ata(zero?; ez; es) �� eznat
v
ata(su

?(
); ez ; es) �� es(ana(
; (
)*nat
v
ata(fst(open(
)); ez ; es);snd(open(
)) +)Similarly to the \re
ursive" 
ase, non-zero \
ourse-of-value" naturals are not
onstru
ted from a single pre
eding natural. The argument of the \
ourse-of-value" su

essor fun
tion is a 
olist-like stru
ture of naturals. The 
oiterationin the redu
tion rule applies the fun
tion being de�ned re
urrently to everyelement of the 
olist. In prin
iple, again, the naturals in the 
olist 
an beunrelated. The normal usage, however, is that the tail of the 
olist is the an-
estral of its head (the prede
essor of the natural being 
onstru
ted). (By thean
estral of a natural, we mean the 
olist of all lesser naturals in the des
end-ing order.) The standard su

essor fun
tion for naturals is therefore easilyre
overed from the \
ourse-of-value" su

essor fun
tion by �rst 
oiterativelyapplying the prede
essor fun
tion to its argument.zero � zero?su

(
) � su

?(ana(
; (
)h
; pred(
)i)19



The prede
essor fun
tion, however, does not admit a very straightforward def-inition (this is a problem that vanishes in the 
ase of 
ourse-of-value primitivere
ursion). But it is de�nable in terms of the an
estral fun
tion, whi
h itselfis de�nable by 
ourse-of-value iteration in the same way as the prede
essorfun
tion is de�nable by simple iteration.pred(
) � map+N(pred?(
); (�)fst(open(�)))pred?(
) � 
v
ataN(
; (
)map+N(
; (�)ana(�; (
0)*wrap?N(fst(open(
0)))snd(open(
0)) +)))The spe
ialization of 
ourse-of-value Mendler-style indu
tion for N yields thetype Nat? of \
ourse-of-value" Mendler-style naturals.Nat? � m?(N)mapzero?(d; k) � mapwrap?(inl(hi); d; k)mapsu

?(
; d; k) � mapwrap?(inr(
); d; k)nat
viter(
; ez ; es) � 
viter(
; (
; Æ; �)
ase(
; (�)ez(Æ; �); (�)es(�; Æ; �)))The derived typing and redu
tion rules for the above-de�ned 
onstants arethe following:� : Qd(�) : Nat? � : Qk(�) : N(Q)mapzero?(d; k) : Nat? 
 : Q � : Qd(�) : Nat? � : Qk(�) : N(Q)mapsu

?(
; d; k) : Nat?

 : Nat? � : YÆ(�) : R � : Y�(�) : N(Y )ez(Æ; �) : R[Y ℄ 
 : Y � : YÆ(�) : R � : Y�(�) : N(Y )es(
; Æ; �) : R[Y ℄nat
viter(
; ez ; es) : Rnat
viter(mapzero?(d; k); ez ; es) �� ez((�)d(nat
viter(�; ez; es)); k)nat
viter(mapsu

?(
; d; k); ez ; es) �� es(
; (�)d(nat
viter(�; ez ; es)); k)A non-zero \
ourse-of-value" Mendler-style natural is 
onstru
ted from three
omponents. The �rst two are the same as in the 
ase of simple Mendler-style naturals: a representation for a natural (the prede
essor) and a methodto 
onvert representations to naturals. The additional third 
omponent givesa method for 
onverting a representation (for some natural) into nothing oranother representation (normally for the prede
essor of this natural). So, usingNat? as the type of representations, we obtain the standard 
onstru
tors ofnaturals as follows: 20



zero � mapzero?((�)�; pred)su

(
) � mapsu

?(
; (�)�; pred)To de�ne the prede
essor fun
tion, we again need also the an
estral fun
tion.pred(
) � map+N(pred?(
); (�)fst(open(�)))pred?(
) � 
viter(
; (
)map+N(
; (�)ana(�;(
0)*mapwrap(Æ(
0); (� 0)fst(open(� 0)); (� 0)snd(open(� 0)));�(
0) +)))On \
ourse-of-value" naturals 
onstru
ted using the standard 
onstru
tors,nat
v
ata and nat
viter 
apture standard 
ourse-of-value iteration. The Fi-bona

i fun
tion, for instan
e, 
an be programmed using nat
v
ata as follows.�bo(
) � nat
v
ata(
; zero; (
)
ase0�snd(open(
)); (�0)one(�0)add(fst(open(
)); fst(open(�0)))1A)Using nat
viter, the de�nition of the Fibona

i fun
tion be
omes even morestraightforward, as, instead of having to manipulate an intermediate 
olist ofvalues that Fibona

i returns, we 
an \roll ba
k" on inputs to it.�bo(
) � nat
viter(
; (Æ; �)zero; (
; Æ; �)
ase0��(
); (�0)one(�0)add(Æ(
); Æ(�0))1A)
Course-of-value vs. basi
 [
o℄indu
tionEn
oding �, � and m, n in terms of �?, �? and m?, n? is very similar toen
oding these 
onstants in terms of �q, �q and mq, nq. Also en
oding in theopposite dire
tion is analogous and, in fa
t, even simpler (as � in not needed).Proposition 11 The following is a proof- and redu
tion-preserving en
odingof �, � in terms of �?, �?:F i(R) � F (R) _R�℄(F ) � �?(F i) 21



wrap℄F (
) � wrap?F i(inl(map+F (
; (�)ana 4F i(�; (
0)h
0; inr(
0)i))))
ata℄F (
; e) � 
v
ataF (
; (
)
ase0�
; (�)e(map+F (�; (�)fst(open 4F i(�))));(�)fst(open 4F i(�)) 1A)F o(R) � F (R) ^R�℄(F ) � �?(F o)ana℄F (
; e) � 
vanaF (
; (
)*map+F (e(
); (�)wrap 5Fo(inl(�)));wrap 5Fo(inl(
)) +)open℄F (
) � map+F (fst(open?Fo(
)); (�)
ata 5Fo(�; (
0)
ase(
0; (�)�; (�)snd(�))))Proposition 12 The following is a proof- and redu
tion-preserving en
odingof m, n in terms of m?, n?:F i(R) � F (R) _Rm℄(F ) � m?(F i)mapwrap℄(
; d) � mapwrap?(inl(
); d; inr)iter℄(
; e) � 
viter(
; (
; Æ; �)
ase(
; (�)e(�; Æ); (�)Æ(�)))F o(R) � F (R) ^Rn℄(F ) � n?(F o)
oit℄(
; e) � 
v
oit(
; (
; Æ; �)he(
; Æ); Æ(
)i)mapopen℄(
; d) � fst(mapopen?(
; d; snd)Proposition 13 The following is a proof- and redu
tion-preserving en
odingof �?, �? in terms of �, �:F ?(R) � F (�(R4 F ))�?℄(F ) � �(F ?)wrap?℄F � wrapF ?(
)
v
ata℄F (
; e) � 
ataF ?(
; e)F ?(R) � F (�(R5 F ))�?℄(F ) � �(F ?)
vana℄F (
; e) � anaF ?(
; e)open?℄F � openF ?(
)Proposition 14 The following is a proof- and redu
tion-preserving en
odingof m?, n? in terms of m, n:F ?(R) � (R!F (R)) ^ F (R)m?℄(F ) � m(F ?) 22



mapwrap?℄(
; d; k) � mapwrap(h�(k); 
i; (�)d(�))
viter℄(
; e) � iter(
; (
; Æ)e(snd(
); (�)Æ(�); (�)fst(
) � �))F ?(R) � (F (R)!R)!F (R)n?℄(F ) � n(F ?)
v
oit℄(
; e) � 
oit(
; (
; Æ)�((�)e(
; (�)Æ(�); (�)� � �)))mapopen?℄(
; d; k) � mapopen(
; (�)d(�)) � �(k)Corollary 15 NI2(�) (and also its any fragment, in
luding NI) extendedwith operators �?; �? or m?;n? is strongly normalizing and 
on
uent.6 Related workThe �rst author to extend an intuitionisti
n.d. system with (basi
 
onventional-style) indu
tively de�ned predi
ates uniformly by axiomatization was Martin-L�of, with his \theory of iterated indu
tive de�nitions" [21℄.B�ohm and Berardu

i [1℄ and Leivant [14℄ were the �rst authors to des
ribehow to en
ode \polynomial" (basi
 
onventional-style) indu
tive types in 2nd-order simply typed lambda 
al
ulus (Girard and Reynold's system F; then.d. proof system for the!,82-fragment of 2nd-order intuitionisti
 proposi-tional logi
). This method is often referred to as the impredi
ative en
odingof indu
tive types (keeping in mind only basi
 
onventional-style indu
tion).Mendler [19℄ des
ribed the extension by axiomatization of 2nd-order simplytyped lambda 
al
ulus with enhan
ed indu
tive and 
oindu
tive types of hisstyle. Mendler [20℄ dis
ussed a similar system with basi
 Mendler-style indu
-tive and 
oindu
tive types. Extensions of the n.d. proof systems for 2nd-orderintuitionisti
 predi
ate logi
 with 
onstru
tors of (basi
) 
onventional- andMendler-style indu
tive predi
ates were des
ribed in Leivant's [15℄, a paper onextra
ting programs in (extensions of) 2st-order simply typed lambda 
al
ulusfrom proofs in (extensions of) the n.d. proof system for 2nd-order intuitionis-ti
 predi
ate logi
. Parigot's work [24,25℄ on realizability-based \programmingwith proofs" bears 
onne
tion to both Leivant's and Mendler's works.Greiner [10℄ and Howard [13, 
hapter 3℄ 
onsidered programming in an ex-tension of 1st-order simply typed lambda 
al
ulus with axiomatized 
on-stru
tors of 
onventional-style (
o)indu
tive types with (
o)iteration and datadestru
tion (
odata 
onstru
tion). Both had their motivation in Hagino's
ategory-theoreti
 work 
ited below and studied thus not barely �-redu
tion,but even ��-
onversion, driven by de�nite semanti
 
onsiderations. Howardimplemented his system in a programming language Lemon. Geuvers [7℄ 
ar-ried out a 
omparative study of basi
 vs. enhan
ed, 
onventional- vs. Mendler-style indu
tive and 
oindu
tive types in extensions of 2nd-order simply typed23



lambda 
al
ulus.In the spirit of Leivant, Paulin-Mohring [26℄ extra
ted programs in Girard's F!from proofs in Coquand and Huet's CC (
al
ulus of 
onstru
tions). The mile-stone papers on indu
tive type families in extensions of CC and Luo's ECC(extended 
al
ulus of 
onstru
tions, a 
ombination of CC and Martin-L�of'stype theory) are Pfenning and Paulin-Mohring [28℄, Coquand and Paulin-Mohring [4℄ and Ore [23℄. Paulin-Mohring [27℄ formulated the 
al
ulus of in-du
tive 
onstru
tions, whi
h extends CC with indu
tive type families withprimitive re
ursion by axiomatization. The Coq proof development systemdeveloped at INRIA-Ro
qen
ourt and ENS-Lyon is an implementation of thislast system.In 
ategory theory, (basi
 
onventional-style) indu
tive and 
oindu
tive typesare modelled by initial algebras and terminal 
oalgebras for 
ovariant fun
tors.Hagino [11℄ designed a typed fun
tional language CPL based on distributive
ategories with initial algebras and terminal 
oalgebras for strong 
ovariantfun
tors. The implemented Charity language by Co
kett et al. [3℄ is a similarprogramming language.The \program 
al
ulation" 
ommunity is rooted in the Bird-Meertens formal-ism or Squiggol [2℄, whi
h, originally, was an equational theory of program-ming with the parametri
 data type of lists. Mal
olm [16℄ made the 
om-munity aware of Hagino's work, and studied program 
al
ulation based onbi-Cartesian 
losed 
ategories with initial algebras and terminal 
oalgebrasfor !-
o
ontinuous resp. !-
ontinuous 
ovariant fun
tors. Meertens [18℄ wasthe �rst author to give a treatment of primitive-re
ursion in this setting. Some
lassi
 referen
es in the area are Fokkinga's [6℄ and Sheard and Fegaras' [29℄.7 Con
lusion and Future WorkIn this paper, we studied least and greatest �xed point operators that in-tuitionisti
 n.d. systems 
an be extended with. We des
ribed eight pairs ofsu
h operators whose eliminations and introdu
tions behave as re
ursors and
ore
ursors of meaningful kinds.We intend to 
ontinue this resear
h with a study of the perspe
tives of the util-ity of intuitionisti
 n.d. systems with least and greatest �xed point operatorsin program 
onstru
tion from spe
i�
ations; this 
on
erns both spe
i�
ationmethodology and 
omputer assistan
e in synthesis. We have also started tostudy the relating 
ategori
al dedu
tion systems (typed 
ombinatory logi
s �ala Curien), their utility in \program 
al
ulation" and the relevant 
ategori
altheory [38,36,39,40℄. We also intend to �nd out the details of the apparent24




lose relationship of enhan
ed 
ourse-of-value Mendler-style (
o)re
ursion toGim�enez' new formulation of guarded (
o)re
ursion [9℄ (for systems with sub-and supertyping and quanti�
ation with upper and lower bounds; radi
allydi�erent from the older, very synta
ti
al formulation of [8℄).A
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