Chapter 9

The Dual of Substitution is
Redecoration

Tarmo Uustaldiand Varmo Veng

Abstract: It is well known that type constructors afcomplete treeftrees with
variables) carry the structure of a monad wéthbstitutionas the extension op-
eration. Less known are the facts that the same is true ofdgpstructors of
incomplete cotree&=non-wellfounded trees) and that the corresponding menad
exhibit a special structure. We wish to draw attention tadial facts which are as
meaningful for functional programming: type constructofglecorated cotrees
carry the structure of a comonad wittkdecorationas the coextension operation,
and so do—even more interestingly—type constructoxdeabrated trees

9.1 INTRODUCTION

The developments in both language design and programminigochgogy for
functional programming have repeatedly demonstratedsbfiiness of category-
theory insights in the construction and organization ofgpamming idioms. A
good example is given in the categorical notions of monadcamdonad: these
are in several programming contexts useful as means forvenog or impos-
ing structure. Monads were originally introduced into peogming by Moggi
[Mog91] as a modularization tool in language semantics aed tjuickly popu-
larized by Wadler [Wad92] also in programming as a meansttogan infras-
tructure for representing and manipulating computatioitis effects. Comonads,
although not as popular as monads, have been employedicedgscribe inten-
sional semantics [BG92]. Kieburtz [Kie99] argues that caars are good as a
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framework for encapsulating effects of computations integnn Comonads and
monads equipped with distributive laws can be used to gpecihplex recursion
and corecursion schemes for inductive and coinductivest{g& P01, Bar01].

In this paper, we describe monad and comonad structurestaincg/pe con-
structors of inductive and coinductive data. It is well kmothat type construc-
tors of incomplete trees (trees with “variables”, or “mue&akeaves”, for which
trees can be substituted) carry the structure of a monadsuitistitution as the
extension operator; this fact is the starting point of theegarical approach to
universal algebra. The equally plausible, but not so appdeet that the same
holds of type constructors of incomplete cotrees (=norfaghded trees) has
been pointed out only recently [AAV0O1, Mos01] (cf. also'{@L]). We show that
these two facts dualize for type constructors of what we dadlorated trees and
decorated cotrees: these determine comonads with rediecoas the coexten-
sion operator. The pragmatic implication is that a good déprogramming and
reasoning about programs involving (co)trees, substitytand redecoration can
be done generically, once and for all. This is potentiallyyweseful as these things
are ubiquitous in programming: the simplest examples o$ttultion operations
are addition for natural numbers, append for lists, suligtit for variables in a
term; functions marking the nodes of a tree with some infaéiongpertaining to
the subtrees they root are redecoration functions. In tectlgaper, [Uus01], we
generalize the monad and comonad constructions on (cdjtpeeconstructors
for a wider class of (co)inductive type constructors.

The organization of the paper is the following. In Sectiorts 9.3, we define
the concepts of monad and comonad and list some simplestgrap@amples. In
Section 9.4, we give the monad constructions on type castsnsiof incomplete
trees and cotrees. These are dualized in Section 9.5 intorwxinconstructions
on type constructors of decorated cotrees and trees. lin8eé:6, we conclude
and mention some directions for future work.

Though the paper is motivated by issues in functional prognang, the ma-
terial is basically category-theoretic. We have striven deementary exposi-
tion. The reader is assumed to know the basics of the categ@pproach to
functional programming (the types-as-objects, functiagsnorphisms identifi-
cation), in particular, the central concepts of coprodpriduct, and exponential
objects (sum, product, and function-space types), irat@g¢bras and final coalge-
bras (inductive and coinductive types). The more specificepts of monad and
comonad are briefly introduced. For a good introduction itairalgebras and fi-
nal coalgebras from the programming perspective and toategorical approach
to functional programming in general, we refer to [Fok92MBY]. The recur-
sion and corecursion schemes used in the paper are desicribdd9, UVPO1].
The classic category-theory texts treating (co)monadfiaa76, BW84].

Throughout the paper, we work in one base categbapout which we do not
make any specific assumptions other than the existence fttieular coprod-
ucts, initial algebras etc. that we name. The cate§atof sets and set-theoretic
functions is always a possible choice f6r The notation used is standard. [In
particular,| C| is the collection of the objects @f andEnd(C) denotes the cate-
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gory of endofunctors og’; ( f,g) is the notation for the pairing df andg, [ f,g]
is the case analysis dfandg; evag is applicationievag : (A= B) x A— B.]

9.2 MONADS

A monad is a structure on an object mapping. The structurernbrad is de-
scribable in several equivalent ways. For our purposes ntast natural to work
with the so-called extension form (Kleisli triples).

Definition 9.1. Amonad (in extension forngn C is a triple (M, n, —*) consisting

of an endomapping M ofC| (underlying object mapping), gC|-indexed family
n of morphisms)a : A— MA (unit), and an operation-* taking every morphism
f: A— MBin Cto a morphism f: MA — MB (extension operatigrsuch that

f*ona=f (for f: A— MB) (9.1)
na* = idma (9.2)
(grof) =gof~ (9:3)

[The unit and the extension operation are called “returrd ‘dind” in Haskell.]
Below are some simple examples of monad constructions popufunctional
programming, where monads are best known as tools for eunleaipg effects of
computations: the exception, storage reading and statsftnanation monads.

Example 9.2Given an objecE in C, the endomappiniyl on| (| defined byMA =
A+E carries a monad structure definedpy = inlag and f* = [ f,inrgg] for
f:A— MB.

Example 9.3Given an objec8in C, the endomappiniyl on|C| defined byMA =
S=- Acarries a monad structure definedripy= curry(fstas), f* = curry(evsgo
(f OEVSA,SndMA,S>) for f : A— MB.

Example 9.4Given an objecSin C, the endomappinly! on|C| defined byMA =
S= (Ax S) carries a monad structure defined ipy = curry(idaxs) and f* =
curry(evsgxso (f X ids) oeVS,AXS) for f : A— MB.

9.3 COMONADS

Comonads are the formal dual of monads. Below is a definitorthfe coexten-
sion form (coKleisli triples).

Definition 9.5. A comonad (in coextension fornoh C is a triple (N, &, —) con-
sisting of an endomapping N ¢d|, a|C|-indexed family of morphisnzga : NA—
A (counif), and an operation-T taking every morphism :fNA— B to a morphism
fT: NA— NB (coextension operatidsuch that

ggofl=f (for f : NA— B) (9.4)
eal = idna (9.5)
(gofN)T=g'of! (9.6)

101



Comonads, too, can be used for encapsulation of effectderBiftly from
monads, however, comonads handle incoming (externallguymed) rather than
outgoing (internally produced) effects. The simplest epla® are the storage
reading and “state in context” comonads. Storage readingpoads are the same
as storage reading monads, modulo currying/uncurrying.

Example 9.6Given an objecBon C, the endomappinty on| (| defined byNA=
A x S carries a comonad structure definedday= fstas, fT = (f,sndas) for
f:NA—B.

Example 9.7Given an objecSon C, the endomappiny on|C| defined byNA=
(S= A) x Scarries a comonad structure defined (b, —T) by settingea =
evsa, fT = curry(f) xidsfor f : NA— B.

9.4 MONADS OF TREES AND COTREES

9.4.1 Monads of trees

The starting point for the categorical approach to uniMealggebra is the monad
construction on type constructors of what we call incongleges (trees with
variables).

Given an endofunctdf on C. Define a mapping- +H from |C| to [End(C)|
by (A+H)X =A+HX, (A+H)E =ida+HE. Define an endomappirg on |C|
and two|C|-indexed families, T of morphismsa : A— MA, 1o : HMA — MA
from the initial (A+ H)-algebragu(A+H),inatH) by

MA = u(A—i—H) A Na=ina+H Oin|A7HMA A Ta=inatH oinraHmA (9.7)

If Cis a category of types and functions, then the objéatgiven by an objech
is the type collecting thé-incomplete Htrees i.e.,H-branching trees involving
variables drawn from the typ&. The morphisms)a, Ta are the two construc-
tion functions of this type: they produce @iincompleteH-tree from either a
variable fromA or anH-structure ofA-incompleteH-trees. To give an example,
if HX = 1+ X x X, thenMA is the type of binanA-incomplete trees. Category
theorists speak dMA, na,ta) as thefree H-algebra over Anotice that MA, ta)
is anH-algebral!), usefully generalizing the corresponding emtérom universal
algebra. Universal algebra treats situations wheie Setand the functoH is
polynomial. TherH encodes a signature and theéncompleteH-trees are noth-
ing else than (the syntax-tree presentations oftehms over An this signature.
In the case oHX = 1+ X x X, we might say thaMA is the set of terms oveXin
a signature with one nullary operator (constant) and onarpioperator. To get,
e.g., arithmetical expressions ovebuilt of numerals and two operators addition
and multiplication, we should ugé¢X = Nat +2 x X x X.

Now, a significant fact is that we can also canonically predaanorphism
f*: MA — MB from any given morphisni : A— MB. This morphism is defined
as an iteration (=catamorphism, =fold)

= ([f, 8] Dasn (9.8)

102



so thatf* is the unique morphisrh: MA — MB satisfying
hO[I’]A,TA]:[f,TB]O(idA+Hh) (9.9)

[nastal

A+HMA——MA

idA+th l/h
[f,18]

A+HMB ———— = MB
or, equivalently,
hOr]A:f A hota=1goHh

na TA

A MA HMA

S

MB<——HMB

From the functional programming point-of-vieW; is a function that takes an
A-incompleteH-tree and replaces its variables (these are drawn fxpmith B-
incompleteH-trees, relying orf as a guideline, and leaves the rest the same (no-
tice thatf* is aH-algebra homomorphism froMA, 14) to (MB,tg)!). In short,

f* is thesubstitution functiortorresponding td seen as aubstitution rule The
triple (M,n, —*) turns out to be a monad, with the monad laws following solely
from the fact thatf* is a unique solution of Eq. 9.9 (the fact tHMA, [na,Ta])

is initial among thg A+ H)-algebras is not needed!). Summing up, we have the
following propositions.

Proposition 9.8.Given an endofunctor H og. Given also an endomapping M
on|C|, two |C|-indexed families), T of morphisms)a: A — MA, tao: HMA —
MA, and an operation-* taking every morphism fA — MB into a morphism
f*: MA — MB that uniquely solves 9.9 wrt. h. Théd,n,—*) is a monad.

Proposition 9.9.Given an endofunctor H od@. Then M,n, 1, —* defined by
Eqg.s 9.7, 9.8 satisfy the assumptions of Prop. 9.8 and h@hgag, —*) is a monad.

9.4.2 Monads of cotrees

Knowing that type constructors of incomplete trees carryomaad structure with
substitution as the extension operation, it is meaningfigsk whether the same
holds of type constructors of incomplete cotrees (=norfawghded incomplete
trees). Intuition suggests that such type constructor$itaiogsupport a substitu-
tion operation and then a monad ought to be at hand. This éehdo.

Given an endofunctdi, use the fina(A+H)-coalgebragv(A+H),outaH)
to define an endomappirg on |C| and two|C|-indexed families), T of mor-
phismsna : A— MA, 1a: HMA — MA by

MA:V(A+H) A nAZOut;iH oinlapma A TAZOUt;},HOinrA,HMA
(9.10)
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employing the fact thabuta.y is iso (Lambek’s lemma) and, hencgA+H)
carries a canonicgA+ H)-algebra structureut;i,_,. In the programming inter-
pretation, the objedA induced by an objecA is the type of allH-branching
A-incomplete cotrees (=non-wellfounded trees) and the hisnpsna andta are
its two constructor functiongya producing amA-incomplete cotree from an in-
habitant ofA andta making one from at-structure ofA-incomplete cotrees. In
caseHX = 1+ X x X, MA collects the binary cotrees with variables frém

It remains to define a morphisifit : MA — MB for any given morphisnt :
A — MB. This can be done using primitive corecursion (= apomorphis

f* = [ () o (([ne,t8] *o ) +iduma) o [Na,Tal g (9.11)
where(x) = [idg + Hinrma mB, iNrg H(MA+MB) © Hinlwamg], so thatf* is the unique
morphismh : MA — MB satisfying

[I’]B,TB]floh = (idB—‘r H[h7 idMB]) o (*) o (([Y]B,TB]ilo f) +idHMA) o [r]A,TA]71

* “Lof)+i a7t
B+ H(MA+MB) <" (B4 HMB) + HMA™Z . “DHma | LA™ A
lidB‘FH[hvidMB} lh
1
B+HMB Mate) MB

A simplification of the last equation using properties of mmuct and the fact that
[na,Ta] is iso gives Eq. 9.9. Thus;* is a substitution operation again, but now
for incomplete cotrees, not trees as previously. Prop. §pies and establishes
that(M,n,—*) is a monad.

Proposition 9.10.Given an endofunctor H og. Then M,n, 1, —* defined by
Eg.s 9.10, 9.11 meet the assumptions of Prop. 9.8 and h@vpe, —*) is a
monad.

There is more to type constructors of incomplete cotreesy Hre not just
monads, butiterative” monads, in the following sense. For any morphigm
A — M(A+B) such that

g=[na+goinrap,Tasglod (9.12)

for some morphismp : A — B+HM(A+ B), we can canonically point out a
morphismg" : A— MB. This morphism is smoothly definable as an application
of an instance of the generic monad-controlled corecursatireme of [UVPO1]
so thatg" is the unique morphisnfi : A — MB satisfying the equation

Me,Te] ot = (ide+Hf)og
[}

B+HM(A+B) A

idB+Hf:\L if
-1

B+ HMB <12 MB
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whereff = [ f,ng]* : M(A+B) — MB. This equation simplifies to the equation
f=flog (9.13)

which is an “iteration” equation for substitutions rulelsgtword “iteration” refers
here to tail-recursion, not to a scheme of structured rémufsr inductive types).
In programming termsg" is the substitution rule assignir@-incompleteH-
cotrees to variables fromA which is obtained by repeating whereg is seen
as a substitution rule assignig+ B)-incompleteH-cotrees to variables froi.
Such repetition is well-defined provided thgis productive in the sense of not
replacing a variable fronA with another variable frond: it may only replace it
with a variable fromB or anH-structure ofl A+ B)-incompleteH-cotrees.

Proposition 9.11.Given an endofunctor H og. Then the monad of Prop. 9.10
carries an “jteration” operation —'" taking every morphism gA — M(A+ B)
satisfying Eqg. 9.12 into a morphisnf gA — MB that uniquely solves Eq. 9.13
wrt. f.

9.4.3 General monads and substitution

As matter of fact, every monad on Sethas something to do with substitution
in the usual sense of term substitutidhA may be understood as the free (i.e.,
term-equivalence-class) algebra ovefor some (possibly infinitary) signature
and collection of equations [Man76, Sec. 1.5]. This andhiertrelated theory,
however, remains outside of the scope of this paper. A malctionclusion is
that a monad may always be thought of as a type constructawettiwith a
substitution-like operation. The monad laws state basipguties of substitu-
tion. One might say they are abstractions of the faftsx] =r, t[x/x] =t, and
(t[r/x])[s/y] =t[r[s/y]/X providedy ¢ FV(t). Many useful properties of substi-
tution follow from these laws alone. It is easy to prove, feample, an abstract
version of the well-known lemma stating th@fr /x])[s/y] = t[r[s/Y]/X,S/y] =
(t[s/y])[r[s/y]/X], providedx € FV(s). For f : A— M(B+C) andg : B — MC,

ft t
M(A+(B+C))—>M(B+C)g—>MC

i1

[gFof gt IVUC

M((A+B)+C)
\L /T Minrp cog)* fof)t H
M(B+ (A4 C)) e \atcy — S me

where—! is defined as above. Such laws are potentially useful in pragrans-
formation.

9.5 COMONADS OF (CO)TREES

In the preceding section, we have seen two monad constngotiih clear rele-
vance for functional programming. Not surprisingly, theave duals which de-
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liver comonads, but a noteworthy fact is that the dual coicsions also exhibit a
functional programming reading.

9.5.1 Comonads of cotrees

Given an endofunctadd on C, we now begin by defining a mappirgx H from

|C] to |End(C)| by (Ax H)X = Ax HX, (Ax H)E = ida x HE. For the dual of
the first monad construction, we define an endomappiran |C| and two|C]-

indexed families, 6 of morphismsa : NA— A, 64 : NA— HNAfrom the final
(Ax H)-coalgebragv(A x H),outaxH) by

NA=V(AxH) A ea = fstannaooutaxH A eAzsndAVHNAOOUtAXH
(9.14)

In functional programming terms, the objétAinduced by an objed is usefully
thought of as the type of al\-decorated Hcotrees i.e., H-cotrees with every
node (the root of every subcotree) paired with a decoratiom the typeA. The
morphismsea, B4 are the two associating destruction functions; they amsdyz
A-decorated-cotree into a decoration froland arH-structure ofA-decorated
H-cotrees. In the special cabEX = X, NAis the type of streams with element
type A andea, B6p are the head and tail functions. HX = 1+ X x X, NAis the
type of A-decorated binary cotrees.

We also define, for any morphisifin: NA— B, a morphismfT: NA— NBas
a coiteration (= anamorphism, =unfold) by

T =1(f,8a) Joxn (9.15)
with the effect thatf T is the unique morphisth : NA— NB satisfying
(€8,08)oh=(idg x Hh)o ( f,0a) (9.16)
(f.8a)

NA——— = BxHNA

hl lidBXHh
0
NB— %) B HNB

or, equivalently,

eggoh=f A Bgoh=Hhoba

O
NA——— = HNA

f
h Hh
s

3]

B NB HNB

Then, in the functional programming interpretatidi, is a function that takes
anA-decorate-cotree and replaces the decoration of the root of its eudoy s
cotree (these are al-decoratedH-cotrees) with a decoration froBiusing f as
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a guideline; everything else remains untouchg&dig anH-coalgebra homomor-
phism from(NA 8,) to (NB,8g)). In short, the morphisni ' is theredecoration
functioncorresponding td as aredecoration rule (Gibbons [Gib93] call$ T the
upwards pasgiven by f.) In the case of stream$,: NA— A? could be the func-
tion that extracts the 1st and 2nd elements of a stréddmNA — NA? is then the
function that takes a stream and returns the stream of itcadf element pairs.
The triple(N, €, —T) is a comonad; moreover, the comonad laws follow just from
the fact thatf T is a unique solution of Eq. 9.16. Thus we have:

Proposition 9.12.Given an endofunctor H og. Given also an endomapping N
on|C|, two|C|-indexed families, 6 of morphismga : NA— A, 64 : NA— HNA,
and an operation-T taking every morphism fNA — B into a morphism ¥:
NA— NB that uniquely solves Eq. 9.16 wrt. h. Th@he, —T) is a comonad.

Proposition 9.13.Given an endofunctor H og. Then N.g, 8, — defined by
Eq.s 9.14, 9.15 satisfy the assumptions of Prop. 9.12 anden@he, 1) is a
comonad.

9.5.2 Comonads of trees

For the dual of the second monad construction, we use thi&l ifAtx H)-algebras
(M(Ax H),inaxn ) and define an endomappihbon |C| and two|C|-indexed fam-
ilies €, 6 of morphismsa : NA— A, 64 : NA— HNADby

NA=pAxH) A ga=fstaunacinasy A Ba=sndapnacingl, (9.17)

Then, the objedNA corresponding to an objeAtmodels the type of\-decorated
H-treesandea, B4 are the two accompanying functions for destructingfan
decoratedH-tree into a decoration iA and arH-structure ofA-decoratedH -trees.
If HX = 1+ X x X, NAis the type ofA-decorated binary trees.

For any given morphisni : NA— B, define a morphisni’ : NA— NBas a
primitive recursion (=paramorphism) by

fT=( (es,08) o ((fo(€a,0a) ") x idHn) o (*) DaxH (9.18)

where (x) = (ida x Hsndngna, Hfstngna© sndainexna) ), Meaning thatf T is
the unigue morphisrh: NA— NB such that

ho (€a,0a) 1= (e8,08) Lo ((fo(ea,Ba) 1) xidyns) o (*)o (idax H(h,idna))

o)t
NA Sy Ax HNA
h idAXH<h:idNA>l
8p) L fo(ea,0a) 1) xi *
NB 2% gy HNBZLAR N | HiNA) x HNB < Ax H(NBx NA)

This equation simplifies into Eq. 9.16. Thus] is a redecoration or upwards
pass operation again, although this time for decorated treat cotrees. In the
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case of binary trees, we could have, efg.NA — Nat be the function returning
the height of a giverA-decorated tree. Thefil is the function that takes af
decorated tree and returns a tree whereAfgecoration of each node has been
replaced by the height of the subtree rooted by this node.lyigpProp. 9.12,
we have thafN, &, —") is a comonad.

Proposition 9.14.Given an endofunctor H og. Then N.g, 8, — defined by
Eq.s 9.17, 9.18 meet the assumptions of Prop. 9.12 and hghee—1) is a
comonad.

While monads of incomplete cotrees are “iterative”, conusnaf decorated
trees arérecursive”. For any morphisng : N(B x A) — B satisfying

g=¢o(sndgao€pxa,BBxA) (9.19)

for some morphisnd : A x HN(B x A) — B, we can define a morphisigi® :

NA— B as an application of an instance of the generic comonadaltet recur-
sion scheme of [UVPO01] so thg®¢is the unique morphisrh: NA— B satisfying
the equation

fo(eaBa) L =do(idaxHF)

0a)

NA Y Ax HNA
fl lidAfob
B ¢ AxHN(Bx A)

wheref® = (f,ea)T: NA— N(B x A). This equation simplifies to the equation
f=gof (9.20)

a “recursion” equation for decoration rules (the word “neston” referring to the
dual of tail-recursion). In programming terngg;©is the redecoration rule assign-
ing decorations fronB to A-decorated-trees that results from repeatiggvhere
gis seen as a redecoration rule assigning decorationsBraniB x A)-decorated
H-trees. Such repetition is well-defined provided tlhatever uses the decora-
tion from B of a given(B x A)-decoratecH-tree, only looking at the decoration
from A and theH-structure of subordinatéB x A)-decorated-trees. In the case
of binary trees, we could think, e.g., of a functign N(Nat x A) — Nat which
takes a binary tree and returns 0, if the root is a leaf, andug fhle maximum
of the Nat-decorations of its two constituent subtrees, if it is a lokdng node.
g®¢: NA— Nat then calculates the height of a given binary tree. More galyer
it can be remarked that redecoration functions corresponai “recursively” de-
fined redecoration rules are a generalization of Bird and@ils’upwards accu-
mulations[Gib93, BAMH96], i.e., upwards passes induced by catanienpd if
there is a morphisnp’ : Ax HB — B such thath = ¢/ o (ida x H(fstg o0 €8x A)),
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theng™®= (| ¢’ ) axn. Theupwards accumulation lemnsaying that| ¢’ ) axn " =
( (sB,GB>—1o (¢’ o (ida x Heg),sndanng) [)axH follows from the more general

truth that(g™®%)’ = (| (gxa,B8xa) 10 ((9,fstapn(exA)>SNdAHNExA) AxH-

Proposition 9.15.Given an endofunctor H og. Then the comonad of Prop. 9.14
carries an “recursion” operation—"¢¢ taking every morphism gN(B x A) — B
satisfying Eqg. 9.19 into a morphisnf§: NA— B that uniquely solves Eq. 9.20
wrt. f.

9.5.3 General comonads and redecoration

Just as every monad at an abstract enough level is about ietEntrees and sub-
stitution, every comonad is about decorated trees and oealémn. The comonad
laws state basic properties of redecoration-like opanatémd a number of further
properties are simple corollaries. Among them is, e.g.foHewing lemma on
composing redecoration functions. ForNA— B andg: N(Bx A) — C,

b b
NA—— "~ N(BxA) — = N(Cx (BxA))

by L1
J& el N((C x B) x A)

[ . P X
NA—— T N xA) I B (C x A)

where—’ is defined as above.

9.6 CONCLUSION AND FUTURE WORK

We have shown that type constructors of incomplete (cajtcaery the structure
of a monad and type constructors of decorated (co)treeg ttagrstructure of a
comonad. The constructions presented make generic uséeredt generic re-
cursion and corecursion schemes. We expect them to be asdbuilding blocks
in applications such as representation and manipulatiaymifax, processing of
hierarchical data along the lines of “explosive” programgns studied in [Oli98]
or computing with attribute grammars.
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