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AbstractThis paper is an attempt at a systematizing study of the proof theory of the intuitionisticpredicate �; �-logic (conventional intuitionistic predicate logic extended with logical constants� and � for the least and greatest �xpoint operators on positive predicate transformers).We identify eight proof-theoretically interesting natural-deduction calculi for this logic andpropose a classi�cation of these into a cube on the basis of the embeddibility relationshipsbetween these.1 Introduction�,�-logics, i.e. logics with logical constants � and � for the least and greatest �xpoint operators onpositive predicate transformers, have turned out to be a useful formalism in a number of computerscience areas.The classical 1st-order predicate �,�-logic can been used as a logic of (non-deterministic)imperative programs and as a database query language. It is also one of the relation descriptionlanguages studied in descriptive complexity theory (�nite model theory) (for a survey on thishighly actual application, see [EF95, chapter 7]). Its modal propositional fragment is applicableas a speci�cation language for state machines and as a terminological logic. The typical problemsof interest in these applications are decision (given a sentence, is it valid?) and �nite modelchecking (given a sentence, does a given �nite structure satisfy it?).Viable natural-deduction (n.d.) calculi for intuitionistic �,�-logics, at the same time, canbe fruitfully thought of as typed functional programming languages supporting inductive andcoinductive types. In this application, the typical problems of interest are derivation normalization(given a derivation, �nd a normal form for it; computation) together with derivation checking(given a sentence, does a given derivation establish it?; program veri�cation) and derivation �nding(given a sentence, �nd a derivation that establishes it, if there is any; program construction).In comparison to the enormous attention that problems centering around the notions of classicalvalidity and satisfaction (especially �nite model checking for veri�cation of �nite state machines)have received in the research literature on �,�-logics, the interest in problems concerned with thenotion of intuitionistic proof has been modest. This paper is an attempt at a systematizing studyof the proof theory of the intuitionistic predicate �; �-logic, building to a due extent upon whatwe have learned from the literature. We identify eight proof-theoretically interesting n.d. calculifor this logic and propose a classi�cation of these into a cube on the basis of the embeddibility�Institutionen f�or Teleinformatik, Kungliga Tekniska H�ogskolan, Electrum 204, S-164 40 Kista, Sweden;tarmo@it.kth.seyArvutiteaduse Instituut, Tartu �Ulikool, J. Liivi 2, EE-2484 Tartu, Estonia; varmo@cs.ut.ee1



relationships between these. We also discuss the application of the calculi of the cube in programconstruction.This paper is organized as follows. In section 2, we prepare the ground for the subsequentexposition by laying down the particular fashion of treating intuitionistic n.d. calculi as typedfunctional programming languages that we employ in this paper. For reference in the next section,we do this on the example of the standard n.d. calculus for the 2nd-order intuitionistic predicatelogic extended with a logical constant � for the non-deterministic arbitrary �xpoint operator onpositive predicate transformers. This calculus is denoted NIP in this paper. We also �x ourterminology and notation. In section 3, we introduce the cube: we de�ne the eight extensions ofNIP with �, �, and show how these work as typed functional programming languages. We alsostate the embeddibility relationships between the calculi. Section 4 is a discussion of the resultspresented in section 3 and contains an exposition of two toy examples of program construction.In section 5, we present our conclusions and point out some directions for future work.2 The settingThe most obvious and orthodox way of seeing an intuitionistic n.d. calculus as a typed functionalprogramming language relies on a direct interpretation of its sentences as types and derivationsas algorithms, best formalized by de�ning an isomorphism (i.e. a homomorphism with an inversethat is a homomorphism, too) between the n.d. calculus and a typed �-calculus1|the Curry andHoward isomorphism [How80]. The codomain of the isomorphism for the the sentential fragmentof NIP is an extension of Girard and Reynold's system F [Gir71, Rey74], a nice simply typed�-calculus. The codomain of the isomorphism for the full NIP, in contrast, is a dependentlytyped �-calculus, too heavy to serve as a practical functional programming language.A more general approach, �rst put forth by Leivant [Lei83], is to consider a certain part ofthe structure present in sentences and derivations to be essential for typing and computation,and to relate a typed �-calculus to the n.d. calculus by means of an appropriate \contracting"homomorphism. In this paper, we choose a contraction of the following kind: in sentences, sup-press occurrences of individuals and the 1st-order quanti�ers; in derivations, accordingly, suppressoccurrences of individuals and the rules for the 1st-order quanti�ers, but also predicates and therules for the 2nd-order quanti�ers, and the rules for �. The idea is to interpret sentences in theirfull glory as speci�cations of functions, so that the n.d. calculus becomes a medium for programconstruction, while the �-calculus is its stand-alone component for program \exploitation" (a pro-gramming language simpliciter). The codomain of this \contracting" homomorphism for the fullNIP is an extension of a variant of system F with implicit type coercions, here denoted �.The syntax we employ derives from Martin-L�of's theory of expressions [NPS90, chapter 3].s(t1; : : : ; tn) denotes application of s to t1; : : : ; tn. (x1; : : : ; xn)s denotes abstraction of x1; : : : ; xnfrom s. s1 � s2 signi�es that s1 is de�nitionally equal to s2. A key postulate of the theory saysthat ((x1; : : : ; xn)s)(t1; : : : ; tn) � s[t1=x1; : : : ; tn=xn]. The operators of expression application andabstraction must not be identi�ed with the operators app and � of �-calculi. app(�((�)c); d) ��((�)c)(d) � c[d=�]. Confusing an application of an open �-term to a �-term with an applicationof the operator app to two �-terms corresponds to confusing plugging a derivation into an openderivation with plugging two derivations into the rule � E (\modus ponens"). For derivations, weuse a syntax essentially due to Schroeder-Heister [SH84]. This syntax is a notational variant ofthe general syntax.The following is a part of the de�nition of NIP, accompanied by the respective part of thede�nition of �. For the sake of brevity, we have left out the logical constants >, ?, ^, _, =1, 91,and 92, and the associating inference and contraction rules. (In fact, these are not too essential,in the virtue of the well-known homomorphism from the full NIP to the fragment without them.)1A homomorphism between a n.d. calculus and a typed �-calculus is a mapping that sends sentences to typeterms and derivations to �-terms such that, if a derivation establishes a sentence, then the corresponding �-termtypes with the corresponding type term, and, if one derivation reduces to another, then the �-term correspondingto the �rst reduces to this that corresponds to the other.2
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TermA!!TermB(�)� : �((X)TermF (X))!!Term82(F ) (�)� : �((X)Term82(F )!!TermF (X))(�)� : TermF (�(F ))!!Term�(F ) (�)� : Term�(F )!!TermF (�(F ))app(�(c); e)�� c(e)3 The cubeWe shall now introduce our cube of eight extensions of NIP with � and �. In parallel to the n.d.calculi, we also introduce the correspondent �-calculi.From the functional programming point-of-view, in each of the n.d. calculi, � is an inductivetype former and the �-elimination rule is a recursion operator; �, dually, is a coinductive typeformer and the �-introduction rule is a corecursion operator. Each n.d. calculus of the cubeis characterized by its own inference and contraction rules for � and �. The kind of recursionand corecursion operators captured by the inference rules �E and �I thus varies. In the calculiat the bottom front nodes (NIP�;� and mNIP�;�), these are iteration and coiteration; in thecalculi at the top front nodes (NIP�;�r and mNIP�;�r ), |(primitive) recursion and corecursion;in the calculi at the bottom back nodes (NIP�;�? and mNIP�;�? ), |courses-of-values iterationand coiteration; in the calculi at the top back nodes (NIP�;�r? and mNIP�;�r? ), |courses-of-valuesrecursion and corecursion. Courses-of-values iteration is a function de�nition scheme where theoutput of a function on a given input is de�ned in terms of not only the outputs on the inputsthat immediately precede the given one, as in simple iteration, but in terms of the outputs on allinputs that precede the given one. (Cf. the relation of courses-of-values induction on naturals tosimple mathematical induction.) 3



In order to save space, we only treat � below; � is in all aspects dual to �. We also give thede�nitions of just four of the total of eight n.d. calculi in the cube.NIP�;�r? // mNIP�;�r?NIP�;�r //
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v3.1 The calculiIdeally, � should be a logical constant for the least �xpoint operator on predicate transformers.� : (Pred(n)!!Pred(n))!!Pred(n)� : (Type!!Type)!!TypeHowever, not every predicate transformer has a least �xpoint. In the calculi of the cube,�(F ) faithfully expresses the least �xed point of F , if the predicate transformer F is positive.A predicate transformer (X)P is called positive i� every occurrence of X in P appears withinan even number of antecedents of implications and within no �. Positivity is a simple su�cientcondition for monotonicity, which, in turn, is a su�cient condition for the existence of least andgreatest �xpoints.As regards to applications of � to non-positive predicate transformers, two approaches are usedin the cube. In the calculi on the left, these applications are simply forbidden. In the calculi onthe right (whose names contain the letter m, for Mendler), in constrast, they are allowed, andthere, for any predicate transformer F , �(F ) actually expresses the least �xpoint of a certainpositive majorant of F . In the particular case, if F itself happens to be monotone, the majorantis equivalent to F .The calculi on the leftIn these calculi, the way how a �-detour is removed from a derivation depends on a part of thestructure of the predicate transformer F that � is applied to. This part of the structure canbe nicely condensed into a pseudo-`predicate transformer' that we call the shape of F (notationjF j). Given any predicate transformer (X)P , its shape is obtained from (X)P by replacing allsubsentences of P where X does not occur with a special pseudo-sentence (\blank").The contraction rule for � is best formulated by making reference to an auxiliary inference ruleM+. Both the inference rules for � and the inference rule M+ are parametric in a shape; it isforbidden to use a non-positive shape as a value of the parameter. The auxiliary inference ruleM+ states that any predicate transformer with a given (necessarily positive) shape is monotone.It encapsulates a shape-dependent derivation without applications of auxiliary inference rules.M+jF j : F (Q)(s) (z) Q(z)R(z)F (R)(s)mapjF j : TermF (Q)
(TermQ!!TermR)!!TermF (R)4



As an example of a calculus on the left, we present the calculus at the left-hand bottomfront node, NIP�;� (the \basic" calculus). The inference rule �I states that, for any predicatetransformer F with a given (necessarily positive) shape, �(F ) is a pre-�xpoint of F . The inferencerule �E (Park's �xpoint induction principle) states that, for any predicate transformer F with agiven (necessarily positive) shape, �(F ) is subsumed by any pre-�xpoint of F . Note the use of theinference rule M+ in the contraction rule for �.�IjF j : F (�(F ))(s)�(F )(s) �EjF j : �(F )(s) (y) F (R)(y)R(y)R(s)
.... �F (�(F ))(s)�(F )(s) �IjF j F (R)(y)(y) .... ER(y)R(s) �EjF j ��

.... �F (�(F ))(s) �(F )(z) � F (R)(y)(y) .... ER(y)R(z)[�][z] �EjF jF (R)(s) M+jF j.... E(s)R(s)wrapjF j : TermF (�(F ))!!Term�(F )catajF j : Term�(F )
(TermF (R)!!TermR)!!TermRcatajF j(wrapjF j(c); e)�� e(mapjF j(c; (�)catajF j(�; e)))The calculi on the rightIn these calculi, the inference rules for � do not have the shape parameter, and there is no analogof the inference rule M+. The reason is that � �nds the least �xpoint of the majorant F e of agiven predicate transformer F , and jF ej is the same for any F (for the de�nition of F e, see thenext section).As a �rst example of a calculus on the right, let us present the calculus at the right-handbottom front node, mNIP�;� . The inference rule �I states that, for any predicate transformer F ,�(F ) is a pre-�xpoint of F e. The inference rule �E states that, for any predicate transformer F ,�(F ) is subsumed by any pre-�xpoint of F e.
�I : F (Q)(s) (u) Q(u)�(F )(u)�(F )(s) �E : �(F )(s) (Y; y) F (Y )(y) (u) Y (u)R(u)R(y)R(s)
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(TermQ!!Term�(F ))!!Term�(F )iter : Term�(F )
�((Y )TermF (Y )
(TermY!!TermR)!!TermR)!!TermRiter(mapwrap(c; d); e)�� e(c; (�)iter(d(�); e))In the two calculi we have presented so far (the calculi at the bottom front nodes), the inferencerule �E behaves as an iteration operator. In the calculi at the top front nodes, the inference rule5



�E behaves as a (primitive) recursion operator. As an example, we present the calculus at theright-hand top front node, mNIP�;�r .
�I : F (Q)(s) (u) Q(u)�(F )(u)�(F )(s) �E : �(F )(s) (Y; y) F (Y )(y) (u) Y (u)R(u) (u) Y (u)�(F )(u)R(y)R(s)
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(TermQ!!Term�(F ))!!Term�(F )rec : Term�(F )
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(TermY!!TermR)
(TermY!!Term�(F ))!!TermR)!!TermRrec(mapwrap(c; d); e)�� e(c; (�)rec(d(�); e); d)In the calculi at the bottom back nodes, the inference rule �E behaves as a courses-of-valuesiteration operator. As an example, we present the calculus at the right-hand bottom back node,mNIP�;�? .�I : F (Q)(s) (u) Q(u)�(F )(u) (u) Q(u)F (Q)(u)�(F )(s) �E : �(F )(s) (Y; y) F (Y )(y) (u) Y (u)R(u) (u) Y (u)F (Y )(u)R(y)R(s).... �F (Q)(s) Q(u)(u) .... ��(F )(u) Q(u)(u) .... KF (Q)(u)�(F )(s) �I F (Y )(y) (u) Y (u)R(u) (u) Y (u)F (Y )(u)(Y; y) .... ER(y)R(s) �E
�� .... �F (Q)(s) Q(u) �.... �(u)�(F )(u) F (Y )(y) (u) Y (u)R(u) (u) Y (u)F (Y )(u)(Y; y) .... ER(y)R(u)[�][u] �E Q(u)(u) .... KF (Q)(u).... E(Q; s)R(s)cv-mapwrap : TermF (Q)
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�((Y )TermF (Y )
(TermY!!TermR)
(TermY!!TermF (Y ))!!TermR)!!TermRcv-iter(cv-mapwrap(c; d; k); e)�� e(c; (�)cv-iter(d(�); e); k)NIP�;� / ��;� and mNIP�;� / m��;� were �rst formulated by Leivant [Lei90]; he acknowledgedthe work of Mendler [Men87], which is the �rst publication of a variant of m��;�r . ��;�r appeared�rst in Geuvers [Geu92]. We are not aware of any accounts of the calculi at the back nodes of thecube in the literature.Hagino's category-theoretically motivated �-calculus in [Hag87] is a relative of ��;� . A �-calculus with two destructors for � (namely, cata and an inverse of wrap) appears in [Gre92] and[How92, chapter 3]. Martin-L�of published a paper about a n.d. calculus supporting iteratedinductive de�nitions of predicates as early as in 1971 [ML71].6



3.2 The embeddingsThere exist embeddings (i.e. injective homomorphisms) between any two n.d. calculi at adjacentnodes in the cube in both directions. In addition, there exists a homomorphism from the basiccalculus NIP�;� to NIP. The only logical constants and inference rules not mapped identically bythese are � and � and the associating inference rules. We characterize each mapping here by theimage of � only.The embeddings in the forward directions� left-to-right �](F ) � �(F )� bottom-to-top �](F ) � �(F )� front-to-back �](F ) � �(F i) where F i � (X)(x)F (X)(x) _X(x)For any F , F i is in
ationary.The embeddings in the backward directions� right-to-left�](F ) � �(F e) where F e � (X)(x)92((Y )81((u)Y (u) � X(u)) ^ F (Y )(x))For any F , F e is a positive (and hence monotone) majorant of F . (Note the use of 2nd-orderquanti�ers here.)� top-to-bottom, on the left, and on the right�](F ) � �((Z)�((X)F ((z)X(z) ^ Z(z))))�](F ) � �((Z)�((X)(x)81((u)X(u) � Z(u)) ^ F (X)(x)))(Note the use of � here.)� back-to-front, on the left, and on the right�](F ) � �((X)F ((z)92((Z)81((u)Z(u) � X(u) ^ F (Z)(u)) ^ Z(z))))�](F ) � �((X)(x)81((u)X(u) � F (X)(u)) ^ F (X)(x))The embeddings in the forward directions are almost straightforward. The top-to-bottomembedding from NIP�;�r to NIP�;� is implicit in [Par90]. For the corresponding �-calculi, it isexplicitly given in [Geu92].The homomorphism from NIP�;� to NIP�] � (x)82((X)81((y)F (X)(y) � X(y)) � X(x))This de�nition of the � and � and the associating inference rules of NIP�;� via the 2nd-orderquanti�ers and the associating inference rules is well-known; it is due to Leivant [Lei83] and B�ohmand Berarducci [BB85].NIP / � enjoy the property of strong normalizability. Therefore, the n.d. / �-calculi of thecube also enjoy this property, since for each of them, there exists a homomorphism to NIP / �.7



4 DiscussionThe calculi of the cube are equally powerful in terms of expressible functions (i.e. denotationally),but di�er in terms of expressible algorithms (i.e. operationally). Recursion and courses-of-valuesiteration allow more e�cient programming than plain iteration. The iterative predecessor algo-rithm for naturals which is expressible in NIP�;� and mNIP�;� requires linear time. In NIP�;�rand mNIP�;�r , in contrast, one can express a better recursive algorithm that computes in constanttime. Below we give two examples of program scheme construction in the n.d. calculi of the cube.Example: The \factorial" schemeDe�ne N(R)(s) � Zero(s) _ (Succ(s) ^ R(p(s)))Nat � �(N)Fact(s) � Nat(fact(s))The scheme of specifying a one-place function f on naturals in terms of a number g0 anda two-place function g1 by the equations f(0) = g0 and f(n) = g1(f(n � 1); n � 1) (n � 1) isexpressible as follows:81((x)Zero(x) � Fact(x)) 81((x)Succ(x)^(Fact(p(x)) ^ Nat(p(x))) � Fact(x))....81((x)Nat(x) � Fact(x))The following iterative program scheme in m��;� , which, given programs for g0, g1, computesf(n) as the �rst component of the pair f 0(n) = (f(n); n), corresponds to a program schemeconstructible in mNIP�;� :(g0; g1)�((�)fst(iter(�; (
; �)case0B@
; (�)h app(g0; �)mapwrap(inl(�); (�)�) i(�)h app(g1; hfst(�); �(snd(�))i)mapwrap(inr(hfst(�); snd(�(snd(�)))i); (�)�) i 1CA)))The following recursive program scheme in m��;�r corresponds to a program scheme con-structible in mNIP�;�r :(g0; g1)�((�)rec(�; (
; �; �)case�
; (�)app(g0; �)(�)app(g1; hfst(�); h�(snd(�)); �(snd(�))ii) �))Example: The \Fibonacci" schemeDe�ne N(R)(s) � Zero(s) _ (Succ(s) ^ R(p(s)))Nat � �(N)Fibo(s) � Nat(�bo(s))The scheme of specifying a one-place function f on naturals in terms of numbers g0, g1 and atwo-place function g2 by the equations f(0) = g0, f(1) = g1, and f(n) = g2(f(n � 1); f(n � 2))(n � 2) is expressible as follows:81((x)Zero(x)� Fibo(x)) 81((x)Succ(x) ^ Zero(p(x))� Fibo(x)) 81((x)Succ(x) ^ (Succ(p(x))^(Fibo(p(x)) ^ Fibo(p(p(x)))))� Fibo(x))....81((x)Nat(x) � Fibo(x))8



The following iterative program scheme in m��;� , which, given programs for g0, g1, and g2,computes f(n) as the �rst component of the pair f 0(n) = (f(n); f(n � 1)), corresponds to aprogram scheme constructible in mNIP�;� :(g0; g1; g2)�((�)fst(iter(�; (
; �)case0BBB@
; (�)h app(g0; �)inl(�) i(�)h case snd(�(snd(�))); (�0)app(g1; hfst(�); �0i)(�0)app(g2; hfst(�); hfst(�0);hfst(�(snd(�))); snd(�0)iii) !inr(hfst(�); fst(�(snd(�)))i) i 1CCCA)))The following `courses-of-values'-iterative program scheme in m��;�? corresponds to a programscheme constructible in mNIP�;�? :(g0; g1; g2)�((�)cv-iter(�; (
; �; �)case0@
; (�)app(g0; �)(�)case �(snd(�)); (�0)app(g1; hfst(�); �0i)(�0)app(g2; hfst(�); hfst(�0);h�(snd(�)); �(snd(�0))iii) ! 1A))5 ConclusionIn this paper, we presented eight n.d. calculi arranged into a cube, and showed how these functionas media for construction of functional programs. We were pleased to discover that each providessupport for recursive-corecursive programming with a meaningful recursion-corecursion operator.We intend to continue this research with a closer inspection of the perspectives of practical ap-plicability of these calculi in program construction; this concerns both speci�cation methodologyand computer assistance in program construction. We also intend to look into the connectionswith the category-theoretic technology of program construction advocated by the mathematics ofprogram construction (calculation of programs) community.AcknowledgementVarmo Vene is grateful to the Stockholm-Ladug�ardslandet Club of District 2350 of Rotary Inter-national for �nancing his two two-month visits to the Royal Institute of Technology in Stockholmduring 1996.References[BB85] Corrado B�ohm and Alessandro Berarducci. Automatic synthesis of typed �-programs onterm algebras. Theoretical Computer Science, 39(2{3):135{154, 1985.[EF95] Heinz-Dieter Ebbinghaus and J�org Flum. Finite Model Theory. Perspectives in Mathe-matical Logic. Springer-Verlag, Berlin, 1995.[Geu92] Herman Geuvers. Inductive and coinductive types with iteration and recursion. InB. Nordstr�om, K. Pettersson, and G. Plotkin, editors, Preliminary Proceedings Workshopon Types for Proofs and Programs, B�astad, Sweden, 8{12 June 1992, pages 193{217.Dept. of Computing Science, Chalmers Univ. of Technology and G�oteborg Univ., 1992.(ftp://ftp.cs.chalmers.se/pub/cs-reports/baastad.92/proc.dvi.Z.)[Gir71] Jean-Yves Girard. Une extension de l'interpr�etation de G�odel �a l'analyse, et son ap-plication �a l'�elimination des coupures dans l'analyse et la th�eorie des types. In J. E.Fenstad, editor, Proceedings 2nd Scandinavian Logic Symp., Oslo, Norway, 18{20 June1970, volume 63 of Studies in Logic and the Foundations of Mathematics, pages 63{92.North-Holland, Amsterdam, 1971.[Gre92] John Greiner. Programming with inductive and co-inductive types. Technical ReportCMU-CS-92-109, School of Computer Science, Carnegie-Mellon Univ., Pittsburgh, PA,USA, January 1992. 9
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