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RECURSION SCHEMES FROM COMONADS 367de Moor 1997]. By total functional programming, we mean functional pro-gramming under a discipline that only allows total functions to be coded;cf. D. A. Turner's strong functional programming [Turner 1995] or program-ming in typed lambda calculi. We are concerned with genericity in recursionschemes, i.e., schemes of circular de�nition of functions with inductive do-main. (Total functional programming implies a separation between induc-tive and coinductive types, so recursion is distinct from corecursion. Thelatter word is used to refer to circular de�nition of functions with coinductivecodomain.)Many recursion schemes are generic in the sense that they are de�nableand work uniformly for any inductive type. This means genericity also in ac-cordance with the programming jargon: the combinators derived from theseschemes are polymorphic in a functor inducing an inductive type. The mostfundamental and useful such schemes are iteration and primitive recursion.In the constructive algorithmics community, the corresponding combina-tors are known as the catamorphism and paramorphism combinator. Someother generic schemes that are more powerful in terms of direct expressivepower, e.g., the course-of-value strengthening of simple iteration, are nearlyas fundamental and useful and are not too sophisticated in their genericformulation. Generic schemes that go considerably further, however, tendto be of too limited utility and overly sophisticated. To try to cover everyimaginable recursion scheme by an individual library program is thereforeprobably not a good idea.In this paper, we test an alternative idea of supporting di�erent recursionschemes through one library program. We suggest a \many-in-one" recur-sion scheme that neatly uni�es a variety of seemingly diverging strengthen-ings of iteration. This new scheme is doubly generic: in addition to beingparametric in a functor capturing the signature of an inductive type, itis also parametric in another functor with a certain superstructure, moreexactly, a comonad and a distributive law that together encode the recur-sive call pattern of a particular recursion scheme for this inductive type.Specializations of the scheme for particular comonads and distributive lawsinclude (simple) iteration, a mild generalization of primitive recursion, anda comparable generalization of course-of-value iteration.The paper is organized as follows. In Section 2, we recall some generalitiesabout the categorical approach to functional programming and �x somenotation. Section 3 contains a presentation of the standard initial functor-algebra treatment of inductive types and iteration, the starting point forall theory and examples of the paper. In Section 4, we present the conceptof comonad and, in Section 5, we study the concept of comonad with adistributive law of a given functor over it. The new recursion scheme isintroduced in Section 6, where we also present its key properties and showhow it instantiates to some particular recursion schemes. In Section 7, wedemonstrate a Haskell implementation of the schemes and the examplesconsidered. In Sections 8 and 9, we brie
y comment on the related workand conclude.



368 T. UUSTALU, V. VENE, A. PARDOThe paper assumes from the reader a minimal background in category the-ory. Concepts such as functor, natural transformation, product, initialitywill not be de�ned; the reader may consult, e.g., [Barr and Wells 1990],for de�nitions, if necessary. Concepts such as functor-algebra, comonad,distributive law will be de�ned. For the appreciation of Section 7, some ac-quaintance with the functional programming language Haskell is bene�cial,but not strictly necessary. A good introduction to functional programmingin Haskell is [Bird 1998].2. Types and functions in categoriesIn constructive algorithmics, it is common to approach functional program-ming with the methods of category theory. Good presentations of themethodology practised are [Fokkinga 1992, Bird and de Moor 1997]. Weshall only recall a few generalities and proceed then with our concrete as-sumptions and notation.In the category-theoretic approach to functional programming, the realmof programming is identi�ed with some �xed category C. The types are theobjects and the functions are the morphisms of C. Further, type constructorsare object mappings etc. The role of values living in a given type A isassigned to morphisms a : 1! A. The motivation comes from C = Set, thecategory of sets and set-theoretic (i.e., total) functions. There, an object(set) A is isomorphic to the collection of all morphisms (functions) from 1to A. The application of a function f : A ! B to a value a of type Ais identi�ed with the composition f � a : 1 ! B. From the programmingperspective, this approach of lifting elements to functions leads to a point-free style of programming, where functions are described exclusively in termsof function composition.In the case of total functional programming, many things are simplecompared to partial functional programming. In particular, product typesare identi�able with (categorical) products, sum types are coproducts, func-tion types are exponents etc. The reason is that, in this case, Set is indeeda meaningful candidate for C. In mathematics, however, we may a�ord tobe more general. In this paper, we only assume that C is distributive, i.e., acategory with �nite products, �nite coproducts, and the products distribu-tive over the coproducts. A number of further properties of Set, such as, forinstance, the presence of exponents, well-pointedness, and local smallness,are not needed for the purposes here and therefore not assumed.Our notation for the structure present in C is standard. The product ofobjects A and B is written A�B, the projections being fstA;B : A�B ! Aand sndA;B : A � B ! B. The pairing of g : C ! A and h : C ! B,i.e., the unique morphism f : C ! A � B such that fstA;B � f = g andsndA;B � f = h, is written h g; h i. The coproduct of A and B is writtenA + B; the injections are inlA;B : A ! A + B and inrA;B : B ! A + B.The case analysis of g : A ! C and h : B ! C, i.e., the unique morphism



RECURSION SCHEMES FROM COMONADS 369f : A + B ! C such that f � inlA;B = g and f � inrA;B = h, is denoted by[ g; h ]. 1 is the �nal object and 0 is the initial object. The inverse of themorphism [ idA � inlB;C ; idA � inrB;C ] : (A� B) + (A� C) ! A � (B + C)is written distrA;B;C . For g : A! B, h : C ! D, g� h and g+ h abbreviateh g � fstA;C ; h � sndA;C i : A � C ! B �D and [ inlB;D � g; inrB;D � h ] : A +C ! B +D, respectively.The identity functor on C is denoted by Id. The composition of two func-tors F and G (\G after F") is denoted by GF using juxtaposition just asin the application of a functor to an object or a morphism. GFA may beparsed both as (GF )A and G(FA), the meaning is the same.3. Inductive types and iterationInductive types are constructor-generated types and come together witha function de�nition scheme known as iteration1, the simplest and mostfundamental recursion scheme. Category-theoretically, inductive types aremodelled by initial (functor-)algebras. The categorical concepts of (functor-)algebra, algebra homomorphism and initial algebra are generalizations of thecorresponding concepts in universal algebra [Wechler 1992].Definition 1. Given an endofunctor F on C, an F -algebra (algebra withsignature F ) is a pair A = (A;') consisting of an object A of C (carrier)and a morphism ' : FA ! A of C (algebra structure). An F -algebramorphism (homomorphism between algebras with signature F ) from an F -algebra A = (A;') to an F -algebra B = (B; ) is a morphism f : A ! Bof C such that f � ' =  � FfFAFf
��

'
// Af
��FB  

// B:The collection of all F -algebras and F -algebra morphisms, with identitiesand composition as in C, forms a category written AlgF . This categorymay or may not have initial objects. Any initial object of AlgF is called aninitial F -algebra. To initial algebras, we apply the usual jargon for entitiesdetermined uniquely up to isomorphism: we speak of them as determinedtruly uniquely. If initial F -algebras exist, then one of them is designated asrepresentative (the choice may be arbitrary), said to be the initial F -algebraand written �F = (�F; inF ).1 In this paper, the word `iteration' denotes structural recursion and not tail-recursion.



370 T. UUSTALU, V. VENE, A. PARDOCorollary 1. Given an endofunctor F with an initial algebra. Then, forany F -algebra A = (A;'), there exists a unique morphism f : �F ! A suchthat f � inF = ' � FfF�FFf
��

inF // �Ff
��FA '

// A:In the constructive algorithmics community, this f is commonly called theF -catamorphism or F -fold of ' and written (j' j)F .The relation of initial algebras to inductive types is the following. Theendofunctor represents a signature. The initial algebra models the inductivetype: both the type as a pure container and the constructors that structureit. Catamorphisms, witnesses of initiality, correspond to iteratively de�nedfunctions: the result type and the step functions are modelled by an algebra,the catamorphism models the function de�ned.The two most popular examples of inductive types are the natural numbertype and the type of lists with a given element type. Iteration for the naturalnumber type is the iteration of the theory of computability.Example 1. De�ne an endofunctor N by setting, for any A, NA = 1 + Aand, for any f : A ! B, Nf = id1 + f . The inductive type of naturalnumbers is naturally modelled by the initial N-algebra (�N; inN). The typeof naturals is Nat = �N and its two constructors constant zero and thesuccessor function are zero = inN�inl1;Nat : 1! Nat, and succ = inN�inr1;Nat :Nat ! Nat. The function de�ned by iteration from a result type A and stepfunctions g : 1 ! A and h : A ! A is modelled by the catamorphismnatiter(g; h) = (j [ g; h ] j)N, which, as it ought to be, is a unique functionf : Nat ! A such thatf � zero = g ^ f � succ = h � f1 zero // Natf
��

Natsuccoo f
��1 g

// A A:hooExample 2. For an object E, de�ne an endofunctor LE by setting, for anyA, LEA = 1+E�A and, for any f : A! B, LEf = id1+idE�f . The type oflists with element type E is obtained from the initial LE-algebra (�LE ; inLE ).The list type by itself is ListE = �LE ; its two structure-providing construc-tors are nilE = inLE � inl1;E�ListE : 1! ListE and consE = inLE � inr1;E�ListE :E � ListE ! ListE. The list iteration (or, in Haskell terminology, the foldrfunction) given by a type A and functions g : 1! A, h : E �A! A is the



RECURSION SCHEMES FROM COMONADS 371catamorphism foldrE(g; h) = (j [ g; h ] j)LE , a unique function f : ListE ! Asuch that f � nilE = g ^ f � consE = h � (idE � f)1 nilE // ListEf
��

E � ListEconsEoo idE�f
��1 g

// A E �A:hooCatamorphisms enjoy a number of calculational properties with relevancefor programming. Given an endofunctor F with an initial algebra, the \is-a"part of the de�ning characterization of F -catamorphisms immediately en-tails the cata cancellation law stating how catamorphisms compute: for anyF -algebra A = (A;'), (j' j)F � inF = ' � F (j' j)F : (1)The \unique" part decomposes into the cata re
ection and fusion laws usefulin program transformation: id�F = (j inF j)F (2)and, for any two F -algebras A = (A;'), B = (B; ) and morphism f :A! B, f � ' =  � Ff ) f � (j' j)F = (j j)F : (3)(For some authors, cancellation is evaluation, and re
ection and fusion areidentity and promotion, respectively.)Given a natural transformation � : F :! F 0 between two endofunctors withinitial algebras, set �� = (j inF 0 � ��F 0 j)F : �F ! �F 0. The cata absorptionlaw, a further law helpful in program transformation, describes a relationshipbetween F - and F 0-catamorphisms: for any F 0-algebra A = (A;'),(j' j)F 0 � �� = (j' � �A j)F : (4)4. ComonadsIn this paper, our project is to show that making use of the concept ofcomonad, it is possible to view di�erent recursion schemes as instances ofone scheme. Monads and comonads are central notions of category theory.Monads have also become important as a presentation structuring tool inprogramming language semantics [Moggi 1991] and a program structuringdevice [Wadler 1992]. Similar uses of comonads [Kieburtz 1999] are a newerdevelopment. We shall only discuss comonads to the extent we need here;comprehensive treatments of monads and comonads can be found in [Manes1976, Barr and Wells 1984].



372 T. UUSTALU, V. VENE, A. PARDODefinition 2. A comonad on C is a triple N = (N; "; �) consisting of anendofunctor N on C (underlying functor) and two natural transformations" : N :! Id (counit) and � : N :! N2 (comultiplication) such that, for anyA, "NA � �A = idNA = N"A � �A (5)�NA � �A = N�A � �A (6)NA�A
��w w

w w
w w
w w
w

w w
w w
w w
w w
w

GG
GG

GG
GG

G

GG
GG

GG
GG

GNA N2A"NAoo
N"A // NA NA�A

��

�A // N2A�NA
��N2A N�A // N3A:An alternative means of conceptualizing the structure present in a co-monad is given by the concept of coKleisli triple.Definition 3. A coKleisli triple on C is a triple N = (N; ";�y) consistingof an endofunction N on jCj (underlying object mapping), a jCj-indexed fam-ily " of morphisms "A : NA! A and an operation �y (coextension) takingmorphisms f : NA ! B to morphisms fy : NA ! NB such that, for anyf : NA! B, "B � fy = f (7)for any A, idNA = "Ay (8)and, for any f : NA! B, g : NB ! C,gy � fy = (g � fy)y: (9)Given a coKleisli triple N = (N; ";�y), we can form a category called thecoKleisli category of N and written CoKlN . The objects of CoKlN arethose of C; a morphism from A to B is a morphism f : NA ! B of C; theidentity on A is "A : NA ! A; and the composite of f : NA ! B andg : NB ! C is g � fy : NA! C.The concepts of comonad and coKleisli triple are equivalent.Proposition 1. Giving a comonad is the same as giving a coKleisli triple:between the comonads and the coKleisli triples on C, there exists a bijection.Proof. Given a comonad (N; "; �), the corresponding coKleisli triple is(N; ";�y) where, for any f : NA! B,fy = Nf � �A: (10)



RECURSION SCHEMES FROM COMONADS 373Given a coKleisli triple (N; ";�y), the corresponding comonad is (N; "; �)where, for any f : A! B, Nf = (f � "A)y, and, for any A, �A = idNAy. 2Viewing a comonad as a coKleisli triple tends to make its structure morevisible. Having an explicit notation fy for morphisms Nf ��A makes it easy,for instance, to realize that (6) is just an instance of a more general lawthat, for any f : NA! B,�B � fy = (fy)y = Nfy � �A: (11)The simplest examples of comonads result from the identity functor andthe product functor.Example 3. The identity functor Id yields the comonad Id = (Id; "; �)where, for any A, "A = �A = idA and, for any f : A! B, fy = f .Example 4. For any object E, the product functor ProdE = � � E givesrise to the comonad ProdE = (ProdE ; "; �) where, for any A, "A = fstA;E ,�A = h idA�E ; sndA;E i and, for any f : ProdEA! B, fy = h f; sndA;E i.A more complex example is obtained from what we call the H-branchingstream functor.Example 5. Given an endofunctor H , the H-branching stream object givenby an object A is the triple (StrHA; hdHA ; tlHA ) consisting of an object StrHAand morphisms hdHA : StrHA ! A and tlHA : StrHA ! HStrHA such that,for any object C and morphisms g : C ! A, h : C ! HC, there exists aunique function f : C ! StrHA, written genH(g; h), satisfyinghdHA � f = g ^ tlHA � f = Hf � hA Cg
oo f

��

h // HCHf
��A StrHAhdHAoo

tlHA // HStrHA:The object mapping StrH is made a functor by setting, for any f : A! B,StrHf = genH(f � hdHA ; tlHA ). This functor gives rise to the comonad StrH =(StrH ; "; �) where, for any A, "A = hdHA , �A = genH(idStrHA; tlHA ) and, forany f : StrHA! B, fy = genH(f; tlHA ).5. Distributive comonadsIn order for a comonad to yield a recursion scheme for an inductive type,the comonad and the base functor of the inductive type must interact in auseful way. Interactions of this sort are typically provided by distributivelaws [Beck 1969; Barr and Wells 1984, Ch. 9; Lenisa et al. 2000]. For ourpurpose, it is useful to have the functor distribute over the comonad, so weshall now proceed to the analysis of comonads equipped with a distributivelaw of this kind. For brevity, we speak of distributive comonads.



374 T. UUSTALU, V. VENE, A. PARDODefinition 4. Given an endofunctor F on C. An F -distributive comonadon C is a pair IN = (N ; �) consisting of a comonad N = (N; "; �) onC and a distributive law � of F over N , i.e., a natural transformation� : FN :! NF such that, for any A,"FA � �A = F"A (12)�FA � �A = N�A � �NA � F�A (13)FNAF"A
��

�A // NFA"FA
��FA FA FNAF�A

��

�A // NFA�FA
��FNNA �NA // NFNA N�A // NNFA:Given a comonadN = (N; "; �) on C, a distributive law � of F overN givesa lifting of N to a comonad on AlgF . The lifted comonad �N = ( �N; �"; ��) isobtained by de�ning, for any F -algebra A = (A;'), �NA = (NA;N'� �A),�"A = "A and ��A = �A, and, for any f : A! B, �Nf = Nf .Another way to describe the same structure goes through what we herecall distributive coKleisli triples.Definition 5. An F -distributive coKleisli triple on C is pair IN = (N ;�z)consisting of a coKleisli triple N = (N; ";�y) on C and an operation �z(\coextension under F") that takes morphisms ' : FNA! B to morphisms'z : FNA! NB such that, for any ' : FNA! B,"B � 'z = ' (14)for any ' : FNA! B, f : NB ! C,fy � 'z = (f � 'z)z (15)and, for any f : NA! B,  : FNB ! C, z � Ffy = ( � Ffy)z: (16)From an F -distributive coKleisli triple IN = (N ;�z), there is a short dis-tance to a category de�ned thus: an object is an FN -algebra; a morphismbetween two FN -algebras A = (A;') and B = (B; ), at the same time, isnot an FN -algebra morphism, but a morphism f : NA! B of C such thatf � 'z =  � Ffy; the identity on A = (A;') is "A; and the composite off : NA! B and g : NB ! C is g � fy.Proposition 2. Giving an F -distributive comonad is equivalent to givingan F -distributive coKleisli triple.



RECURSION SCHEMES FROM COMONADS 375Proof. We build on Proposition 1. An F -distributive comonad (N; "; �; �)gives rise to an F -distributive coKleisli triple (N; ";�y;�z) where, for any' : FNA! B, 'z = N' � �NA � F�A : (17)An F -distributive coKleisli triple (N; ";�y;�z) determines an F -distributivecomonad (N; "; �; �) where, for any A, �A = (F"A)z. 2We also record that, for any f : FA! B,Nf � �A = (f � F"A)z (18)and, for any ' : FNA! B,�B � 'z = ('z)z = N'z � �NA � F�A: (19)The comonads of Examples 3{5 possess extensions to F -distributive co-monads irrespective of what F happens to be.Example 6. The obvious sole possible extension of the identity comonadId to an F -distributive comonad is Id = (Id; �) where, for any A, �A = F idAand, for any ' : FA! B, 'z = '.Example 7. Given an F -algebra E = (E; �), the product comonad ProdEgives us an F -distributive comonad ProdE = (ProdE; �) where, for anyA, �A = hF fstA;E ; � � F sndA;E i and, for any ' : FProdEA ! B, 'z =h'; � � F sndA;E i.Example 8. Say that an F -distributive endofunctor is a pair H = (H; �)where an endofunctor H is accompanied by a natural transformation � :FH :! HF . Then, given an F -distributive endofunctor H = (H; �), theH-branching stream comonad StrH extends to an F -distributive comonadStrH = (StrH ; �) where, for any A, �A = genH(FhdHA ; �StrHA � F tlHA ) and,for any ' : FStrHA! B, 'z = genH('; �StrHA � F tlHA ).6. Recursion schemes from comonadsWe are now ready to de�ne a generic recursion scheme that organizes itsstructure of recursive calls in terms of a comonad and so instantiates toa variety of di�erent particular recursion schemes. The scheme presentsgenericity in two levels. One is traditional: the scheme is parameterized bya functor F specifying an inductive type. The other level is a consequence ofthe presence of a F -distributive comonad IN = (N ; �). The comonad rep-resents an abstraction of the di�erent manners in which a recursion schememakes use of the argument in each recursive step. For instance, some re-cursion schemes make a copy of the argument so as to make it available tothe step function (primitive recursion). Others repeatedly deconstruct the



376 T. UUSTALU, V. VENE, A. PARDOargument so as to perform recursive calls on various subparts of it in a singlestep (course-of-value iteration).To start with, let us record that, given an endofunctor F with an initialalgebra, an F -distributive comonad IN = (N ; �) satis�es certain laws in-volving F -catamorphisms. From (5) and (6), noticing that � is natural, wemay by cata fusion (3) deduce that, for any F -algebra A = (A;'),"A � (jN' � �A j)F = (j' j)F (20)�A � (jN' � �A j)F = (jN(N' � �A) � �NA j)F : (21)From (19), cata fusion (3) gives us the law that, for any FN -algebra A =(A;'), �A � (j'z j)F = (jN'z � �NA j)F : (22)In the view of (18), this law is a generalization of (21).De�ne now a special morphism iINF : �F ! N�F by settingiINF = (jN inF � ��F j)F = (j (inF � F"�F )z j)F : (23)This morphism obeys speci�c laws. By cata fusion (3) from cata cancellation(1) and the naturality of �, we get that, for any F -algebra B = (B; ),N(j j)F � iINF = (jN � �B j)F : (24)Combining (20) with cata re
ection (2) gives"�F � iINF = id�F : (25)Putting (21) and (24) together gives��F � iINF = N iINF � iINF : (26)while (22) in conjunction with (24) yields that, for any FN -algebra A =(A;'), ��F � (j'z j)F = N(j'z j)F � iINF : (27)These observations made, we are ready to prove our main result. Thefollowing theorem states that any F -distributive comonad yields a recursionscheme for the inductive type induced by F .Theorem 1. Given an endofunctor F with an initial algebra and an F -distributive comonad IN = (N ; �). Then, for any FN -algebra A = (A;'),we have a unique morphism f : �F ! A such thatf � inF = ' � F (Nf � iINF )F�FF iINF
��

inF // �Ff
��

FN�FFNf
��FNA '

// A:



RECURSION SCHEMES FROM COMONADS 377We shall speak of this f as the F -IN -g-catamorphism (generalized cata-morphism) of ' and denote it by (j' j)INF .Proof. We show that the one and only f with the requested property is"A � (j'z j)F . This means checking thatf � inF = ' � F (Nf � iINF ) � f = "A � (j'z j)F :The right-to-left direction is proved by the following calculation:266666666666666666666664
� f = "A � (j'z j)Ff � inF= { � {"A � (j'z j)F � inF= { cata cancellation {"A � 'z � F (j'z j)F= { (14) {' � F (j'z j)F= { (5) {' � F (N"A � �A � (j'z j)F )= { (27) {' � F (N"A �N(j'z j)F � iINF )= { � {' � F (Nf � iINF ):For the left-to-right direction, we argue as follows:26666666666666666666666666666666666664

� f � inF = ' � F (Nf � iINF )f= { (25) {f � "�F � iINF= { naturality of " {"A �Nf � iINF= { cata characterization {2666666666666666666664
Nf � iINF � inF= { (23), cata cancellation {N(f � inF ) � ��F � F iINF= { � {N(' � F (Nf � iINF )) � ��F � F iINF= { naturality of � {N' � �NA � F (N(Nf � iINF ) � iINF )= { (26) {N' � �NA � F (NNf � ��F � iINF )= { naturality of � {N' � �NA � F (�C �Nf � iINF )= { (17) {'z � F (Nf � iINF )"A � (j'z j)F : 2



378 T. UUSTALU, V. VENE, A. PARDOBy specializing the new generic recursion scheme for particular comonads,we can �nd out what it really covers. The distributive comonads from Ex-amples 6{8 turn out to yield iteration, a generalization of primitive recursionand a generalization of course-of-value iteration.Example 9. The simplest comonad, the identity comonad Id, recovers it-eration. Indeed, since iIdF = id�F , the F -Id-g-catamorphism (j' j)IdF given byan F -algebra A = (A;') is bound to be the unique morphism f : �F ! Asuch that f � inF = ' � Ff . But this morphism, as we know, is (j' j)F , theF -catamorphism of '.Example 10. Consider next the F -distributive comonad ProdE for an F -algebra E = (E; �). From (23), we get thatiProdEF = h id�F ; (j� j)F i: (28)As an implication, the F -ProdE-g-catamorphism (j' j)ProdEF given by anFProdE-algebra A = (A;') is the unique morphism f :�F!A such thatf � inF = ' � F h f; (j� j)F ior, in other words, the �rst component of the unique pair (f; g) consistingof morphisms f : �F ! A and g : �F ! E such thatf � inF = ' � F h f; g i ^ g � inF = � � FgF�FF h f;g i
��

inF // �Ff
��F (A �E) ' // A F�FFg

��

inF // �Fg
��FE �

// E:The morphism so speci�ed is what Malcolm [1990] calls the F -�-zygo-morphism of '; we denote it by hj' ji�F . The recursion scheme that pro-duces zygomorphisms is best thought of as a \semi-mutual" iteration wheretwo functions are de�ned simultaneously, one being the function of interestand the other an auxiliary function.An important special case of zygomorphisms results from choosing E =�F = (�F; inF ). Because of cata re
ection, (28) specializes toiProd�FF = h id�F ; id�F i: (29)The consequence is that the F -Prod�F -g-catamorphism given by anFProd�F -algebra A = (A;') is the unique morphism f : �F ! A suchthat f � inF = ' � F h f; id�F iF�FF h f;id�F i
��

inF // �Ff
��F (A � �F ) ' // A



RECURSION SCHEMES FROM COMONADS 379meaning that f is what is usually called the F -paramorphism of ' andwritten hj' jiF . Paramorphisms, as introduced by Meertens [1992], are func-tions de�ned by primitive recursion. Primitive recursion is equivalent to\semi-mutual" iteration where the auxiliary function is the identity func-tion (described as a copying function).Example 11. Given an F -distributive endofunctor H = (H; �), let us nowstudy the F -distributive comonad StrH . From (23), we deriveiStrHF = genH(id�F ; (jH inF � ��F j)F ): (30)Hence, given an FStrH-algebra A = (A;'), the F -StrH -g-catamorphism(j' j)StrHF is the unique f : �F ! A such thatf � inF = ' � FgenH(f; (jH inF � ��F j)F )or, which is the same, the �rst component in the unique pair (f; g) consistingof morphisms f : �F ! A and g : �F ! H�F such thatf � inF = ' � FgenH(f; g) ^ g � inF = H inF � ��F � FgF�FFgenH(f;g)
��

inF // �Ff
��FStrHA '

// A F�FFg
��

inF // �Fg
��FH�F ��F

// HF�F H inF // H�F:We call such f the F -�-g-histomorphism (generalized histomorphism) of 'and denote it fj' jg�F , for a reason that will be obvious in a moment.Consider the special case H = F = (F; idFF ). Keeping in mind that(jF inF j)F = in�1F , by specializing (30), we inferiStrFF = genF (id�F ; in�1F ) (31)from where it follows that, given an FStrF -algebra A = (A;'), the F -StrF -g-catamorphism (j' j)StrFF is the unique f : �F ! A such thatf � inF = ' � FgenF (f; in�1F )F�FFgenF (f;in�1F )
��

inF // �Ff
��FStrFA '

// A:In [Uustalu and Vene 1999a, Vene 2000], such f was called the F -histo-morphism of ' and written fj' jgF . Histomorphisms model course-of-valueiteration; g-histomorphisms model a variation where the course associatedto a given argument value need not amount to the natural organization ofall of its recursive components into a branching stream, but may have adi�erent content.



380 T. UUSTALU, V. VENE, A. PARDOJust as catamorphisms, g-catamorphisms satisfy a number of calculationalproperties and the important ones are very close to those of catamorphisms.The fact that these are simple has the value of strengthening the groundsfor the belief that the construction is not ad hoc. More important, however,is the fact that from each of these properties, we may, at will, derive aspecialized property of the g-catamorphisms for any particular distributivecomonad of interest.Given an endofunctor F with an initial algebra and an F -distributivecomonad IN = (N ; �). From the de�ning characterization of F -IN -g-cata-morphisms, it immediately follows that they obey a cancellation law statingthat, for any FN -algebra A = (A;'),(j' j)INF � inF = ' � F (N(j' j)INF � iINF ) (32)and re
ection and fusion laws stating thatid�F = (j inF � F"�F j)INF (33)and, for any two FN -algebras A = (A;'), B = (B; ) and morphismf : A! B f � ' =  � FNf ) h � (j' j)INF = (j j)INF : (34)From the proof of the theorem, we may record that, for any FN -algebraA = (A;'), (j' j)INF = "A � (j'z j)F (35)and (j'z j)F = N(j' j)INF � iINF : (36)F -catamorphisms are easily expressed as F -IN -g-catamorphisms: for anyF -algebra A = (A;'), (j' j)F = (j' � F"A j)INF : (37)Given a natural transformation � : F :! F 0 between two endofunctorswith initial algebras, an F -distributive comonad IN = (N ; �) and an F 0-distributive comonad IN 0 = (N ; �0) such that, for any A, N�A � �A =�0A��NA, the interrelation between F -IN - and F 0-IN 0-g-catamorphisms is de-scribed by an absorption law stating that, for any F 0N -algebra A = (A;'),(j' j)IN 0F 0 � �� = (j' � �NA j)INF : (38)



RECURSION SCHEMES FROM COMONADS 3817. Implementation in HaskellTo illustrate the theory studied, we now show how to implement it in thefunctional programming language Haskell. More precisely, we use Haskell 98[Peyton Jones and Hughes 1999] extended with multi-parameter classes[Jones 1995] and rank-2 type signatures [McCracken 1984]. These two fea-tures, though not part of the language standard yet, are both supported inthe newer versions of the main implementations Hugs and GHC.In the presentation of code, we use the \literate comment" convention:lines in which `>' is the �rst character are code, all other lines are comment.Speaking of classes, we refer to classes in the sense of Haskell, i.e., type-constructor classes.7.1 FunctorsFunctors arise from the association of a morphism mapping to an objectmapping. A functor in Haskell is a type constructor f from the class Functorde�ned in the Haskell Prelude as follows:class Functor f wherefmap :: (a -> b) -> f a -> f bThe type constructor f by itself is the object mapping part of a functor. Themorphism mapping is the associated function fmap. The class declarationforces fmap to have the correct typing, but cannot force it to preserve identi-ties and composition, so each time the programmer provides a de�nition forthe fmap function for a particular type constructor f, it is his responsibilityto ensure that these conditions are met.Any particular type constructor is extended into a functor by declaring itto be an instance of Functor and supplying a de�nition for fmap. The listtype constructor [], for example, is made a functor in the Haskell Preludeas follows:instance Functor [] wherefmap = mapBy this instance declaration, [] is stated to be a functor with the well-knownlist function map as the morphism mapping.7.2 Inductive types and iterationInductive types, that is, initial algebras, are �xed-points of functorial typeconstructors. In Haskell, therefore, we can de�ne them by a recursive typerenaming declaration:> newtype Mu f = In (f (Mu f))



382 T. UUSTALU, V. VENE, A. PARDOGiven a type constructor f, this declaration produces a new type Mu f withthe same representation as the type f (Mu f); this is the carrier of the initialf-algebra. In addition, we also get a data constructor In :: f (Mu f) ->Mu f for explicit coercion between the two types in one direction; this is thestructure of the initial algebra. Its inverse, i.e., the coercion in the otherdirection, is de�nable by pattern matching:> unIn :: Mu f -> f (Mu f)> unIn (In x) = xCatamorphisms are de�ned recursively by appealing to their cancellationlaw (1):> cata :: Functor f => (f c -> c) -> Mu f -> c> cata phi = phi . fmap (cata phi) . unInThe cata combinator takes a function phi :: f c -> c, i.e., an algebrastructure, into a function cata phi :: Mu f -> c, the algebra morphismdetermined by phi. In the type signature of cata, we need to constrain fto be of class Functor, as the de�ning equation uses fmap.Example 12. The inductive type of natural numbers is implemented asfollows. First, using a data type declaration, we introduce a new type con-structor N corresponding to the object mapping of the underlying functor ofthe natural number type. Then, with an instance declaration, we make N aninstance of the class Functor and de�ne fmap as the appropriate morphismmapping.> data N c = Z | S c> instance Functor N where> fmap g Z = Z> fmap g (S x) = S (g x)The natural number type and the constructors constant zero and the suc-cessor function are now de�ned via Mu and In. For the de�nition the naturalsnumber type, it su�ces to use a type synonym declaration.> type Nat = Mu N> zero :: Nat> zero = In Z> succ :: Nat -> Nat> succ n = In (S n)The addition of two naturals is de�ned as a catamorphism as follows:



RECURSION SCHEMES FROM COMONADS 383> add :: Nat -> Nat -> Nat> add m = cata phi> where phi Z = m> phi (S f) = succ fHere the �rst equation for phi de�nes add m zero [this is phi Z] while thesecond de�nes add m (succ n) [phi (S f)] in terms of add m n [f].Similarly, the multiplication of two naturals is also de�nable as a cata-morphism:> mult :: Nat -> Nat -> Nat> mult m = cata phi> where phi Z = zero> phi (S f) = add m f7.3 ComonadsIn Haskell, monads are extensively used as a device for disciplined intro-duction of impure features. Monads are de�ned in the Haskell Prelude as atype-constructor class, essentially in the Kleisli format, and the language hasspecial syntax supporting their use. Comonads, however, are not standardpart of the language. We might de�ne them by dualizing the de�nition ofmonads in Haskell. For our purposes, however, a de�nition based on counitand comultiplication �ts better.> class Functor n => Comonad n where> extr :: n a -> a> dupl :: n a -> n (n a)Similarly to the case of functors, with a class declaration we can only statethe type signatures of the operations and it remains the programmer's re-sponsibility to ensure that every instance he creates satis�es the requiredlaws.Example 13. Haskell has prede�ned products. In an ideal Haskell, there-fore, the product type constructor as we need it ought to be de�nable bymeans of this type synonym declaration:type Prod e c = (c, e)In reality, however, this declaration only de�nes a type Prod e c and doesnot de�ne a type constructor Prod e. This means that we are forced tomake a data type declaration:> data Prod e c = Pair c eTo avoid any need for direct manipulations with the constructor Pair, wealso de�ne the standard projection functions and a pair-forming combinator:



384 T. UUSTALU, V. VENE, A. PARDO> outl :: Prod e c -> c> outl (Pair x _) = x> outr :: Prod e c -> e> outr (Pair _ y) = y> fork :: (a -> c) -> (a -> e) -> a -> Prod e c> fork g1 g2 z = Pair (g1 z) (g2 z)The type constructor Prod e is extended into a functor and further into acomonad by means of the following instance declarations.> instance Functor (Prod e) where> fmap g = fork (g . outl) outr> instance Comonad (Prod e) where> extr = outl> dupl = fork id outrExample 14. The branching streams type constructor given by a functorh is implemented using a recursive data type declaration:> data Strf h c = Consf c (h (Strf h c))The destructor functions are de�ned from the constructor Consf with thehelp of pattern matching.> hdf :: Strf h c -> c> hdf (Consf x _ ) = x> tlf :: Strf h c -> h (Strf h c)> tlf (Consf _ xs) = xsThe de�nition of the generator combinator is based on its cancellation law.Since this involves the fmap function associated to h, we need to make aconstraint that the type constructor h is a functor.> genStrf :: Functor h =>> (a -> c) -> (a -> h a) -> a -> Strf h c> genStrf g1 g2 z = Consf (g1 z) (fmap (genStrf g1 g2) (g2 z))All this done, we can extend the type constructor Strf h into a functor, andfurther into a comonad, using the instance declaration mechanism. Sincehere we need genStrf, we again need the constraint that h is a functor.> instance Functor h => Functor (Strf h) where> fmap g = genStrf (g . hdf) tlf> instance Functor h => Comonad (Strf h) where> extr = hdf> dupl = genStrf id tlf



RECURSION SCHEMES FROM COMONADS 3857.4 Distributive comonads and the new schemeIn order to introduce distributive comonads, we have to use either multi-parameter classes or rank-2 type signatures. Since distributive comonadsare comonads in a certain relation to a functor, it looks natural to de�nethem as a multi-parameter class:class (Functor f, Comonad n) => DistComonad f n wheredist :: f (n a) -> n (f a)And then we could implement g-catamorphisms as the cancellation law (32)teaches us:gcata :: DistComonad f n => (f (n c) -> c) -> Mu f -> cgcata phi= phi . fmap (fmap (gcata phi) . iota) . unInwhere iota = cata (fmap In . dist)This choice, however, implies that we can never simultaneously work withmore than one distributive law relating a particular comonad to a particularfunctor unless we are willing to rename the comonad.An alternative avoiding this not so pleasant restriction consists in supply-ing the distributive law in an additional argument of the gcata combinator.Here we have to use rank-2 type signatures in order to correctly state thepolymorphic type signature of this additional argument:> gcata :: (Functor f, Comonad n) =>> (forall a. f (n a) -> n (f a))> -> (f (n c) -> c) -> Mu f -> c> gcata dist phi> = phi . fmap (fmap (gcata dist phi) . iota) . unIn> where iota = cata (fmap In . dist)Instead of relying on the g-catamorphism cancellation law (32), we may, atwill, use the explicit de�nition (35) of gcata via the cata combinator:gcata dist phi = extr . cata (fmap phi . dist . fmap dupl)While the two de�nitions are denotationally equivalent, their operationalcharacteristics are di�erent. Which de�nition is better in terms of e�ciencydepends on the concrete comonad. The rule of thumb is that the de�nitionvia cata is more e�cient. An important exception, however, is the comonadProd (Mu f), which captures the recursive call structure of primitive recur-sion. For this comonad, the cancellation law is the right choice.Example 15. General g-catamorphisms already de�ned, zygomorphismsare most simply de�ned as speci�c g-catamorphisms:> zygo :: Functor f => (f e -> e)> -> (f (Prod e c) -> c) -> Mu f -> c> zygo chi = gcata (fork (fmap outl) (chi . fmap outr))



386 T. UUSTALU, V. VENE, A. PARDOThis, however, is not the most e�cient de�nition. The options are to relyon the zygomorphism cancellation law:zygo chi phi= phi . fmap (fork (zygo chi phi) (cata chi)) . unInor on the explicit de�nition of the zygo combinator via the cata combinator:zygo chi phi = outl . cata (fork phi (chi . fmap outr))Paramorphisms are now most easily de�ned as special zygomorphisms:> para :: Functor f => (f (Prod (Mu f) c) -> c) -> Mu f -> c> para = zygo Inbut again we might equivalently choose to rely on the paramorphism laws.The factorial function is expressed as a paramorphism as follows:> fact :: Nat -> Nat> fact = para phi> where phi Z = succ zero> phi (S (Pair f n)) = mult f (succ n)The �rst equation in the de�nition of phi de�nes fact zero [phi Z] andthe second de�nes fact (succ n) [phi (S (Pair f n))] in terms of factn [f] and n.Example 16. To de�ne g-histomorphisms, we again need rank-2 type sig-natures. The easiest option is de�ning g-histomorphisms as special g-cata-morphisms:> ghisto :: (Functor f, Functor h) =>> (forall a. f (h a) -> h (f a))> -> (f (Strf h c) -> c) -> Mu f -> c> ghisto chi = gcata (genStrf (fmap hdf) (chi . fmap tlf))Histomorphisms in their turn are most easily de�ned as a special case ofg-histomorphisms:> histo :: Functor f => (f (Strf f c) -> c) -> Mu f -> c> histo = ghisto idThe Fibonacci function is de�ned as a histomorphism as follows:> fibo :: Nat -> Int> fibo = histo phi> where phi Z = zero> phi (S (Consf f fs))> = case fs of> Z -> succ zero> S (Consf f' _) -> add f f'Here, the �rst equation for phi de�nes fibo zero [phi Z] and the second de-�nes fibo (succ n) [phi (S (Consf f fs))] in terms of fibo n [f] and,provided n == succ n' [fs == S (Consf f' )], also fibo n' [f'].



RECURSION SCHEMES FROM COMONADS 3878. Related workThe idea of combining monads or comonads with catamorphisms is not new.Fokkinga [1994] (see also [Meijer and Jeuring 1995]) studied a combinationof monads with catamorphisms, termed monadic catamorphisms. Given amonadM with a distributive law of F overM , their scheme takes a monadicstep function ' : FA ! MA and produces a monadic induced functionf : �F ! MA. Pardo [2000] (dualizing the combination of monads withanamorphisms of [Pardo 2001]) combined comonads with catamorphisms.For a comonad N with a distributive law of N over F , his scheme takescomonadic step functions ' : NFA ! A to comonadic induced functionsf : N�F ! A, but has the drawback that the induced function is not,in general, determined uniquely. An example of a well-behaving comonad,again, is the product comonad, which yields iteration with parameters.A step towards the scheme of the present paper was taken by Lenisa [1999].She, similarly to Pardo [2001], studied monads in relation to corecursion.Modulo duality, she recorded the straightforward fact that, given a comonadN , any morphism '0 : FNA ! NA determines a morphism f : �F ! A,namely f = "A � (j'0 j)F . She also pointed out the relation of the productcomonad in this context to primitive recursion. She did not, however, requireF to distribute overN and without this, it is not possible to give an explicitde�nition and characterization for f in terms of ' = "A � '0 : FNA! A asdone here. In [Lenisa et al. 2000], modulo duality again, distributive lawswere added, but comonads were weakened to copointed endofunctors.Added in proof: In continuation of Lenisa's line of work, the dual ofthe scheme discussed in this paper was recently (independently of us andapproximately simultaneously) justi�ed by Bartels [2001]. He also intro-duced an alternative version of the scheme where|at the expense of extraassumptions on the category|no (co)monad structure is needed.9. Conclusion and future workUsing the notion of comonad, we have de�ned a \many-in-one" recursionscheme that covers a variety of di�erent strengthenings of iteration. In thisgeneral scheme of recursion, comonads package di�erent manners in whichparticular recursion schemes allow recursive calls in evaluation. We havefound it very pleasant that all di�erences between schemes as distant asprimitive recursion and course-of-value iteration may be neatly abstractedand the outcome is one single light-weight skeleton scheme. The schemepresents a novel use of comonads as a program structuring device. Thatthe scheme is natural indeed and conduces modular programming is demon-strated by the Haskell code presented in Section 7.The goals for future work include the following. To start with, we wish toobtain further con�dence in the usefulness of the new scheme in its generalityby working out its specializations for other comonads. Second, we also
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