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1 Introduction

This paper is dedicated to the study of recursive functor-coalgebras. In the
sense of Osius [30], a coalgebra (A, ) of a functor F': C — C is recursive iff,
for any algebra (C, ¢) of F', the morphism equation

f=¢oFfoua (*)

has a unique solution in the unknown f: A — C.

Our prime interest in recursive coalgebras comes from their application to
programming semantics. Specifically, we see how Equation (*) can be seen as
the most abstract form of definition of a recursive function. In programming
(we are chiefly thinking of typed functional programming), it is customary to
wish to be able to take some function ® : C(A,C') — C(A,C) and read the

equation

f=2(f) (**)
as a function definition. The problem is that, for an arbitrary ®, the equation
(**) is not guaranteed to make sense as a definition: it may have exactly
one solution, but it can just as well have no solution or multiple solutions
among which there is no canonical choice. But for more specific choices of
®, the equation may indeed be predestined to have exactly one solution (or
several solutions, but among them a canonical one) and in this case it is really
meaningful to see it as a definition.

Equation (*) is a structured instance of (**), that is, a pattern to define specific
operators ® by specifying components F', a, and ¢. One of the ways to know
that ® properly defines a function is to know that (A, «) is recursive. The
equation form (*) covers most useful situations in programming and examples
of recursive coalgebras abound. To mention some:

(1) For any functor F' : C — C with an initial algebra, (uF,ing), the F-
coalgebra (uF,iny') is recursive (iteration). But so are also the F(ld x
K,r)-algebra (uF, F(id,p,id,r ) oingz') (primitive recursion), the F(Id x
F)-coalgebra (uF, F{id,r,inz" ) oingz') (iteration back one or two steps)
etc. Recursive coalgebras cover a wide variety of structured recursion
schemes for initial algebras.

(2) The set ListZ of all lists over some linearly ordered set Z, together with
the nil and cons functions, is the initial algebra of the functor Ly =
K+ Kz xId : Set — Set. Endowed with the analysis of every non-
empty list into its head and tail, the set ListZ is a recursive Lz-coalgebra
(a fact which justifies insertion sort) and so is every suffix-closed subset
of ListZ. A recursive Lz-coalgebra is also given by the set ListZ equipped
with the analysis of every non-empty list into its smallest element and
the rest (this enables selection sort). Equipped with the analysis of every
non-empty, non-singleton list into two halves, the set ListZ is a recursive



coalgebra of the functor BLT; = K; + Kz + Id x Id (the foundation of
mergesort) whereas equipped with the analysis of every non-empty list
into an element and the lists of smaller and larger elements, it becomes
a recursive coalgebra of the functor BT, = K; + Kz x Id x Id (used in
quicksort). Etc.

(3) A functor may well have recursive coalgebras without having an initial
algebra. E.g., a set with a relation on it carries a recursive coalgebra of
the powerset functor iff the relation is wellfounded.

The examples above show it convincingly that the notion of recursive coalge-
bra “generalizes” initial algebras insofar as structured recursion is concerned.
We believe that recursive coalgebras are a more useful tool in the study of
structured recursion than initiality and that most results for structured recur-
sion and initial algebras can be recast in a clearer way in this more general
framework. In particular, the recursive coalgebras approach makes it plain
that structured recursion is not necessarily tied to initial algebras, essentially
the same phenomenon can occur also in situations when there is none around.

Contribution of the paper In this paper, we motivate the use of recursive coal-
gebras as a paradigm of structured recursion in programming semantics, list
some basic facts about recursive coalgebras and, centrally, give new conditions
for the recursiveness of a coalgebra based on comonads, comonad-coalgebras
and distributive laws of functors over comonads. We also present an alterna-
tive construction using countable products instead of cofree comonads. As a
larger application example, we discuss a short proof of the dual of the Solution
Theorem of Moss and Aczel, Addamek et al. [28,2].

Technically, the central results are a generalization of our results [36,37,39] on
advanced structured recursion schemes for initial algebras and, modulo the
duality, the dual results [5,8] on advanced structured corecursion schemes for
final coalgebras. However, the important point with the generalization is not
as much technical as it is conceptual. As we already stated, we believe that,
as long as structured recursion is concerned, recursive coalgebras are a more
basic concept than initial algebras, and developing an account of structured
recursion proceeding from this basis yields a considerably more modular re-
sult. Accordingly, the main goal of the paper is to promote and defend this
position. We believe that this is especially relevant for type-theoretically moti-
vated functional languages without uniform fixed-point operators for all types,
such as Cockett’s Charity [9], Turner’s total functional programming [35] or
dependently typed languages like Epigram [25].

Some disclaimers are in order. First, we have conciously avoided trying to
treat all aspects of recursive coalgebras in this paper, although we plan to
study several of them in our future work (see Section 7). In particular, we do
not discuss in any detail the relationship of recursiveness to wellfoundedness
a la Taylor [31,32,33] or to the condition of Addmek, Liicke and Milius [1] of
existence of a coalgebra-to-algebra morphism to the initial algebra (see the



paragraph Related work below). For “nice” (Set-like) categories and “nice”
functors (preserving monos and inverse image diagrams), recursiveness and
wellfoundedness turn out to be equivalent, which yields a rich choice of tools
to prove recursiveness. In this paper, we have deliberately chosen to focus on
facts which do not depend on such assumptions of nicety, even if, in practical
applications, they would most often be non-restrictive. We find it remarkable
how much can be proved at this level of generality where recursiveness and
wellfoundedness are not the same.

Second, programming semantics is interested in both recursive specification of
functions and recursive specification of types. In this text, all our interest is
in recursive specification of functions. Recursive types are in the picture only
to the degree that structured recursion has to do with initial algebras.

Related work Recursive coalgebras (also known as algebra-initial coalgebras),
together with wellfounded coalgebras—a related concept where, instead of a
recursion principle, the coalgebra has to obey an induction principle—were
first introduced by Osius [30] in his work on categorical set theory. He con-
sidered wellfounded and recursive coalgebras of the powerset functor of the
category of sets (or, more abstractly, of the powerobject functor of an elemen-
tary topos), and proved the general recursion theorem, that every wellfounded
coalgebra of the powerset functor is recursive.

Taylor [31,32,33] took Osius’s ideas further, showing that the general recursion
theorem holds for any functor on Set preserving monos and inverse image
diagrams. In a very new work [1], Addmek, Liicke and Milius showed that
a coalgebra of a finitary Set functor preserving monos and inverse image
diagrams is recursive iff it has a coalgebra-to-algebra morphism to the initial
algebra.

Eppendahl [11,12] studied recursive coalgebras with the objective of obtaining
an explanation to Freyd’s [14,16,17] transposition of invariant objects.

The dual concept of a corecursive (also known as coalgebra-final, iterative)
algebra was used by Escardé and Simpson [13] to provide a universal char-
acterization of the closed euclidean interval. The newest work by Adamek,
Milius and Velebil [27,4] on the free completely iterative monad (resp. the free
iterative monad) is centered around a related, but stronger concept (resp. its
finitary version considered also earlier by Nelson [29]).

Advanced structured recursion schemes for initial algebras (schemes reaching
beyond the usual iteration and primitive recursion) have been studied by us
and Pardo [36,37,39] and the dual schemes for final coalgebras by Bartels [5]
and Cancila, Honsell and Lenisa [8].

In typed lambda calculi, initial algebras and final coalgebras model induc-
tive and coinductive types. Inductive and coinductive types with (co)iteration
and/or primitive (co)recursion are fairly standard constructions in such lan-
guages at least since the work of Hagino [20]. This is fine metatheoretically,



but from a programming point of view, one would rather prefer direct support
for less rigid primitives. On a more advanced level, Giménez [18,19] invented
guarded-by-destructors recursion and guarded-by-constructors corecursion (in
two versions—based on syntactic side-conditions and type-based), which are
powerful structured (co)recursion schemes for inductive and coinductive types.
Structured recursion from more general perspectives has been studied by, e.g.,
Bove and Capretta [6,7] and McBride and McKinna [24].

To functional programming, initial algebras and final coalgebras were first in-
troduced by Malcolm [23]. The diagram of general structured recursion scheme
was first introduced by Meijer, Fokkinga and Paterson [26] who called it the
hylo diagram. Usually, functional programmers assume settings where the di-
agram has always a canonical solution, no matter what the coalgebra and
algebra are. But Doornbos and Backhouse [10] have asked the question under
what conditions the hylo diagram has a unique solution.

Organization of the paper In Section 2, we explain our motivation for studying
recursive coalgebras and give the definition. In Section 3, we present a num-
ber of important basic facts about recursive coalgebras. In Section 4, which
is the main section of the paper, we show how recursive coalgebras arise from
comonads, comonad-coalgebras and distributive laws of functors over comon-
ads. In Section 5, building on ideas from Bartels [5], we develop an alternative
construction which uses countable products instead of cofree comonads. In
Section 6, we discuss an extended example: the dual of the Solution Theorem
of Moss and Aczel, Addamek et al. [28,2]. In Section 7, we conclude by pointing
out some directions for future research.

2 Recursive coalgebras: motivation and definition

In functional programming, functions are commonly specified by recursive
equations. Often, these equations have a nice and simple structure, although
this structure may be hidden. As an example consider a possible definition of
the quicksort algorithm. Let Z be a set linearly ordered by < and let ListZ be
the initial algebra of the functor Ly defined by L; X =1+ Z x X. Quicksort
is defined as follows.

gsort: ListZ — ListZ

gsort [ =[]
gsort (x : 1) = gsort(l<;) H (z : gsort(l=.))

where l<, = [y — |y <z]and s, = [y — |y > z].

This definition is clearly based on an equation of the form gsort = ®(gsort)
where & : Set(ListZ, ListZ) — Set(ListZ,ListZ). With minimal effort, we



can see that ®(gsort) may be rewritten into an equivalent form qconcat o
BT gsort o gpartition where BT; X =1+ Z x X x X. The first morphism
gpartition of the composition determines the arguments for the recursive calls;
(ListZ, gpartition) is a BT z-coalgebra:

gpartition: ListZ — 1+ Z x ListZ x ListZ
gpartition [] = inl(x)
gpartition (z : 1) = inr({x,l<;,l>.))

The second morphism BT zgsort: BT z(ListZ) — BT(ListZ) makes the re-
cursive calls. The third morphism qconcat determines how the results of the

recursive calls combine into the result of the main call; (ListZ, qconcat) is a
BT s-algebra:

qconcat: 1 + Z x ListZ x ListZ — ListZ
qconcat inl(x) = ||
qeconcat inr({x,ly,l)) =13 H (x : )

The definition of gsort is a description of gsort as the solution of the equation
gsort = qconcat o BT zqsort o gpartition (here gsort is the unknown of an
equation while gsort is the solution), graphically represented by the diagram

BT, ListZ «3R2tton ) ioi 7
BTz gsort Jqsort

BTz ListZ — o —C
This description makes sense because the equation happens to have a unique
solution. This follows from the arguments of the recursive calls being al-
ways strictly shorter than that of the main call—a property of the coalge-
bra (ListZ, gpartition). The equation remains uniquely solvable also, if we re-
place (ListZ, qconcat) with any other BT z-algebra (C,¢): we may say that
(ListZ, gpartition) is recursive.

An important feature here is that, to prepare the arguments for the recur-
sive calls, we use a different structure than the initial L-algebra structure of
ListZ, which is basically its definition. Instead, (ListZ, gpartition) is a recur-
sive coalgebra of a different functor BT, whose initial algebra is the type of
binary trees with nodes labelled by elements of Z. So, the recursiveness of
the coalgebra does not follow directly from ListZ being an initial algebra, but
must be proved by other means. One of the main goals of this paper is to
present results that allow one to deduce the recursiveness of a coalgebra from
the recursiveness of simpler ones.

Abstracting away from the concrete data of the above example, we are led to
the following definition (C denotes any category).



Definition 1 (coalgebra-to-algebra morphism, recursive coalgebra)
Let F : C — C be a functor. A coalgebra-to-algebra morphism from an
F-coalgebra (A, a) to an F-algebra (C, ) is a morphism f: A — C such that

FA*— A
ol
FC—*—=C
commautes.

An F-coalgebra (A, o) is recursive iff for every F-algebra (C, ) there exists a
unique coalgebra-to-algebra morphism from (A, a) to (C, ), denoted fixpo(g).

So, in the quicksort example, gsort = fixgT, gpartition(qconcat). The existence
and uniquesness of the solution depends only on the recursiveness of the coal-
gebra (ListZ, gpartition); so we can choose any other BT algebra and we still
get a unique solution. For example, let Tree; = uBT; be the set of binary
trees with nodes labelled by elements of Z; (Treez,ingT,) is a BT z-algebra.
The program bst = fiXgT, gpartition (iNBT,) constructs a binary search tree asso-
ciated with the input list.

Recursive coalgebras and (ordinary) coalgebra morphisms form a category
RecCoalg, which is trivially a full subcategory of Coalg;.

We note that, in the functional programming community, the coalgebra-to-
algebra morphism condition is known as hylo diagram [26]. The recursion
scheme used—hylo scheme—says that, if F' has an initial algebra (uF)ing)
whose inverse is its final coalgebra (which is always true if C is algebraically
compact, as in the case where C gives a semantics of lazy functional pro-
gramming), then the post-composition of the initial algebra morphism to a
given algebra (C, ¢) with the final coalgebra morphism from a given coalgebra
(A, @), i.e., the morphism Itg(¢) o Coitp(a ) : A — C (the hylomorphism), is
a coalgebra-to-algebra morphism from (A4, «) to (C, ¢):

FA«++—A
FCoitF(a)J .1 JCoitF(a)

|nF

FuF~—  pF

inp
Fitp( so)l JItF( ®)

FC?O

The hylomorphism is not necessarily a unique solution of the hylo diagram,
just a canonical one. In this paper, our interest is not in such situations, but
rather in cases where some fixed coalgebra guarantees that there is a unique
solution for any algebra.

For the powerset functor P : Set — Set, the notion of recursive coalgebra
coincides with that of wellfounded relation. Indeed, any P-coalgebra a : A —



PA determines and is determined by a relation < on A (we use the symbol
< to help intuition, but the relation need not be an order): a(a) = {z € A |
r <a}, z < aiff z € a(a). A P-coalgebra-to-algebra morphism from (A, «)
to (C,¢) is a function f : A — C such that f = poPfoa. If a € A, then
(Pfoa)(a) ={f(z) |z < a}, so the condition says that

fla) = o({f(z) |z < a})

We get that (A, «) is recursive iff, for any set C' and function ¢ : PC' — C,
the equation above has a unique solution in f : A — C. This happens exactly
when the relation < is wellfounded.

The wellfounded relation example is the main motivating example in [30,32,33]
and is very beautiful. But it is important to realize that the programming
uses of wellfounded recursion in its pure form are few. It is very uncommon
in a function definition that one reduces a main call argument value to an
unstructured set of recursive call argument values and assembles the main
call result value from an unstructured set of recursive call result values.

3 Recursive coalgebras: basic constructions

The example of the powerset functor shows that it can be hard to determine
whether a coalgebra of a given functor F' is recursive: determining the well-
foundedness of a decidable relation on natural numbers is undecidable. So,
instead of trying to solve the unsolvable, we will point out a few simple cases
where some coalgebra is obviously recursive and then provide various con-
structions for producing new recursive coalgebras out of coalgebras already
known to be recursive.

3.1 First observations

We start with the simplest interesting case when the functor F' has an initial
algebra. In this situation, we agree to write (uF,ing) for the initial F-algebra
and Itp(¢) for the unique algebra morphism from (uF,ing) to a given F-
algebra (C, ¢) (the iteration given by (C, ¢)). By Lambek’s lemma [22], inpg is
an isomorphism. We denote its inverse by inx'.

Proposition 2 Let F: C — C be a functor. If F' has an initial algebra, then
(uF,inz") is a final recursive F-coalgebra.

PROOF. The F-coalgebra (uF,ing') is certainly recursive, since the unique
algebra morphism Itp( ¢ ) from (uF,ing) to an F-algebra (C, ¢) is also a unique
coalgebra-to-algebra morphism from (uF,ing') to (C, p).



To see that (uF,inp') is final among the recursive F-coalgebras, let (A, a)
be a recursive F-coalgebra. A coalgebra-to-algebra morphism from (A, «) to
(uF,ing) is the same thing as a coalgebra morphism from (4, @) to (uF,ing").
By recursiveness of (A, ) there exists a unique such coalgebra-to-algebra mor-
phism, therefore a unique coalgebra morphism. 0O

Corollary 3 If F' has an initial algebra, then the unique coalgebra-to-algebra
morphism from a recursive F-coalgebra (A, «) to an F-algebra (C, ) factors
as follows:

fixpa(p) = ltp( @) o fixpa(ing)

For example, the quicksort algorithm can be factored by first constructing a bi-
nary search tree: gsort = Itpr, (qconcat Jobst where bst = fixgT, gpartition (INBT, )-

Proposition 4 Let F' : C — C be a functor and (A,a) a recursive F-
coalgebra. If F' has an initial algebra, then m = fixp,(inp) : A — uF is
split mono (as a morphism, not necessarily as a coalgebra morphism) iff o is
split mono.

PROOF. (if) Let the postinverse of « : A — FA be a~ : FA — A. Then
m~ =ltp(a™ ) : pF" — Ais a postinverse of m : A — uF":
FA+*—A
4 N
Fm m

Fida| FuF - F /idA

\ lFm_ m_l %

FA?A

Indeed, we have m~ om =m~ oinpo Fmoa =a~ o F(m™ om) o «, but we
also have idy = a~ o Flid4 o a, hence m~ om = fixp,(a™) = id4.

(only if) Write m~ : uF — A for the postinverse of m : A — uF. Then

a- =m oinpo Fm : FA — A is a postinverse of « : A — FA, since
a-oca=m oinpoFmoa=m"om=1idy. O

Next we discuss reductions of the question of recursiveness of one coalgebra
to that of some other, related coalgebra.

Here is the first proposition describing a reduction of this sort.

Proposition 5 Let F' : C — C be a functor, (A,«) a recursive F-coalgebra
and (B, ) an F-coalgebra. If there are F-coalgebra morphisms h : (A, a) —
(B,B) and k : (B,3) — (FA, Fa) such that f = Fhok, then (B, [3) is also

Tecursive.



PROOF. Consider an arbitrary F-algebra (C,¢). Let ¢ = fixpa(p). The
situation is summarized in the following diagram.

B

AL pace g

| JFQ f

FQC&FCL)O
Let f =po Fgok:B — C. We show that fixps(p) = f. We have:

f=¢poFgok=poF(poFgoa)ok
=poF(poFgok)oB=poFfof

Hence f is a F-coalgebra-to-algebra morphism from (B, 3) to (C, ¢).

To see that f is unique, suppose that f’ is another F-coalgebra-to-algebra
morphism from (B, ) to (C, ¢). Then we have:

f’oh:gpoFf’oﬁoh:gpoF(f’oh)ooz

This implies, by the unicity of fixp,(p), that f' o h = fixp.(p) = g. Conse-
quently f'=po Fflof=¢poF(f'oh)ok=¢oFgok=f. O

A number of useful propositions follow from Proposition 5. First, recursive
F-coalgebras are preserved by F.

Proposition 6 Let F : C — C be a functor. If (A,«) is a recursive F-
coalgebra, then (F'A, Fa) is also a recursive F'-coalgebra.

PROOQOF. From Proposition 5 for h = a and k =idpy. O

The implication of Proposition 2 can be turned around.
Proposition 7 Let F : C — C be a functor.

(a) If (A, ) is a recursive F-coalgebra and o is iso, then (A,a™') is an initial
F'-algebra.

(b) If (A, ) is a final recursive F-coalgebra, then « is iso both as a morphism
and as a coalgebra morphism (and hence (A,a™ ') is an initial F-algebra).

10



PROOF. (a) The unique coalgebra-to-algebra morphism from (A, «) to an
F-algebra (C, ) is also a unique algebra morphism from (A4,a™!) to (C, p):

ltr( @) = fixpa(p).

(b) By Proposition 6, we have that (F'A, Fa) is a recursive F-coalgebra and
it is trivial that « is a coalgebra morphism from (A, a) to (F'A, Fa). On the
other hand, as (A, «) is a final recursive coalgebra, there exists a coalgebra
morphism h from (FA, Fa) to (A, a); i.e. we have the following situation:

FA«—=—A
Fa «

A pa

| Jh

FA+2—A

Now, as (A,«a) is a final recursive coalgebra, there cannot be two distinct
coalgebra morphisms from (A, «) to (A, «), hence h o a = idy. From h being
a coalgebra morphism, we further get also that o h = F(hoa) =idps. O

It is not true in general that a subcoalgebra of a recursive coalgebra is recur-
sive. But the following weaker statement, holding just for split sub-coalgebras,
is always true.

Proposition 8 Let F': C — C be a functor, let (A, «), (B, 3) be F-coalgebras
and m : B — A a split monic coalgebra morphism from (B, 3) to (A,«). (a)
If (A, «) is recursive, then (B, ) is also recursive. (b) If « is split mono, then
s0 is [3.

PROOF. Let h: (A, a) — (B, 3) be the postinverse of m: hom = idg.

(a) We apply Proposition 5 with k = c«om : B — F'A. We have to prove that
k is a coalgebra morphism and that g = Fh o k. From k being a coalgebra
morphism we have that Faook = Fooaom = Flaom)o 3 = Fko f3.
Furthermore, 3 = fohom = Fhoaom = Fho k. By Proposition 5, (B, 3)
is recursive.

(b) Let a~ be the postinverse of «. Then = = ho a™ o Fm is a postinverse
of 3,since "o =hoa  oFmof3=hoa  oaom=hom=idg. O

A formalization of recursion back one or two steps is given by the following
proposition, with a relatively involved proof. But we will see in the following
example that the apparently meaningless diagram-chasing proof is in fact a
justification of an optimizing program transformation. In the next section, we
shall see that, under an extra assumption, this proposition is an instance of a
more general theorem.

11



Proposition 9 Let C be cartesian and F : C — C a functor. If (A, «) is
a recursive F-coalgebra, then (A, F(ida,a) o «) is a recursive F(ld x F)-
coalgebra.

PROOF. Consider an arbitrary F(ld x F)-algebra (C,¢). Let @ =
(@, Ffstepe) : F(C x FC) — C x FC, g = fixpa(¢) : A — C x FC and
[ =fstepcog: A— C. We show that fixpadaxr),r(id.a)ea() = [

That f is a F'(Id x F)-coalgebra-to-algebra morphism from (A, F(id4, ) o)
to (C, ¢) is evident from the commutativity of the outer square in the diagram

F(A x FA) Fida) FA+——© A

/ Fidxa) F(id,id \
/ \\
/ F(gxFg) A X A Fg g \

J{F(QXQ)

(F(fxFf)

!
F(iCFFCFXC%O))FM (>(<((JX FFC()m 9 ek PO e e /

\ JF(fstX Ffst) lF(fsthnd) fst //
N <
F(C x FC)=——=F(C x FO) F(C x FC)*——(C

To verify that f is unique, suppose that f’ is another F'(ld x F')-coalgebra-to-
algebra morphism from (A, F(ida, ) o ) to (C, ¢); so that f' = ¢ o F(f" x
FfYoF(id,a)oa=ypo F(f',Ff oa)oa. We observe that

(f',Ffoa)=(poF(f ,Ffloa)oa,F(fsscrco(f ,Ff oa))oa)

= (p, Ffstopc)o F(f',Ff'loa)oa=¢YoF(f ,Ffoa)oa
This tells us that (f',Ff'oa) = fixp.(1)) = ¢g. As a consequence, f' =
fstopco (f, Ff oa)="fstcpcog=f. O

As an application, we show how to construct the Fibonacci function. Its stan-
dard definition is the following:

fib: N— N
fib0=0
fibl=1

fib (z + 2) = fib(z + 1) + fib(x)

We apply the proposition to the recursive (K; + Id)-coalgebra (N, pred) =
(u(Ky +1d),ing! ,q) (Proposition 2). Let fibpre = (id; + (idy, pred )) o pred. By

12



Proposition 9, (N, fibpre) is a recursive (K3 + Id x (K + 1d))-coalgebra. Let us
have a look at what fibpre does on different values of its argument:

fibpre : N — 1+ N x (1 + N)
fibpre(0) = inl(x)

fibpre(1) = inr((0,inl(x)))

fibpre(x 4+ 2) = inr({z + 1,inr(z) ))

Now define the (K + Id x (K3 + Id))-algebra (N, fibpost) as follows:

fibpost : (1 + N x (1 +N)) - N
fibpost(inl(x)) =

fibpost(inr((x,inl(x)))) =1
fibpost(inr({z,inr(y)))) =z +y

The Fibonacci function fib : N — N is the coalgebra-to-algebra morphism
fib = fix(x, +1dx (K1 +1d)) fibpre (fibpost) whose unique existence is guaranteed by
Proposition 9.

If we look at the proof of Proposition 9, we realize that it gives a reduction of
the recursion pattern of fib to standard iteration on the natural numbers. The
decomposition of fib as fstofix(x, 1d),pred ({ fibpost, id; + fst )) corresponds to the
usual “tupling” optimization of the Fibonacci function where the recursion
returns a pair of results: not solely the Fibonacci number corresponding to
the argument value, but also that for the predecessor. The moral is that the
diagram-chasing proof of the proposition is in fact a correctness proof for an
optimizing program transformation.

It is clear that a similar proposition, giving an optimization transformation,
can be given for any fixed depth of recurrence.

3.2 Simple transposition results

The following two transposition propositions appeared in Eppendahl [11,12].

Proposition 10 Let F,G : C — C be functors and 7 : F — G a natural
transformation.

(a) If (A, ) is a F-coalgebra and (C, ) is a G-algebra, then f : A — C is
a G-coalgebra-to-algebra morphism from (A, 74 o «) to (C, ) iff it is a F-
coalgebra-to-algebra morphism from (A, «) to (C,p o 1¢).

(b) If an F-coalgebra (A, ) is recursive, then the G-coalgebra (A, 74 o @) is
recursive.

13



PROOF. (a) Immediate from the naturality of 7: p o Gf oTs0oa = poT1co

Ffoa.
GA+—2—— 4 FA+—%—— A
TA «a TA Aa
FA GA
Gf Ffl f Ff Gfl f
FC GC
% Ya V X
GC————C FC——57—C

(b) For any G-algebra (C,¢), the unique F-coalgebra-to-algebra morphism
from (A, «) to (C,¢ o 7¢) is also a unique G-coalgebra-to-algebra morphism
from (A, 74 0 ) to (C,p). O

Proposition 11 Let F': C — D and G : D — C be functors.

(a) If (A, ) is an GF-coalgebra and (C,p) is a FG-algebra, then there is a
bijection between F'G-coalgebra-to-algebra morphisms from (F A, Fa) to (C,p)
and G F'-coalgebra-to-algebra morphisms from (A, «) to (GC,Gyp).

(b) If (A, «) is a recursive GF-coalgebra, then (F A, Fa) is a recursive FG-
coalgebra.

PROOF. (a) For a GF-coalgebra-to-algebra morphism f from (A,«a) to
(GC,Gyp), set f* = po Ff : FA — C. For an FG-coalgebra-to-algebra
morphism ¢ from (FA, Fa) to (C,¢), set g = Ggoa : A — GC. Now
f* is an F'G-coalgebra-to-algebra morphism from (FA, Fa) to (C, ) since
f*=9poFf =poF(GpoFf)oa) = po F(Gf*oa) and similarly ¢'
is a GF-coalgebra-to-algebra morphism from (A,«a) to (GC,Gy). Further,
(f)N'=Gf*oa=G(poFf)oa = f and similarly (¢")* = g.

FGFA+LT* A GFA+——— A
FGf*|FGy 4 1o aar|argt NG9 flgt
FGC——5——C GFGC—¢,—GC

(b) If (C, ) is a F'G-algebra, then the unique G F-coalgebra-to-algebra mor-
phism from (A, «) to (GC, Gyp) gives, by part (a), a unique F'G-coalgebra-to-
algebra morphism from (FA, Fa) to (C,p). O

The following proposition builds on Propositions 10, 11.
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Proposition 12 Let F': C — C, G : D — D be functors, L : C — D a functor
with a right adjoint, and T : LF = GL a natural transformation. If (A, «) is
a recursive F'-coalgebra, then (LA, T4 o La) is a recursive G-coalgebra.

PROOF. Let R be the right adjoint of L and n : ld - RL and € : LR — Id
the unit resp. counit of the adjunction. Let A(-) denote the natural bijection
between the homsets D(L—,=) and C(—, R=). Now, let § = A(740 La) =
R(ta0 La)onga=Rrpaonpaoa=(RronF)poa: A— RGLA.

According to Proposition 10, the RGL-coalgebra (A, ) is recursive. But
then by Proposition 11, the LRG-coalgebra (LA, Lj3) is recursive. By Propo-
sition 10 once more, the G-coalgebra (LA,egra o L) is recursive. But
eqrao LB =X"YB) =AY N7a0La)) =740 La. O

3.8  Variations of recursiveness

We conclude this section by briefly looking at two useful strengthenings of
the notion of recursiveness, which we call strong recursiveness and parametric
recursivenes{>|

Strong recursiveness relates to recursiveness for coalgebras as allowing strong
iteration (iteration with parameters) relates to allowing iteration (i.e., initial-
ity) for algebras.

Recall that a strength of a functor F' is a natural transformation o with
components o4 5 : A X FB — F(A x B) satisfying the equations

FT’AOO'LA:TFA

Faapcooaxpe =0apxco(ida X ope)oaaprc

where r and a are the canonical natural isomorphisms with components r4 :

IxA—Aaspe: (AxB)xC—Ax (BxC(C).

Definition 13 (strongly recursive coalgebra) Let C be cartesian and F' :
C — C a functor with a strength 0. An F'-coalgebra (A, ¢) is strongly recursive
(or recursive with parameters) iff, for any object I' of C and F-algebra (C, ),
there is a unique morphism f:I' x A — C, denoted sfixpr (¢), satisfying

F(L x A)+ 2 T x FAC Y T % A

Ff\ lf

FC 4 C

3 Parametric recursiveness was called very recursiveness in the conference version
of this paper
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It is immediate that an F-coalgebra (A, «) is strongly recursive iff, for any
object I', the F-coalgebra (I" x A, or 4 o (idr X «)) is recursive.

A strongly recursive F-coalgebra (A, «) is also a recursive F-coalgebra: for an
F-algebra (C, ¢), fixpa(p) = sfixpi1,a(p) 0 (1a,id4 ). For the converse to hold,
it is sufficient that C is cartesian closed: if (A, «) is a recursive F-coalgebra,
then, for any object I', by Proposition 12 for D =C, G = F, L = Kr x Id,
T = or, the F-coalgebra (I' x A, or 4 o (idr x «)) is recursive.

An object A is the carrier of a final strongly recursive F-coalgebra iff it is the
carrier of a strongly initial F-algebra.

Parametric recursiveness is roughly in the same position wrt. recursiveness for
coalgebras as allowing primitive recursion is wrt. initiality for algebras. The
new work of Addmek, Milius and Velebil [27,4] on the free completely iterative
(resp. iterative) monad of a functor (elaborating on their original approach in
2,3]) is centered around the dual concept (resp. a finitary version of it).

Definition 14 (parametrically recursive coalgebra) Let C be cartesian
and F : C — C a functor. An F-coalgebra (A, ) is parametrically recursive
iff, for any (K4 x F)-algebra (C, ), there is a unique morphism f: A — C,
denoted pfix, (), satisfying

A x FALE) 4

idaxFf f

Ax FC—2—(C

An F-coalgebra (A, «) is parametrically recursive iff the (K4 x F')-coalgebra
(A, (ida,a)) is recursive. A parametrically recursive F-coalgebra (A,«) is
necessarily recursive: for an F-algebra (C, ¢), fixpa(¢) = pfixp, (v 0 snda re).

But not every recursive coalgebra is parametrically recursive, not even for a
cartesian closed category and a strong functor. A beautiful example of a re-
cursive, but not parametrically recursive coalgebra for Set (which is cartesian
closed and has every endofunctor strong) appears in the new work by Adamek,
Liicke and Milius [1], which was prompted by the conference version of the
present paper.

The example is the following: Let R be the quotient of the squaring functor
defined by:

RX = {(z,y) € X x X [z #y} U{d}
(f(2), f(y)) if fx) # f(y)

d otherwise

Rf(d) =d

Rf (z,y) =

16



Now set A = {0,1} and define o : A — RA to be the constant function of
value (0, 1). The R-coalgebra (A, a) is recursive, since for any R-algebra (C, ¢),
there is exactly one R-coalgebra-to-algebra morphism between them, namely
the constant function of value ¢(d). At the same time it is not parametrically
recursive: Consider any C' and ¢ : A x RC — C' with the property that for
several pairs (xg,z1) € RC we have (i, (zg, 1)) = x; for both i € A. Every
such pair gives a (K4 x R)-coalgebra-to-algebra morphism f from (A, (id4, o))
to (C, ) to such that f(i) = x;.

Morally, this counterexample is made possible by R not preserving inverse
images. For functors on Set which preserve monos and inverse images, any
recursive coalgebra is also parametrically recursive [1].

The concept of parametrically recursive coalgebras and its dual are elegant
and useful because of the following fact whose dual is central in [27].

Proposition 15 For any object X, an object DX 1s the carrier of a cofree
parametrically recursive F-coalgebra over X iff DX 1is the carrier of an initial
(Kx x F)-algebra.

With ‘parametrically recursive’ replaced with ‘recursive’, this equivalence is
valid in the degenerate case X = 1 (an object A carries a final recursive F-
coalgebra iff it carries an initial F-algebra), but not generally, unless additional
assumptions are made.

4 Recursive coalgebras from (cofree) comonads

We shall now proceed to more powerful sufficient conditions for a coalgebra
being recursive. These are based on comonads, comonad-algebras and distribu-
tive laws of a functor over a comonad. We recall the definitions.

Definition 16 (comonad) A comonad on a category C is a functor D : C —
C together with natural transformations € : D - Id (counit) and 6 : D = D?
(comultiplication) satisfying, for any object X,

DX X, p2x DX X, p2y
5;{ \ \%DX 6;{ FDX
D2x 225 Dx D2x 2% piy

Definition 17 (coalgebra of a comonad) A coalgebra of a comonad
(D,e,0) on C is a coalgebra (A,1) of the functor D satisfying

A—DA A——=DA
\l&‘A ’ll \FA
A DAL D2y
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Definition 18 (distributive law over a comonad) A distributive law of
a functor F' : C — C over a comonad (D, ,6) on C is a natural transformation
k: F'D — DF satisfying, for any object X,

FDX 25 DFX FDX a2t DFX
Fexl J{éFX FJXJ J((SFX
FX=——FX FD2X 225 DEDX 255 D2y

We present four theorems, each saying that a coalgebra constructed in a certain
fashion from a coalgebra known to be recursive is recursive as well. The first
of these (Theorem 19 below) uses a general comonad. The other three concern
special cases: the second (Theorem 21) is about product comonads while the
third and fourth (Theorem 23, 26) are about cofree comonads. Theorem 26 is
special in using no data relating to the cofree comonad (this comonad only
has to exist), instead it engages data relating to the inducing functor.

4.1  Recursive coalgebras from general comonads

The most central for us is the first theorem, which uses a general comonad.

Theorem 19 (Main theorem 1) Let F : C — C be a functor, (A,a) a
recursive F'-coalgebra, D = (D, e,d) a comonad on C and (A,1) a D-coalgebra.
If k is a distributive law of F' over D satisfying

FA & A (%)
F 7
FDA-"25DFAL DA

then (A, F1o «) is a recursive F'D-coalgebra (and, consequently, by Proposi-
tion 10, (A, Da o) is a recursive DF'-coalgebra).

It might make sense to define that the data (A, a,1) form, say, a dicoalgebra
of (F, D, k) iff they meet the condition (*) and then to develop a theory of
functor-comonad-dicoalgebras (cf. the functor-functor-bialgebras of Turi and
Plotkin [34] or the monad-functor-bialgebras of [5,8]), but we have chosen not
to specifically pursue this line here, as we will not need many properties of
dicoalgebras.

PROOF. Consider any F'D-algebra (C, ). Let ©» = DypokpcoFdc : FDC —
DC, g =fixpa(y) : A— DC and f =ecog: A— C. We show that (i) f is
a F'D-coalgebra-to-algebra morphism from (A, Fro «) to (C, ), and (ii) it is
the only one, i.e., fixpp Foa(p) = f.

Proof of (i): We first notice that Dg o1 = fixpo(D o kpe) = d¢ o g. This
is witnessed by the commutativity of the outer squares in the following two
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diagrams.

FA e A
F 7
FDA—"" - DFA+2* DA
FDg DFyg Dg
FD2C 2% DFEDC 2 pic
FA @ A
Fg P g
FDC =55 FD*C K5 DFDC—==DC
F5Dcl
Féc FD3C dFpC dc
FDég Kkp2c

FD2C-22% pEDC2E%S prp2e2ERS p2rpots p2o
Do

In the first diagram of these diagrams, the top square commutes by (*), the
bottom left square commutes by naturality of x and the bottom right square
commutes by g being a coalgebra-to-algebra morphism from (A, «) to (DC, ).

In the second diagram, the inner shapes commute by the following reasons
(from top to bottom and from left to right): g being a coalgebra-to-algebra
morphism from (A, a) to (DC, ), the third equation for comonads, the second
equation for distributive laws, the naturality of §, and the naturality of k.

Now the desired equality f = poF (D foi)oa is witnessed by the commutativity
of the outer square in the diagram

FDA+T—FA & A

/|| |
FDyg Fyg ) g \
FDfiFD2C<WFDCT(SC>FDQCW>DFDCD@ DC |f

FDec J'FEDC EFDC EC\L

FDC——=FDC FDC FDC—*—(

where the square at the top left corner expresses what we just proved. The
other inner shapes commute by the following reasons: g being a coalgebra-to-
algebra morphism from (A, «) to (DC, 1)), the second equation for comonads,
the first equation for comonads, first equation for distributive laws, and the
naturality of €.

Proof of (ii): Suppose f’ is a F' D-coalgebra-to-algebra morphism from (A, Fuo
a) to (C,¢). We observe that the commuting outer square in the following
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diagram proves that g = fixp () = Df’ 0.

FA a A
I (3
Fu FDA—"2->DFA<2*— DA
FDa DF»
FDA-% pp2A-"2% DED A Dy
FDf FD2§ DFDY'
FDC 2% pp20 2% pFDC 24— DC
P

where the inner shapes commute by the following reasons: the second equation
of comonad-coalgebras, (*), the naturality of x, f’ being a coalgebra-to-algebra
morphism from (A, F20 «) to (C, ), the naturality of ¢.

From here, by the first equation of comonad-coalgebras and the naturality of
g, it follows that f' = ffocgpo1=ccoDf' o1 =¢ccog=f. O

Notice that all assumptions of the theorem (incl. all equations of a comonad,
a comonad-coalgebra and a distributive law) are used in the proof. In the rest
of the paper we will omit the justification of the commutativity of a diagram
whenever it follows immediately from the assumptions.

Theorem 19 provides a powerful generalization of the central theorem of
Uustalu, Vene and Pardo [39], which was on structured recursion schemes
for initial algebras derivable from comonads (cf. also the dual result stated in
[5,8]). Indeed, the following corollary shows that the theorem of [39] is just a
special case of Theorem 19.

Corollary 20 Let F' : C — C be a functor with an initial algebra and D =
(D,e,0) a comonad on C. Let k be a distributive law of F over D; define a
map 1 : uF — DpF by = ltp( Dinpok,p). Then (uF, Fioing') is a recursive
F D-coalgebra.

PROOF. The commutativity of the outer square of the following diagram
says that e,p 02 = Itp(ing ). But Itp(ing) =id,p.

FuF nr uF
F 7
FDuF =2 DFuF 2 DR
FuF ——FuF " 5 F
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The commutativity of the outer squares of the two following diagrams proves
that 6,U»F 0171 = |tF( DzinF @) DHJHF e} ’fDuF) =Diou.

FuF nr i

i k
FDuF il DFuF 2" puF
Fé,r OFuF OuF

FD?uF =25 DFDuF 25 p2py p2ine, p2, g

FuF nr uF

| |
FDuF - DFuF Dinr DuF
FDq DF J{Dz

FD?uF =25 DFDuF 255 p2 gy p2ine, p2 g

Hence (pF,2) is a D-coalgebra. It is immediate that it relates appropriately to
the recursive F-coalgebra (uF,inp') via . Hence, by Theorem 19, (uF, F1 o
inz') is a recursive F'D-coalgebra. O

We learn that the result in [39] was provable not so much because of the
initiality of the initial F-algebra (uF,ing) as it was because of the recursiveness
of its inverse F-coalgebra (uF,inz'): the coalgebra (jF,inz') can be replaced
by a recursive coalgebra (A, ) to obtain a more general statement whereas
one cannot replace (uF,ing) with some other algebra. This is an indication
that recursive coalgebras are a more basic concept for discussing structured
recursion than initial algebras!

4.2 Recursive coalgebras from product comonads

An interesting special case of comonads are product comonads. In a cartesian
category, every ob Ject E gives rise to a comonad D = (DF £, §F) defined by
DEX = XxE, ek = fstx g and 6% = (idxp,sndx g ). The D —coalgebras are
in 1-1 correspondence with the maps to £ and the distributive laws of F' over
D¥ are in 1-1 correspondence with the F-algebra structures carried by E. For
amap e: A — E, the corresponding D¥-coalgebra structure  : A — DFA is
defined by € = (id4, e ); for an F-algebra (E, x), the corresponding distributive
law x of F over D¥ is defined by yx = ( Ffstx g, x o Fsndx g ).

For product comonads Theorem 19 specializes considerably, yielding the sec-
ond theorem of this section.

Theorem 21 (Specialization for product comonads) Assume C s
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cartesian. Let F' : C — C be a functor, (A,«) a recursive F-coalgebra and

(E,x) an F-algebra. Then (A, Ffixp,(x) o @) is a recursive F D¥-coalgebra.

PROOF.

We apply Theorem 19 with D = D 1 = fixp4(x) and x = ¥. The only fact
that we need to verify is the commutativity of the diagram in the statement
of the theorem:

Daoz:Daom
= (a X IdE) o <idA,ﬁXF,a<X) >)
:<Oé,ﬁXF,a(X)>
=(a, x o Ffixpa(x) o)
= < FfStA,E> X © andA,E> o F< idy, ﬁXF,a(X) > oo

= Xa o Ffixpa(x) o

=krgq0F1oa
The conclusion of Theorem 19 then gives us that (A, Froa) = (A, Ffixpa(x)o
) is a recursive F'D¥-coalgebra as desired. O

The following corollary generalizes primitive recursion from initial algebras to
recursive coalgebras with split monic structure morphism.

Corollary 22 If F' is a functor and (A,«) is a recursive F-coalgebra with
a split monic, then (by Theorem 21 for E = A, x = o, where a~ 1is the
post-inverse of o) the F'D*-coalgebra (A, F(id4,ida) o ) is recursive (since
fixpa(a™) =ida).

Let us give a concrete example of application of Theorem 21. Let Tree be
the set of finitely-branching wellfounded trees, in other words, Tree = plist.
Let us call subtrees the function computing the list of subtrees: subtrees =
inj.; and let depth : Tree — N be the function returning the depth of
a tree, depth = fiXpist subtrees(max). We might wish to define a new function
depth_power : Tree — N by the following recursive equation:

n

depth_power ¢ = > (depth_power ¢;){4Pth )
i=1

where #4,...,t, are the subtrees of ¢ (we use the convention that 0° = 1).

The existence of a unique solution to this recursive equation is guaranteed by
the theorem: take F' = List, A = Tree, a = subtrees, F = N, y = max.
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4.8  Recursive coalgebras from cofree comonads

A wider useful class of comonads are comonads cofree over a functor. Prod-
uct comonads are a degenerate case corresponding to comonads cofree over
constant functors.

Let H be a functor such that, for every object X, the functor K x x H has a final
coalgebra (DH X, (8, 0%)) (this has been called iteratability [2]). (Intuitively,
one should think of D¥X as the set of X-decorated non-wellfounded trees
with branching type H, ¢ : D# X — X then returns the root decoration of a
given tree and 04 : DHX — HDM X returns the subtrees.) The H-coalgebra
(DH X, 0%) is the cofree H-coalgebra generated by X. The morphism ey is the
associated projection.

The finality of the coalgebra (D7 X, (ef 61)) can be expressed as follows:
For every H-coalgebra (C,¢), object X and morphism x : C' — X, there
exists a unique morphism f, denoted gen’f(, ¢), making the following diagram
commute.

C—*—HC

Sl e

X5 DHEX—sHDHEX
€x 5

A special case is obtained by choosing both X and C to be D¥X and
x and ¢ to be idpuy resp. 0. Then we can define a morphism 0% =
gent, (idpux,0%) : DFX — DHDHX. As a result, we obtain a comonad
D" = (D" &M §1). This is the cofree comonad generated by H. The associ-
ated projection is o : D¥ = H, defined by o = Hefl o 0% : DEX — HX
(think of it as giving the root decorations of the subtrees of a given tree). For
any H-coalgebra (C, ), object X and morphism x : C' — X, we have that
oif ogen¥(x, ) = H(eX ogen{ (X, p)) o = Hx o p.

The D"-coalgebras are in 1-1 correspondence with the H-coalgebras. The
distributive laws of F over D are in 1-1 correspondence with the natu-
ral transformations FD¥ — HF (see, e.g., [5]). The D"-coalgebra struc-
ture 7 : A — DYA given by a H-coalgebra structure 7 : A — HA
is defined by 7 = genf{(id4, ). The distributive law A of F over D

given by a natural transformation A\ : FDY — HF is defined by Ax =
genpy (Fe¥, Apnx o Fo).

Note that product comonads are a special case of cofree comonads: The prod-
uct comonad given by an object E is the cofree comonad of the functor Kg.

For cofree comonads, by specializing Theorem 19, we obtain the following
theorem (the third theorem).

Theorem 23 (Specialization for cofree comonads) Let F': C — C be a
functor, (A,«) a recursive F-coalgebra, H : C — C a functor with a cofree
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comonad and (A, 7) a H-coalgebra. If X\ : FD® — HF is a natural transfor-
mation satisfying

FA @ A
F7 J
FDHA M HEAEY A

then (A, Fjo ) is a recursive F' D™ -coalgebra.

PROOF. The commutativity of the outer triangles and squares in the fol-
lowing diagrams gives us that D¥a o7 = gen ,(a,7) = Apo Fjoa.

A—L A

Ayl

A—=—DpDHA—25gDHA

L e, e

FA«JHDHFA — S HDHFA

A g HA
« Ha
FA—" s ppig—4HFA
/ F7 lFDH HFj
FAe—fFDHA——ﬂﬁwDHPA——ﬂHFDHA
A HXy
FA<TA Dl ra HDPFA

Therefore, by Theorem 19 (taking D = D, 1 = 7, k = )\), we get that
(A, F70q) is a recursive FD-coalgebra. O

From this theorem we immediately get an extension of course-of-value iteration
[36] from initial algebras to arbitrary recursive coalgebras:

Corollary 24 If F' is a functor with a cofree comonad and (A, «) is a re-
cursive F'-coalgebra, then (by Theorem 23 for H = F, j = a, A\ = Fol') the
F DY -coalgebra (A, Fgen’{(id4, ) o a) is recursive.

The original course-of-value iteration becomes a corollary of a corollary:

Corollary 25 If F is a functor with a cofree comonad and an initial al-
gebra, then (by Corollary 24 for A = uF, a = ing') the FD"-coalgebra
(uF, Fgenlp(id,p, inz') oingt) is recursive.
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4.4 Recursive coalgebras from cofree comonads (2)

As a consequence of Theorem 23, we can also derive a theorem where the
cofree comonad no longer appears manifestly, but is nonetheless present in the
background (our fourth theorem). Instead of a comonad, comonad-coalgebra
and a distributive law of a functor over a comonad as in Theorem 19, this
theorem uses a functor, a functor-coalgebra and a distributive law of a functor
over a functor.

Theorem 26 (Main theorem 2) Let F : C — C be a functor, (A,a) a
recursive F-coalgebra, H : C — C a functor with a cofree comonad and (A, 7)
a H-coalgebra. If N : FH — HF is a natural transformation satisfying

FA = A

F]J ) f

FHA-ASHFALY A

then (A, Fyo «) is a recursive F'H-coalgebra.

PROOF. Define a natural transformation \ : FD* — HF by Ax = Ny o
Fofl. We get that Ay o Fj= X, o F(cf ogenf{(id4, 7)) = N, o F(Hids 0 )) =
N, o Fy. Hence, by Theorem 23, (A, Fjo a) is a recursive F'D"-coalgebra.
Now consider an arbitrary F'H-algebra (C, ¢). Let ¢ = poFoll : FDHC — C.
The following diagram witnesses that a morphism f : A — C is a FFH-
coalgebra-to-algebra morphism from (A, Fjo a) to (C, ) iff it is a FD-
coalgebra-to-algebra morphism from (A, F'jo a) to (C, ).
Fj
A
FDHAﬁFHAWFA<LA
A
FDH fl FH fi Jf
Fo§ ¢
FDHC——FHC C
W

Hence (A,Fj o a) is a recursive FH-coalgebra, with fixpy pea(p) =
ﬁXFDH,Fjooc(w)' O

Corollary 27 Let F : C — C be a functor with an initial algebra and H :
C — C a functor with a cofree comonad. Let N : FH — HF be a natural
transformation; define a morphism j = Itp( Hing o /\;F) s wF — HupF. Then
(uF, Fyoing') is a recursive F'H-coalgebra.

PROOF. 1t is obvious that the H-coalgebra (uF, ) relates appropriately to
the recursive F-coalgebra (uF,ing') via X,
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From Theorem 26, Proposition 9 from Section 3 is immediate under the as-
sumption that there is a cofree comonad for the functor Id x F: Given a
recursive F-coalgebra (A, «), the recursiveness of the F'(ld x F')-coalgebra
(A, F(ida, a)oa) is the conclusion of Theorem 26 for H = ldx F, 3 = (ids, )
and \y = <FfStX,Fx,F5ndX7F)(> : F(X X FX) — FX x F?X.

5 Recursive coalgebras from countable products

Theorem 26 gives a condition for the recursiveness of an F' H-coalgebra as-
suming the existence of a cofree comonad of the functor H, but no real data
involving that comonad. Under such circumstances one may ask if the exis-
tence of the cofree comonad is really necessary. The answer to this question
is: no, it is not. We proceed now to a variant of Theorem 26 where instead
of the existence of a cofree comonad, existence of countable products is as-
sumed. The statement and proof of this theorem are inspired by a theorem of
Bartels [5]. Our theorem generalizes the dual of Bartels’s theorem from initial
algebras to recursive coalgebras.

Theorem 28 (Variant of Main theorem 2) Assume C has countable
products. Let ' : C — C be a functor, (A,«a) a recursive F-coalgebra,

H : C — C a functor and (A,j) an H-coalgebra. If N : FH — HF is a
natural transformation satisfying

FA a A
F]l J{J
FHAA HEA g A

then (A, Fjo«) is a recursive F'H-coalgebra.

PROOF. First define, for any natural number i, a functor H* by H°X = X,
H*'X = H'HX, amap 7' : A — H'A by 3° = id, ' = H'j0 5 and a
natural transformation \' : FH* = H'F by A} = idpx, \{' = H' Ax o\, . It
is immediate (by trivial inductions on 7) that one also gets H'™'X = HH'X,
JT = Hy oyand Ayt = HXy o A\yiyx. By induction on i also the pentagon

FA a A
o

. A . i ;
FHA2 H ALY Fig
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commutes. Indeed, case 0 is trivial and case 7 + 1 is proved by the diagram

FA < A

/ J{ AN
Fyt ind.hyp. fi °
i | \

FH'A—"—HFA HiA |5+

\\ lFH’ lHlF] H gl /
FHAS i 428 i p g B0 iy
w

i+1
)\A

7,+1

Now consider any FH-algebra (C,p). Let ¢ = (H'p o Xy, o Fritl),
FILHC — ILH'C, g = fixpo () : A — ILHC and f =7%0g: A — C. We
show that (i) f is a F'H-coalgebra-to-algebra morphism from (A, F)jo «) to
(C, ) and (ii) it is the only one, i.e., fixpy roa(p) = f.

Proof of (i): We first notice that
(Hr');io Hgoj = fixpa((H" g o Njc o Fr');) = (n'1)i0g

This is witnessed by the commutativity of the outer squares in the following
diagrams.

FA = A

Fy J

FHA—2 S HFA fa HA
FHg J’HFg Hy Hg

iy T i //,/‘z’l-——\z\\\} i

FHILH'C—=— HFILH' Gy HILE ™ Gy HILHFH G HILH'C
F(Hr'; (Hrty; l(Hﬂ )i (Hrty;
<F7TZ+1> I1; H“LlC I1; H)\ I1; HH—IW

FIL,HHC ——ILFH™C——1I; HFHZ“C—H—I H1+1FHC*>H H*C
w

yitl
PP Vip

FA < A

Fgl /,,z_\ lg

F1I; HZC’WH FH’“C’4>H H'FHC 1 H'C

IL Ay I, H
F< Z+1>J l< z+1> l<ﬂz+l> l(Tl_erl%
i+1 i+2 i+1 i+1

JHIT
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Now the desired equality f = ¢ o FI(H f o j) o « is witnessed by the commu-
tativity of the outer square in the diagram

Fy

FHA FA o A
Fg QJ
FHg FILHC ¢ ILHC
FHf F(mitly,
FHHiHiCFmZFHiHl“C T 1L FH’“CW LH FHC o ILHC
FH#° Fr0 Jﬂo Jﬂo WOJ
FHO=———FHC FHC FHC—2——(C

Proof of (ii): Suppose f’ is a F'H-coalgebra-to-algebra morphism from (A, F'jo
a) to (C,¢). We observe that the commuting outer square in the following
diagram proves that g = fixp,(¢) = (H'f" o 7%)..

FA = A
G (")

———IL,H'A

T, H o

PILE A a2 g i p g S
J{FI‘I Hiy JH HiFy

F<ﬂ.z+1> :
FIL,H'A—— F1I, H’“A%H FH”lA#H H'FHA ILH f
FIL,H!f' lFH Hitlgr JHZ-H’FH f
F<7TZ+1) HZHZ(P

FIL,H'C — F1I, H’“C*iﬂ FH*IC AHiHiFHC
P

| Ry,

ILH'C

It follows that f' = 7o (H'f' 0 j); =70g=f. O

The dual of Bartels’s [5] original theorem becomes a corollary.

Corollary 29 Assume C has countable products. Let F': C — C be a functor
with an initial algebra and H : C — C a functor. If A\ : FH — HF 1is a
natural transformation, then (uF, Fltp( HinpoA,r )oing') is a recursive F H -
coalgebra.

Choosing H = Id, we obtain the following instance, which was proved by
Fokkinga [15, Section 4d] from the first principles as early as in 1992:

Corollary 30 Assume C has countable products. Let F' : C — C be a func-
tor with an wnitial algebra. If X : F = F s a natural transformation, then
(uF, Fltp(inp o A\,p) oing') is a recursive F-coalgebra.
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6 An example: dual of the Solution Theorem

As a non-trivial example of the use of the theorems we have presented above
(principally of Theorem 19), we will now present a proof of the dual of the
Solution Theorem of Moss and Aczel, Adamek et al. [28,2]. This section does
not contain a “new” theorem. Instead, its purpose is to demonstrate that use
of our theorems from the previous sections can make proving theorems like the
Solution Theorem very easy (thus spelling out the details of the observation
we made in an earlier paper [38]). A similar project—proving the Solution
Theorem from the validity of an advanced structured corecursion scheme—
has also been carried out by Jacobs [21]. His proof nevertheless became quite
tedious. We give a very simple reduction to Theorem 19 in combination with
the basic facts about recursive coalgebras given in Section 3.

We briefly recall the context of the Solution Theorem, including the Substi-
tution Theorem, on which its statement and proof depend.

We are concerned with a functor H : C — C on a cocartesian category such
that a final Ky + H-coalgebra exists for every object X of C. (Recall that Kx
denotes the functor which constantly returns X.) Let us write (T'X, [n, 7]) for
the inverse of the final K x+ H-coalgebra. The Substitution Theorem says that,
for any map k : B — T'C there is a unique map k* : (T'B,75) — (TC, 7¢) of H-
coalgebras, such that k = k* ong. Defining pux : TTX — TX by pux = idrx*,
one obtains that T' = (T',n, ut) is a monad and, moreover (T, HT, 7, Hyu) is an
ideal monad (see [27], Definition 3.3).

The Solution Theorem says that, for any map ¢ : B — C + HT(B + C)
(guarded equation with unknowns B and parameters C), there is a unique
map f : B — T'C (solution) satisfying

T(B + ¢)¥zeedserscl o gp(B 4+ 0)«?— B

T[fnc ]J Jf

TTC £C TC

The Solution Theorem establishes that the ideal monad (T', HT,0, Hp) is
completely iterative. It is also cofree on H among the completely iterative
monads, but this is a further theorem.

Dualizing the above account, for the co-Solution Theorem we must consider
a functor H : C — C on a cartesian category such that an initial Ky x H-
algebra exists for every object X. Write (DX, (ex,0x )) for the inverse of the
initial Ky x H-algebra. The co-Substitution Theorem (not proved here) tells
us that, for any map k : DB — C, there exists a unique map k' : (DB, 0p) —
(DC,0¢) of H-coalgebras, such that k = ec o kf. Putting dx = idly, we
get that D = (D,e,6) is a comonad. [This comonad is not to be confused
with the cofree comonad over H which we discussed in Section 4 and which
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was obtained from the final Kx x H —coalgebras!]ﬂ Finally, we introduce the
notation ox for the map Heyxy ofx : DX — HX.

These preparations done, we can formulate the co-Solution Theorem and give
a proof. We do this in two steps, by first considering only a special case of
the co-Solution Theorem (corresponding to the Solution Theorem without
parameters) to then derive the general case (with parameters) as a corollary.

Proposition 31 (Dual of the Solution Theorem without parameters)
Assume C is cartesian and let H : C — C be a functor such that an initial
Kx x H-algebra exists for every object X. Let D, ¢, 0, 0, o be as explained
above. Then, for any B, the H D-coalgebra (DB, Hdg o 0p) is recursive, i.e.,
for any HD-algebra (C, ), there exists a unique map f: DB — C' satisfying

HDDB¥® HpBL® DB
" y
HDC ¥ C

or, which is equivalent (by dp being a coalgebra map and 6 being natural),

DDB i DB
Dfl Jf
0c »

DC HDC C

PROOF. We prove this proposition as an application of Theorem 19.

Fix some object B. Being the inverse of an initial K g x H-algebra, the K x H-
coalgebra (DB, (ep,0p)) is recursive. By Proposition 10(b) hence also the
H-coalgebra (DB, ) is recursive. As explained above, D = (D,e,0) is a
comonad. From generalia about comonads, (DB, dg) is a D-coalgebra.

Define now a natural transformation x : HD — DH by kx = {epx,0px ) 1o
(Hex,H(Dox odx)). It is easy to verify that x is a distributive law of H
over D. We also have that Dfg o dp = kpg o Hog o O as witnessed by the

4 The ideal comonad (D, HD,§, H6) is cofree among the recursive comonads, but
we will not delve into the topic of recursive comonads here and refrain from giving
the definition. Of course they are the dual of completely iterative monads and the
co-Solution Theorem states that (D, HD, 0, Hd) is recursive.
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commutativity of the outer square in the diagram

0B

HDB DB
- .
(idgpp,Hop) (idpB.9B)
\) 9B><H5}3
HDB x HD?B=—=HDB x HD?*B+——DB x HDB
Hép idHDBXHD(;BJ/ |dHDB>‘<HDOB JidDBXHéB 0B
idHDBXHDO'DB GBXHDQB
bBB x HD?*B——HDB x (HD)*B+— DB x HD?B
(Hepp,HopB) (eupB.fapB) "' (epB.fpB )"
— KDB Dop
HD*B DHDB+—*— DB

Theorem 19 (applied to F' = H, A= DB, D = D, 1 = 0p, Kk = K) gives us
that (DB, Hdp o 0p) is a recursive H D-coalgebra. O

Corollary 32 (Dual of the full Solution Theorem with parameters)
Under the assumptions of the proposition, for any B, the Kg x HD(ld x Kp)-
coalgebra (DB, {ep, H(D{idpp,ep) o dg)olg)) is recursive, i.e., for any
Kp x HD(Id x Kg)-algebra (C, ), there exists a unique map f : DB — C
satisfying

B x HD(DB x B) &2 8oecn)s) g pppteef) pp

lideHD(fxidB) lf

B x HD(C x B) ? C

or, which is equivalent (by D being a comonad, ég being a coalgebra map and
0 being natural),

DDB o5 DB

JD<f7EB> f
D(C x B)\eseexslon)p o mp(C x B)—f—(

PROQOF. This result can be proved as a direct application of Theorem 19
by appropriately adapting (scaling up) the proof of Proposition 31, but this is
relatively tedious because of the extensive calculations with the product laws
it takes; nevertheless, Jacobs [21] has essentially spelled out the dual proof.
Instead, we will combine Proposition 31 as it stands with some of the basic
facts about recursive coalgebras discussed in Section 3.

Fix an object B. Write H? for the functor Kp x H, write (DP &P §P) for the
monad given by the initial Kx x HPB-algebras (they must exist as an object
carrying an initial Ky, 5 x H-algebra also carries an initial Ky x HP-algebra).
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Now clearly there is an isomorphism
i:DB=p(Kgx H)=uK, x (Kgx H))=D"1
Also there is a natural isomorphism

j:KpxHD(dx Kg) = Kg x Hu((ld x Kg) x H)
~ Kp x Hu(ld x (Kg x H)) = HED"

Also it is straightforward that the polygon

jDB idBXH(D<idDB,€B >O(SB) (53,03)
HBDBDB+——B x HD(DB x B) Bx HDB+—DB
HBDB; s
HBsB 0B
HBDBDB1+ : HBDB1+——— D51
commutes.

By the proposition we know that (DP1, HB§P o 0B) is a recursive HZD5-
coalgebra. But from this by Proposition 8 it follows that (DB, jpp o
(ep, H(D{idpp,ep)odp)ofp)) is also a recursive HPDP-coalgebra. By
Proposition 10(b) therefore (DB, (ep, H(D{idpp,cp) 0 dp)ofp)) is a recur-
sive K x HD(Id x Kp)-coalgebra. O

While the Substitution Theorem and Solution Theorem have a natural inter-
pretation for Set and polynomial functors in terms of non-wellfounded trees
with graft-points and grafting (non-wellfounded terms and substitution), the
dual theorems have a similar interpretation in terms of decorated wellfounded
trees and redecoration. We have pointed out the programming relevance of
the resulting combinators in [38] where we also discussed the proofs of the
co-Substitution and co-Solution Theorems from Corollary 20.

7 Conclusions and future work

We have motivated the relevance of recursive functor-coalgebras for program-
ming: the recursiveness of the coalgebra appearing in a structured general-
recursion equation is a sufficient condition for its solvability. Since there is no
practical general method for checking whether a given coalgebra is recursive,
one should strive for useful sufficient conditions. We have shown how to use
comonads, comonad-coalgebras and distributive laws to construct new recur-
sive coalgebras from coalgebras already known to be recursive. These results
provide a generalization and modularization of the proofs of the results of
[39] on structured recursion schemes for initial algebras. By duality, they also
generalize the dual results of [5,8].
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This paper reports our first results on recursive coalgebras and many of our
questions are unanswered yet. Apart from checking whether the theorems of
Sections 4 and 5 can be strengthened in further useful ways, we will take a
closer look at wellfounded induction. We have already identified weak condi-
tions guaranteeing implications between recursiveness, Taylor’s wellfounded-
ness and various intermediate properties. Finally, we are interested in seeing
if the results admit any useful type-theoretic versions. One might wish to be
able to turn the structured general recursion scheme of a recursive coalgebra
into a reduction rule in a typed lambda calculus without giving rise to non-
terminating reduction sequences of welltyped terms. The questions are when
this is possible and how to accomplish it.
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