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Matthes, Uustalulanguages 
oindu
tively determined by universal-algebrai
 signatures. Fiore,Plotkin and Turi [15℄, at the same time, have provided a 
ategori
al a

ountof syntax with variable binding �a la de Bruijn [13℄ building on a suitablegeneralization of universal algebra|the theory of binding algebras [3,29,31℄.In both lines of work, one of the �rst things done is 
he
king that all is wellwith substitution. The language indu
ed by a signature has to 
arry a uniqueoperation exhibiting what are, in the setting studied, 
onsidered to be the
hara
teristi
 properties of substitution. These properties have to guaranteethat the operation, whenever uniquely existing, veri�es what are known as thesynta
ti
 substitution lemmata or, in 
ategori
al terms, the laws of a monad.In the present arti
le, we take a step towards 
ombining these two dire
-tions of 
ategori
al analysis of syntax. In the setting of initial algebras and �-nal 
oalgebras of endofun
tors on a fun
tor 
ategory, we look at substitution inboth wellfounded and non-wellfounded syntax for a very general notion of sig-nature allowing, in addition to simple variable binding operators, also expli
itsubstitution operators (as an example, we 
onsider what we 
all the expli
it
attening operator). The te
hni
al 
ontribution of the work 
onsists of de�ni-tions of heterogeneous signature and substitution system for a heterogeneoussignature, and proofs that a substitution system for a heterogeneous signaturealways gives a monad and both the wellfounded and non-wellfounded syntaxgiven by a heterogeneous signature form a substitution system. The latterproofs are made short by appealing to \generalized iteration" (a version ofthe generalized folds s
heme of [11℄) and primitive 
ore
ursion as pre-justi�edprin
iples for 
onstru
ting unique morphisms from and to 
arriers of initialalgebras and �nal 
oalgebras.The arti
le is largely motivated by our interest in the design of useful typedlambda 
al
uli supporting indu
tive and 
oindu
tive 
onstru
tors of higherkinds. Any reasonable su
h 
al
ulus should 
ertainly be good for represent-ing and manipulating syntax with variable binding; this is one of the obviousappli
ations to try. We are therefore spe
i�
ally interested in 
onstru
tionsworking well also in type-theoreti
al systems where the primary 
on
ern isintensional redu
tions rather than extensional equality. There, a programemploying an advan
ed re
ursion or 
ore
ursion s
heme often exhibits a re-du
tion behavior very di�erent from a version relying on an extensionally validredu
tion to iteration or 
oiteration (a well-known example is programmingthe number-theoreti
 prede
essor fun
tion: one has to use primitive re
ursionto a
hieve the desirable redu
tion behavior, iteration is not enough). Theseissues will be dis
ussed in detail elsewhere.As related work, we mention the following. The rank 2 indu
tive 
on-stru
tor representation of the lambda 
al
ulus syntax in the de Bruijn versionin either a fun
tional language or a typed lambda 
al
ulus is impli
it in [9℄and appears expli
ated in [12,7℄. In the fun
tional programming 
ommunity,also the general theory of heterogeneous, non-uniform or nested datatypes(re
ursive 
onstru
tors of rank 2) is 
urrently on the resear
h agenda, see2



Matthes, Uustalu[10,11,20,27℄. Typed lambda 
al
uli featuring heterogeneous and higher kindindu
tive and 
oindu
tive 
onstru
tors are the topi
 of [23,1,2℄. A very a

es-sible extended presentation of aspe
ts of Fiore, Plotkin and Turi's work [15℄appears in [14℄. Hofmann [21℄ has given a 
ategory-theoreti
 explanation ofthe higher-order abstra
t syntax approa
h to variable binding [19,28℄.To defend our engagement with non-wellfounded syntax, we also refer tosome uses of this 
avor of syntax. In proof theory, Mints' work [24℄ from the1970s on the normalization of in�nite derivations (
ontinuous normalization)has re
ently been revived by him and others [25,6℄. In rewriting, ongoingwork on in�nitary or 
oindu
tive lambda 
al
ulus [22,30℄ explains aspe
ts ofthe model theory of the ordinary lambda 
al
ulus. Finally, also the syntaxof Girard's Ludi
s [18℄, the language of designs, is non-wellfounded (think ofFAX).The arti
le is stru
tured as follows. We begin in Se
t. 2 by reviewing thene
essary preliminaries: generalized iteration, primitive 
ore
ursion, and somespe
i�
s about initial algebras and �nal 
oalgebras of endofun
tors on fun
tor
ategories. In Se
t. 3, we re
apitulate the known fa
ts that a substitutionsystem for a universal-algebrai
 signature gives a monad and that both thewellfounded and non-wellfounded syntax given by a universal-algebrai
 signa-ture form a substitution system. In Se
t. 4 (the 
entral se
tion), we de�neheterogeneous signatures and substitution systems for heterogeneous signa-tures and reprove the statements of Se
t. 3 for these 
on
epts. In Se
t. 5, welist some 
on
lusions and goals for future work.2 PreliminariesWe begin by reviewing generalized iteration, primitive 
ore
ursion, and somefa
ts about initial algebras and �nal 
oalgebras of endofun
tors on fun
tor
ategories.2.1 Generalized iteration, primitive 
ore
ursionFor an endofun
tor F on a 
ategory C, we let (�F; inF ) denote its initial algebra(if it exists) and (�F; outF ) denote its �nal 
oalgebra (if it exists). Iterationand 
oiteration, the basi
 prin
iples for 
onstru
ting unique morphisms from�F and to �F , are immediate 
onsequen
es from the initiality resp. �nality of(�F; inF ) and (�F; outF ). Iteration says that, for any C-morphism ' : FX !X, there exists a unique C-morphism h : �F ! X, denoted ItF (' ), su
h thatF (�F )Fh
��

inF //�Fh
��FX ' //X3



Matthes, UustaluCoiteration, dually, asserts that, for any C-morphism ' : X ! FX, there is aunique C-morphism h : X ! �F , denoted CoitF (' ), su
h thatFXFh
��

X'
oo h

��F (�F ) �FoutFooOften, however, it is pra
ti
al to make use of more advan
ed re
ursion and
ore
ursion s
hemes whose validity is not entirely immediate. We shall need\generalized iteration", whi
h states the following. Given an endofun
tor Gon a 
ategory C 0, a fun
tor L : C ! C 0 with a right adjoint R and a naturaltransformation � : L �F ! G �L between fun
tors from C to C 0. Then, for anyC 0-morphism ' : GX ! X, there exists a unique C 0-morphism h : L(�F )! X,denoted ItL;�F;G(' ), su
h thatL(F (�F ))��F ��

LinF //L(�F )h
��

G(L(�F ))Gh
��GX ' //XThe h 
hara
terized by the property above isItL;�F;G(' ) = "X Æ L ItF (R(' ÆG"X Æ �RX) Æ �F (RX) )where � is the unit and " the 
ounit of the adjun
tion.In [11℄, se
tion 6.2, a slightly more general result is shown where G, � and' are repla
ed by a natural transformation 	 : C 0(L�; X) ! C 0(L(F�); X)between fun
tors Cop ! Set (the parti
ular 	 
orresponding to our G, �, 'is de�ned by 	(f) = ' Æ Gf Æ �A for f : LA ! X). On the other hand,our de
omposition hints at how to �nd examples and resembles more thetraditional-style iteration in that it refers to a G-algebra stru
ture ' for somefun
tor G (where in most examples, G 6= F ).We shall also make use of primitive 
ore
ursion, see, e.g., [33℄. If C hasbinary sums, then for any C-morphism ' : X ! F (X + �F ), there exists aunique C-morphism h : X ! �F , denoted Core
F (' ), su
h thatF (X + �F )F [h;id�F ℄

��

X'
oo h

��F (�F ) �FoutFooThe one and only h with the requested property isCore
F (' ) = CoitF ( ['; F inrX;�F Æ outF ℄ ) Æ inlX;�F4



Matthes, Uustalu2.2 Initial algebras, �nal 
oalgebras of partial appli
ations of bifun
tors vs.of fun
tors on fun
tor 
ategoriesGiven a fun
tor F : C �D ! D, every C-obje
t A determines an endofun
torF jA on D given by (F jA)X = F (A;X). It is easy to observe that, if initialalgebras exist for all of them, then, setting (�̂F )A = �(F jA), (�̂nF )A = inF jA,we get an algebra (�̂F; �̂nF ) of an endofun
tor [F ℄ on the fun
tor 
ategory [C;D℄given by ([F ℄X)A = F (A;XA). But this is not all: (�̂F; �̂nF ) is, in fa
t, aninitial algebra of [F ℄, with the A-
omponent of the iterative extension of anygiven [F ℄-algebra (X;') given as the iterative extension of the (F jA)-algebra(XA;'A).Under a reasonable additional 
ondition, this existen
e result also holdsin the opposite dire
tion. Provided that C is lo
ally small and D has powersindexed by homsets of C, if an initial [F ℄-algebra exists, then ((�[F ℄)A; (in[F ℄)A)are initial (F jA)-algebras; the iterative extension of an (F jA)-algebra (X;')is 
onstru
ted as �X(idA) Æ (It[F ℄( �' ))A where �' is an [F ℄-algebra stru
ture onQf2C(�;A)X de�ned by ( �')A0 = h' Æ F (f; �X(f))if2C(A0;A).Dual statements may be made about �nal 
oalgebras for F jA vs. [F ℄. Theexisten
e of �nal (F jA)-
oalgebras follows from the existen
e of a �nal [F ℄-
oalgebra in 
ase C is lo
ally small and D has 
opowers indexed by homsetsof C.2.3 A spe
ial 
ase of generalized iterationFor an endofun
tor F on a fun
tor 
ategory [C;D℄ with an initial algebra, thefollowing re
ursion s
heme is a spe
ial 
ase of generalized iteration. Givenan endofun
tor G on a fun
tor 
ategory [C 0;D℄, a fun
tor Z : C 0 ! C su
hthat the redu
tion fun
tor � � Z : [C;D℄ ! [C 0;D℄ has a right adjoint (theright Kan extension RanZ Y along Z exists for any fun
tor Y : C 0 ! D),and a natural transformation � : (F�) � Z ! G(� � Z) between fun
tors[C;D℄ ! [C 0;D℄. Then, for any [C 0;D℄-morphism ' : GX ! X, there exists aunique [C 0;D℄-morphism h : �F � Z ! X su
h thatF (�F ) � Z��F ��

inF �Z //�F � Zh
��

G(�F � Z)Gh
��GX ' //XThe same kind of spe
ialization is 
arried out in [11℄, yielding \generalizedfolds" whi
h, again, are potentially more general but, as a rule s
heme, lessinformative. 5



Matthes, Uustalu3 Wellfounded and non-wellfounded term algebrasWe now pro
eed to dis
ussing the properties of substitution in wellfounded andnon-wellfounded term algebras. Categori
ally, these are the initial (A+H�)-algebras resp. inverses of the �nal (A+H�)-
oalgebras for di�erent obje
ts Afor an endofun
torH on a 
ategory C (where, in universal algebra, C = Set andH is polynomial). For the purposes of modular presentation, however, we �rstintrodu
e the 
on
ept of substitution system, 
f. [4℄. This 
on
ept is usable asa basis for a uniform treatment of not only wellfounded and non-wellfoundedterms, but also term equivalen
e 
lasses (w.r.t. a system of equations), termgraphs, rational terms et
.De�nition 3.1 Given an endofun
tor H on a 
ategory C with �nite 
oprod-u
ts. For any assignment A 7! (TA; �A) of some (A +H�)-algebra to everyC-obje
t A, the jCj-indexed family � of morphisms �A : A + H(TA) ! TAde
omposes into two jCj-indexed families �, � of morphisms �A : A ! TA,�A : H(TA)! TA de�ned by�A = �A Æ inlA;H(TA) and �A = �A Æ inrA;H(TA)We say that (T; �) is a substitution system for H, if, for every morphismf : A ! TB, there exists a unique morphism h : TA ! TB, denoted f ?,satisfyingA+H(TA) �A(=[ �A;�A ℄) //idA+Hh
��

TAh
��A+H(TB) [ f;�B ℄

//TB i.e., A �A //f
##G

G
G

G
G

G
G

G
G

G TAh
��

H(TA)�Aoo Hh
��TB H(TB)�BooIntuitively, if an assignment (T; �) of an (A+H�)-algebra to every obje
tA is a substitution system, then TA is, in some (possibly quite metaphori-
al) sense of the word `term', the set of H-terms over variables from A, �A isinsertion of variables, �A is insertion of operator appli
ations and �? is substi-tution. For any morphism f : A! TB (a substitution rule), the morphism f ?(the 
orresponding substitution fun
tion) is by our de�nition required to be aunique morphism agreeing with f on variables and 
ommuting with operatorappli
ations.Having a substitution system implies having a monad: the monad laws arevalid properties of substitution.Theorem 3.2 If an assignment (T; �) of an (A + H�)-algebra to every C-obje
t A forms a substitution system, then (T; �;�?) is a monad (in Kleisliform).Proof. The monad law (i) f ? Æ �A = f (f : A! TB) is immediate; the laws(ii) �A? = idTA, (iii) (g? Æ f)? = g?Æf ? (f : A! TB, g : B ! TC) are veri�edstraightforwardly. 26



Matthes, UustaluNote that the se
ond and third law are a
tually the well-known synta
ti
lemmata of substitution.We are interested in two examples: the initial (A+H�)-algebras for di�er-ent obje
ts A, i.e., the algebras of wellfounded H-terms over di�erent variablesupplies, and the inverses of the �nal (A+H�)-algebras, i.e., the algebras ofnon-wellfounded H-terms. In the 
ase of wellfounded H-terms, the presen
eof a substitution system and a monad is immediate.Theorem 3.3 If C has an initial (A +H�)-algebra for every obje
t A, then(T; �) de�ned by (TA; �A) = (�(A+H�); inA+H�)is a substitution system and hen
e (T; �;�?) is a monad (as is known sin
e[8℄, it is even the free monad generated by H).Proof. (Trivial, but useful to re
ord for 
omparison with Thms. 3.4, 4.3.)(T; �) is a substitution system withf ? = ItA+H�( [ f; �B ℄ ) for f : A! TBsin
e the right-hand side is, for a given f , by the 
hara
terization of iteration(initiality) the unique solution in h of the squareA +H(TA) �A //idA+Hh
��

TAh
��A +H(TB) [ f;�B ℄

//TBbut that is also the square that f ? is supposed to be the unique solution in hof. 2The example of non-wellfounded H-terms, investigated in Moss [26℄ andA
zel et al. [5℄, is 
onsiderably more interesting. Substitution is de�nable alsofor non-wellfounded H-terms, but the de�nition is not as simple any more asfor wellfounded H-terms.Theorem 3.4 (The substitution theorem of [26,5℄) If C has a �nal (A+H�)-
oalgebra for every obje
t A, then (T; �) de�ned by(TA; �A) = (�(A+H�); out�1A+H�)is a substitution system.Proof. The substitution operation is 
onveniently de�nable with the help ofprimitive 
ore
ursion byf ? = Core
B+H�( [ (idB +H inrTA;TB) Æ ��1B Æ f; inr ÆH inlTA;TB ℄ Æ ��1A ) )for f : A! TB7



Matthes, UustaluThe right-hand side is, for any given f , by the 
hara
terization of primitive
ore
ursion, the unique solution in h of the outer square in the diagram
(�)B +H(TA+ TB)idB+H[h;idTB ℄

��

A+H(TA+ TB)[ (idB+HinrTA;TB)Æ��1B Æf;inr ℄
oo idA+H[h;idTB ℄

��

A+H(TA)idA+HinlTA;TB
ooidA+Hhhhhh

h

sshhh
hh ** �A //TA��1A

oo h
��

A+H(TB)[��1B Æf;inr ℄ffffff

rrffffff
[ f;�B ℄YYYYYYYYYY

,,YYYYYYYYYYYYYYYB +H(TB) �B //TB��1BooThe left-hand side, i.e., f ?, must, at the same time, be the unique solution ofthe inner square marked (**). But (**) 
ommutes for an h if and only if theouter square of (*) does. 2Substitution is, of 
ourse, also de�nable from the �rst prin
iples (�nality)without making use of primitive 
ore
ursion. Notably, however, the 
orre
t-ness proof is then more involved and the 
ompli
ations amount to nothingelse than an impli
it justi�
ation of an instan
e of primitive 
ore
ursion. Thismeans that it adds to the 
larity and modularity of the proof, if primitive
ore
ursion is justi�ed �rst in its generality and only then used. In a type-theoreti
 system, moreover, only the de�nition using primitive 
ore
ursiongives the right redu
tion behavior.4 A generalization for variable bindingWhile the terms of a universal-algebra signature are de�nable for all possiblesupplies of variables independently, this is no longer so in the presen
e of vari-able binding operators. If a lambda term over a given supply of variables A isa lambda abstra
tion, then the body is a lambda term over 1+A, not over A:it has (potentially) one free variable more. Hen
e the lambda terms have tobe de�ned as an indu
tive family for all possible supplies of variables simul-taneously; they are an example of what is 
alled a heterogeneous datatype.In 
ategory-theoreti
 terms, this means a shift from a jCj-indexed (fun
torial)family of initial algebras of endofun
tors on some base 
ategory C (normallySet) to an initial algebra of an endofun
tor on [C; C℄. For lambda 
al
ulus,this has been worked out in [12,7℄ and of 
ourse also in [15℄. The lambda
al
ulus syntax is the initial algebra of the endofun
tor F on [C; C℄ given by(FX)A = A+XA�XA+X(1+A) or, equivalently, FX = Id+X�X+X ��where �A = 1 + A: set (T; �) = (�F; inF ), then TA represents the lambdaterms with free variables taken from A and �A : A+TA�TA+T (1+A) ! TAgives the 
onstru
tions for variables, appli
ation and lambda abstra
tion. Thenon-wellfounded version is given by the inverse of the �nal 
oalgebra of thesame fun
tor F . In Se
t. 2.2, we saw that the initial F (A;�)-algebras fordi�erent A's for F : C �C ! C given by F (A;X) = A+KX with K an endo-8



Matthes, Uustalufun
tor on C are essentially the same as the initial algebra of F 0 : [C; C℄ ! [C; C℄given by (F 0X)A = A+K(XA), i.e., F 0X = Id+K �X. Hen
e, wellfoundedsyntax without variable binding admits both the view dis
ussed in the previ-ous se
tion and an alternative view extensible to treat also the lambda 
al
ulussyntax; a similar statement applies to non-wellfounded syntax.Given these 
onsiderations, it is a natural goal to look for a notion of signa-ture based on endofun
tors on fun
tor 
ategories whi
h a

ounts for variablebinding and is as general as possible so that the proje
t of the previous se
tion
an still be 
arried out. While a signature in Se
. 3 was any endofun
tor Kon C and a substitution system was (essentially) an (Id+K � �)-algebra, herewe would rather like to see that a substitution system is an (Id+H�)-algebrawhere H is some endofun
tor on [C; C℄ (most likely not every H would bea

eptable, but, e.g., H given by HX = K � X should be in order to 
overthe 
lassi
al results). One possible \heterogeneous" notion of signature|theproposal of this arti
le|is that of an endofun
tor on [C; C℄ together with astrength-like additional datum. We give �rst the de�nition and then somejusti�
ation. Re
all that a pointed endofun
tor on C is an endofun
tor Z onC together with a natural transformation e : Id ! Z; a pointed fun
tor mor-phism from (Z; e) to (Z 0; e0) is a natural transformation f : Z ! Z 0 betweenendofun
tors on C su
h that f Æ e = e0. We write Ptd(C) for the 
ategory ofpointed endofun
tors on C and U for the forgetful fun
tor Ptd(C) ! [C; C℄.De�nition 4.1 Given a 
ategory C with �nite 
oprodu
ts and an endofun
torH on [C; C℄ together with a natural transformation � : (H�)�U� ! H(��U�)between fun
tors [C; C℄�Ptd(C) ! [C; C℄ su
h that�X;(Id;idId) = idHX�X;(Z0�Z;e0�e) = �X�Z0;(Z;e) Æ (�X;(Z0;e0) � Z)For any (Id+H�)-algebra (T; �), the [C; C℄-morphism � de
omposes into two[C; C℄-morphisms � : Id ! T , � : HT ! T de�ned by� = � Æ inlId;HT and � = � Æ inrId;HTWe 
all (T; �) a heterogeneous substitution system for (H; �), if, for everyPtd(C)-morphism f : (Z; e) ! (T; �), there exists a unique [C; C℄-morphismh : T � Z ! T , denoted ffg(Z;e), satisfyingZ + (HT ) � ZidZ+�T;(Z;e) ��

��Z //T � Zh
��

Z +H(T � Z)idZ+Hh ��Z +HT [ f;� ℄
//T i.e., Z ��Z

//f
##F

F
F

F
F

F
F

F
F

F
F

F
F

F
F T � Zh

��

(HT ) � Z��Zoo �T;(Z;e)��H(T � Z)Hh
��T HT�oo9



Matthes, UustaluThe operation f�g is the substitution operation of the generalized substi-tution system.De�nition 4.1 appears satisfa
tory in several ways. First of all, it 
oversour examples.� For an endofun
tor K on C seen as a homogeneous signature, the equivalentheterogeneous signature is (H; �) where (HX)A = K(XA) and (�X;(Z;e))A =idK(X(ZA)).� The lambda 
al
ulus signature is 
aptured in (H; �) where (HX)A = XA�XA+X(1 +A) and (�X;(Z;e))A = idX(ZA)�X(ZA) +X[ e1+A Æ inl1;A; Z inr1;A ℄.Moreover, we 
an also 
apture, e.g., the signature with one \normal" binaryoperator and an operator of \expli
it 
attening" (formal 
attening) whi
htakes terms whose variables are terms over A to terms over A. For this, onesets (HX)A = XA � XA +X(XA), (�X;(Z;e))A = idX(ZA)�X(ZA) + XeX(ZA).Both in this and the previous example, it is 
ru
ial for the de�nition of � that� is parametrized in a pointed fun
tor (Z; e), not just a fun
tor Z. Che
kingthat the 
hara
teristi
 property of substitution is what one would expe
t isstraightforward in both 
ases.By repla
ing X(XA) by R B`f2C(B;XA)XB, the \expli
it 
attening" op-erator 
an be 
hanged into an \expli
it substitution" operator taking a termover some supply of variables B and an assignment of a term over A to everyelement of B (a substitution rule) to a term over A.Combination of lambda abstra
tion and \expli
it 
attening" is possible asthe requirements for � are modular in the sense that these natural transfor-mations 
an be provided separately for every summand of H.There is also an instru
tive non-example adequately �ltered out by Def. 4.1:the example of powerlists (also dis
ussed in [2℄). Powerlists, that is, all listswhose length is 2n for some n, are represented the initial (Id + H�)-algebrafor H given by (HX)A = X(A� A). There are two 
andidates for � de�nedby (�X;(Z;e))A = X(ZhidA; idAi Æ �) : X(ZA � ZA) ! X(Z(A � A)), with �either the left or the right proje
tion, but both fail to meet the �rst 
onditionon �. This is, however, how things should be, sin
e what is substitution forlists does not qualify as substitution for powerlists: it does not maintain the
onstraint that the length of a list may only be a power of 2.De�nition 4.1 is also good in that every substitution system implies amonad and both the wellfounded and the non-wellfounded syntax generatedby a signature are substitution systems.The proof that a substitution system implies a monad reveals why it makessense to require �X;(Z;e) to be de�ned for any pointed fun
tor (Z; e) insteadof just for (T; �) and why it then has to be natural in (Z; e) and satisfy thetwo 
onditions. It also 
lari�es that parameterizing � in a monad instead ofa pointed fun
tor would not work: in the proof, we need the 
omponent of� with Z := T , but for T we are just aiming at showing that it 
arries amonad stru
ture. With a pointed fun
tor parameter, we avoid this potential10
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ir
ularity.Theorem 4.2 If an (Id + H�)-algebra (T; �) forms a heterogeneous substi-tution system, then (T; �; fidTg(T;�)) is a monad (in triple form).Proof. The law (i) � Æ (� � T ) = idT is trivial from � = fidTg(T;�) being asolution in h of the diagram above for (Z; e) := (T; �), f := idT . The law (ii)� Æ (T � �) = idT follows from (ii-a) �(1) = idT and (ii-b) �(1) = � Æ (T � �)where �(1) = f�g(Id;idId), whi
h are proved from the diagram having at most onesolution in h for (Z; e) := (Id; idId), f := �. The law (iii) � Æ (� �T ) = � Æ (T ��)follows from (iii-a) �(3) = � Æ (� � T ) and (iii-b) �(3) = � Æ (T � �) where�(3) = f�g(T �T;���). These are proved from the diagram not having more thanone solution in h for (Z; e) := (T � T; � � �), f := � (this f is a pointed fun
tormorphism from (Z; e) to (T; �) by (i)).Importantly, in the proof of (ii-b), one needs �T;(T;�) Æ (HT � �) = H(T � �),whi
h follows from the naturality of � in the se
ond argument and the �rstof the 
oheren
e 
onditions on �. In the proof of (iii-b), one needs �T;(T;�) Æ(HT ��) = H(T ��)Æ �T �T;(T;�) Æ (�T;(T;�) �T ), whi
h follows from the naturalityof � in the se
ond argument and the se
ond of the 
oheren
e 
onditions on�. 2On
e generalized iteration in the sense of Se
t. 2.3 is a

epted, the proofthat the wellfounded syntax de�ned by a heterogeneous signature is a sub-stitution system is as trivial as that of Thm. 3.3. This also motivates theintrodu
tion of � in the �rst pla
e: in the wellfounded 
ase, we want the thedesideratum for substitution expressed in the notion of heterogeneous substi-tution system to be ful�lled \automati
ally".Theorem 4.3 If [C; C℄ has an initial (Id + H�)-algebra and a right adjointfor the fun
tor � � Z : [C; C℄ ! [C; C℄ for every [C; C℄-obje
t Z, then (T; �)de�ned by (T; �) = (�(Id+H�); inId+H�)is a heterogeneous substitution system.Proof. (T; �) is a heterogeneous substitution system with f�g de�nable byffg(Z;e) = It��Z;idZ+��;(Z;e)Id+H�;Z+H� ( [ f; � ℄ )sin
e the right-hand side is, for any given f , by the 
hara
terization of gener-alized iteration the unique solution in h of the squareZ + (HT ) � ZidZ+�T;(Z;e) ��

��Z //T � Zh
��

Z +H(T � Z)idZ+Hh ��Z +HT [ f;� ℄
//T11



Matthes, Uustaluand this is the same square that ffg(Z;e) is supposed to be the unique solutionof in h. 2The proof in the 
ase of non-wellfounded syntax follows that of the 
orre-sponding Thm. 3.4 in the previous se
tion very 
losely.Theorem 4.4 If [C; C℄ has a �nal (Id+H�)-
oalgebra, then (T; �) de�ned by(T; �) = (�(Id+H�); out�1Id+H�)is a heterogeneous substitution system.Proof. f�g is de�nable byffg(Z;e) = Core
Id+H�( [ (idId +H inrT �Z;T ) Æ ��1 Æ f; inr ÆH inlT �Z;T Æ �T;(Z;e) ℄Æ(��1 � Z) )The right-hand side is, for any given (Z; e) and f , by the 
hara
teristi
 prop-erty of primitive 
ore
ursion, the unique solution in h of the outer square inthe diagram
(�)Id+H(T � Z + T )idId+H[h;idT ℄

��

Z +H(T � Z + T )[ (idId+HinrT �Z;T )Æ��1Æf;inr ℄
oo idZ+H[h;idT ℄

��

Z +H(T � Z)idZ+HinlT �Z;T
ooidZ+Hhgggg

ssgggggg ** T � Z(idZ+�T;(Z;e))Æ(��1�Z)
oo h

��

Z +HT[��1Æf;inr ℄eeeeeeee

rreeeeeeee
[ f;� ℄ZZZZZZZZZZZZZZ

,,ZZZZZZZZZZZZZZZZZId+HT � //T��1ooThe left-hand side, i.e., ffg(Z;e), must, at the same time, be the unique solutionof the inner square marked (**). But (**) 
ommutes for any h if and only ifthe outer square of (*) does. 25 Con
lusions and future workWe have demonstrated that substitution in wellfounded and non-wellfoundedsyntax with variable binding does not need mu
h more work than in �rst-ordersyntax. We still get substitution monads. Apart from the use of generalizediteration �a la [11℄ and primitive 
ore
ursion (as opposed to 
oiteration), the es-sential ingredient is a kind of distributivity parameterized in a pointed fun
tor.With a fun
tor parameter, neither lambda 
al
ulus nor expli
it substitutionwould have been instan
es. Had we used a monad parameter, the proofs wouldhave be
ome 
ir
ular. Hen
e, the 
urrent de�nition seems to be reasonable.Certainly, one of the next aims is the study of the bene�ts of our rep-resentation of substitution for lambda 
al
uli with monotone indu
tive and
oindu
tive 
onstru
tors of rank 2 introdu
ed in [23,1,2℄. Another is to provethe solution theorem for non-wellfounded syntax with variable binding.12
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