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Abstract

Constructive Zermelo-Fraenkel set theory, CZF, can be interpreted
in Martin-Lof type theory via the so-called propositions-as-types in-
terpretation. However, this interpretation validates more than what
is provable in CZF. We now ask ourselves: is there a reasonably sim-
ple axiomatization (by a few axiom schemata say) of the set-theoretic
formulae validated in Martin-Lof type theory? The answer is yes for a
large collection of statements called the mathematical formulae. The
validated mathematical formulae can be axiomatized by suitable forms
of the axiom of choice.

The paper builds on a self-interpretation of CZF (developed in
[21]) that provides an “inner” model of CZF which also validates the
so-called IIX-axiom of choice, IIX— AC. The crucial technical step
taken in the present paper is to investigate the absoluteness properties
of this model under the hypothesis II3X— AC.

It is also shown that CZF plus the IIX-axiom of choice possesses
the disjunction property, the numerical existence property and the
existence property for an important group of formulae.
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1 Introduction

The general topic of Constructive Set Theory (CST) originated in John
Myhill’s endeavour (see [17]) to discover a simple formalism that relates to
Bishop’s constructive mathematics as classical Zermelo-Fraenkel Set Theory
with the axiom of choice relates to classical Cantorian mathematics. C'ST
provides a standard set theoretical framework for the development of con-
structive mathematics in the style of Errett Bishop [8]. One of the hallmarks
of constructive set theory is that it possesses (cf. [1, 2, 3]) a canonical in-
terpretation in Martin-Lof’s intuitionistic type theory (see [13, 14]) which is
considered to be the most acceptable foundational framework of ideas that
make precise the constructive approach to mathematics. The interpretation
employs the Curry-Howard ‘propositions-as-types’ idea in that the axioms of
constructive set theory get interpreted as provably inhabited types.

The particular system of set theory for which Aczel gave a type-theoretic
interpretation is actually a modification of Myhill’s system referred to as
Constructive Zermelo-Fraenkel Set Theory, CZF. The interpretation of CZF
in type theory (notated as ML;V) not only validates all the theorems of CZF
but many other interesting set-theoretic statements as well. Ideally, one
would like to have a characterization of these statements and determine an
extension CZF”* of CZF which deduces exactly the set-theoretic statements
validated in the pertaining type theory ML;V. It will turn out that the
search for CZF* amounts to finding the “strongest” version of the axiom
of choice that is validated in ML{V. In addition to the axioms of CZF,
Aczel also interpreted the Regular Extension Aziom, REA, which ensures the
existence of many inductively defined sets. The particular type system that
is sufficient for interpreting CZF + REA has been denoted by ML;wV. We
shall also pursue the question of characterizing the set-theoretic statements
validated in ML;wV.

However, rather than giving a characterization of all set-theoretic statements
validated in Martin-Lof type theory, we shall restrict attention to a collection
of formulae dubbed mathematical formulae which includes all the statements
of workaday mathematics. The idea behind these formulae is that the sets



of ordinary mathematics are of rank < w + w in the cumulative hierarchy.
Roughly speaking, the mathematical formulae are bounded formulae with
parameters in V,,,,,. We shall also consider the wider collection of generalized
mathematical formulae which from the point of view of ZFC is concerned
with sets of rank < R,. The main results of the paper are expressed in terms
of the two choice principles IIX— AC and ITXW — AC.

Theorem 1.1 (Cf. 7.6) Let ¢ be a mathematical sentence and let 6 be a
generalized mathematical sentence. Then the following hold:

(i) CZF +IIX—AC 4 if and only if 1 is validated in ML,V
(i) CZF+REA+IIXW — AC | 0 if and only if 0 is validated in MLywV .

The presentation of constructive mathematics in Martin-Lof type theory is
an obvious option for the constructive mathematician. However, it has the
drawback that the syntactical apparatus is rather overpowering and that
there is no extensive tradition of presenting mathematics in a type theoretic
setting. This can be avoided by keeping to the set theoretical language.
Constructive set theory is distinctive in that it uses the same language as
classical set theory and it thus has the advantage that the ideas, conventions
and practise of the set theoretical presentation of ordinary mathematics can
be used also in constructive set theory. Theorem 1.1 sheds light on how these
two approaches to constructive mathematics are related to each other.

The proof of Theorem 7.6 involves interpretations of CZF + IIX—AC in
CZF and of CZF+REA+IIXW —AC in CZF+REA, the details of which
were presented in [21]. In conjunction with results from [22], we also obtain
that CZF 4+ 11X — AC and CZF + REA +II3XW — AC have the disjunction
property, the numerical existence property and the existence property, not for
all formulae, but for the collection of mathematical and generalized mathe-
matical formulae, respectively.

The plan for the paper is as follows: Section 2 discusses choice principles in
constructive set theory. After briefly reviewing choice principles which have
always featured prominently in constructive accounts of mathematics (ax-
ioms of countable choice and dependent choices) we explore the “strongest”
versions of choice that can be validated in type theory, notably II13X—AC
and II3XW — AC. Sections 3 and 4 are concerned with interpreting construc-
tive set theory in itself via a formulae-as-classes interpretation. This is done
for bounded formulae in section 3 and for arbitrary formulae in section 4



via a notion of extended set recursive functions (building on [21]). Section 5
deals with the question of how the formulae-as-classes interpretation can be
characterized via an inner model construction on the basis of II3X—AC and
IT3XW — AC, respectively. Section 6 features interpretations of type theory
in set theory also drawing on the notion of extended set recursive functions.
In section 7 we are in a position to prove the main result Theorem 1.1. The
last section presents some results about existential definability in theories
with IIX—AC and IIXW —AC.

Notation. We will use (z,y) to notate the ordered pair of z and y. We use
Fun(f) to express that f is a function. dom(f) and ran(f) denote the do-
main and the range of f, respectively. f: A — B is used to convey that f is
a function with dom(f) = A and ran(f) C B.

2 The axiom of choice in constructive set the-
ories

Among the axioms of set theory, the axiom of choice is distinguished by the
fact that is it the only one that one finds mentioned in workaday mathe-
matics. In the mathematical world of the beginning of the 20th century,
discussions about the status of the axiom of choice were important. In 1904
Zermelo proved that every set can be well-ordered by employing the axiom of
choice. While Zermelo argued that it was self-evident, it was also criticized as
an excessively non-constructive principle by some of the most distinguished
analysts of the day, notably Borel, Baire, and Lebesgue. At first blush this
reaction against the axiom of choice utilized in Cantor’s new theory of sets
is surprising as the French analysts had used and continued to use choice
principles routinely in their work. However, in the context of 19th century
classical analysis only the Axiom of Dependent Choices, DC, is invoked and
considered to be natural, while the full axiom of choice is unnecessary and
even has some counterintuitive consequences.

Unsurprisingly, the axiom of choice does not have a unambiguous status
in constructive mathematics either. On the one hand it is said to be an
immediate consequence of the constructive interpretation of the quantifiers.
Any proof of Vx € A3y € B ¢(x,y) must yield a function f : A — B such that
Vo € A¢(z, f(z)). This is certainly the case in Martin-Lof’s intuitionistic
theory of types. On the other hand, it has been observed that the full



axiom of choice cannot be added to systems of extensional constructive set
theory without yielding constructively unacceptable cases of excluded middle
(see [9]). In extensional intuitionistic set theories, a proof of a statement
Vexe AJye B ¢(x,y), in general, provides only a function F', which when fed
a proof p witnessing x € A, yields F'(p) € B and ¢(z, F(p)). Therefore, in the
main, such an F' cannot be rendered a function of x alone. Choice will then
hold over sets which have a canonical proof function, where a constructive
function h is a canonical proof function for A if for each z € A, h(x) is
a constructive proof that x € A. Such sets having natural canonical proof
functions “built-in” have been called bases (cf. [24], p. 841).

The particular form of constructivism adhered to in this paper is Martin-
Lof’s intuitionistic type theory (cf. [13, 14]). Set-theoretic choice principles
will be considered as constructively justified if they can be shown to hold
in the interpretation in type theory. Moreover, looking at set theory from a
type-theoretic point of view has turned out to be valuable heuristic tool for
finding new constructive choice principles. For more information on choice
principles in the constructive context see [20].

2.1 Some constructive choice principles

In many a text on constructive mathematics, axioms of countable choice
and dependent choices are accepted as constructive principles. This is, for
instance, the case in Bishop’s constructive mathematics (cf. [8]) as well as
Brouwer’s intuitionistic analysis (cf. [24], Ch. 4, Sect. 2). Muyhill also
incorporated these axioms in his constructive set theory [17].

The weakest constructive choice principle we shall consider is the Aziom of
Countable Choice, AC,, i.e. whenever F' is a function with domain w such
that Vi €w Jy € F (i), then there exists a function f with domain w such that
View f(i) € F(i).

A mathematically very useful axiom to have in set theory is the Dependent
Choices Aziom, DC, i.e., for all formulae v, whenever

(Vezeca) (Fyeca)(z,y)

and by € a, then there exists a function f : w — a such that f(0) = by and

(Vnew)y(f(n), f(n+1)).



Even more useful is the Relativized Dependent Choices Axiom, RDC. It
asserts that for arbitrary formulae ¢ and v, whenever

Vo[p(z) — Jy(d(y) A p(z,y))]

and ¢(by), then there exists a function f with domain w such that f(0) = by
and

(Vnew)[o(f(n)) A ¥(f(n), f(n+1))].

2.2 Operations on sets

The interpretation of constructive set theory in type theory not only validates
all the theorems of CZF (resp. CZF + REA) but many other interesting
set-theoretic statements, including several new choice principles which will
be described next. To state these principles we need to introduce various
operations on classes.

Remark 2.1 Class notation: In doing mathematics in CZF we shall exploit
the use of class notation and terminology, just as in classical set theory. Given
a formula ¢(x) there may not exist a set of the form {z : ¢(z)}. But there is
nothing wrong with thinking about such collection. So, if ¢(z) is a formula in
the language of set theory we may form a class {z : ¢(z)}. We allow ¢(x) to
have free variables other than x, which are considered parameters upon which
the class depends. Informally, we call any collection of the form {z : ¢(x)}
a class. However formally, classes do not exist, and expressions involving
them must be thought of as abbreviations for expressions not involving them.
Classes A, B are defined to be equal if Vz[z € A <» x € B|.

We may also consider an augmentation of the language of set theory whereby
we allow atomic formulae of the form y € A and A = B with A, B being
classes. There is no harm in taking such liberties as any such formula can
be translated back into the official language of set theory by re-writing y €
{o: o(z)} and {2 : 6(x)} = {y : )} as B(y) and Vz[p(2) & ()],
respectively (with z not in ¢(z) and ¥ (y)).

Definition 2.2 Let CZF g,, denote the modification of CZF with Eponen-
tiation in place of Subset Collection.

Remark 2.3 In all the results of this paper, CZF could be replaced by
CZF g, that is to say, for the purposes of this paper it is enough to assume
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Exponentiation rather than Subset Collection. However, in what follows we
shall not point this out again.

Definition 2.4 (CZF) If A is a set and B, are classes for all x € A, we

define a class ], 4 Ba by:
[[B: = {f:A—= |JB:|Vz€A(f(z) € B.)}. (1)
TEA €A

If Avis a class and B, are classes for all x € A, we define a class ), ., B,
by:

S B = {wy)lreAnye B} £)

z€A
If A is a class and a,b are sets, we define a class I(A, a,b) by:
I(A,a,0) = {z€1lla=bAabe A} (3)
If A is a class and for each a € A, B, is a set, then
WieaB,

s the smallest class Y such that whenever a € A and f : B, — Y, then
(a,f) €Y.

Lemma 2.5 (CZF) If A,B,a,b are sets and B, are sets for all x € A, then
[LicaBo: D opes Br and I(A, a,b) are sets.

Proof. First of all, we need to prove that (J,., B, is a set. Indeed, g =
{{z,{z,B,}} |z € A}, and so JUg = {z,2,B, | 2z € z,x € A} is a set by
Union. Now

ran(g) = {yGUUg| EIxGUUQ((%?D €g9)}

and | J,. 4 B, = [Jran(g) are sets by Bounded Separation and Union.
1: The class of all functions from A to |, ., Bs is a set by Exponentiation
and

T€EA

[[B: = {f:A—= | B.|Vz€A(f(z) € B.)}

TEA T€EA



is a set by Bounded Separation, since Vx€ A(f(z) € B,) can be rewritten as
Vo€ AJyeran(f)Iy' eran(g)((z,y) € f A (z,y') € gAy € V).

2: Using from above that | J
ment we obtain a set

Ax | B, ={(z.y)|ze Arye | B}

T€EA TEA

sc4 Bz 18 a set, by Pairing, Union and Replace-

Now, the set
E:Bm = {{z,y)€ A x UBHxGA/\yGBm}

TEA z€EA

exists by Bounded Separation, since x € A Ay € B, can be rewritten as
r € AANTF eran(g)((z,y)y e ghy €Y).
3: I(A, a,b) is a set by Bounded Separation. O

Lemma 2.6 (CZF +REA) If A is a set and B, is a set for all x € A, then
W caB, s a set.

Proof. This follows from [3], Corollary 5.3. O

2.3 Inductively defined classes

In the following we shall introduce several inductively defined classes, and,
moreover, we have to ensure that such classes can be formalized in CZF.
We define an inductive definition to be a class of ordered pairs. If ¢ is an
inductive definition and (x,a) € ® then we write

R

P

and call 2 an (inference) step of ®, with set x of premisses and conclusion
a. For any class Y, let

Te(Y) = {a| x(@CY A gq))}.

The class Y is ®-closed if T'o(Y) C Y. Note that I' is monotone; i.e. for
classes Y1, Y5, whenever Y7 C Y5, then T'(Y7) C T'(Y3).

We define the class inductively defined by ® to be the smallest ®-closed
class. The main result about inductively defined classes states that this
class, denoted I(®), always exists.



Lemma 2.7 (CZF) (Class Inductive Definition Theorem) For any inductive
definition ® there is a smallest ®-closed class I(P).
Moreover, call a set G of ordered pairs good if

(%) {a,y) € G =y € T's(G?).

where

G ={y' | Fz€a (x,y') € G}.
Letting J = |J{G | G is good} and J* = {x | (a,x) € J}, it holds

19) = JJe

and for each a,
J* = Teo(|JJ9).
rea
J is uniquely determined by the above, and its stages J* will be denoted by
I's.

Proof. [2], section 4.2 or [4], Theorem 5.1. O

Lemma 2.8 (CZF)

There exists a smallest T1X-closed class, i.e., a smallest class Y such that
the following hold:
(i) neY foralln € w;
(11) weY;

(ii1) [l,enBe € Y and ), ., B, € Y whenever A€Y and B, € Y for all
x € A.
Likewise, there exists a smallest IIX1-closed class, i.e. a smallest class Y*,
which, in addition to the closure conditions (i)—(iii) above, satisfies:

(iv) I(A,a,b) € Y* whenever A € Y* and a,b € A.

Proof. The classes Y and Y™ are inductively defined, and therefore exist
by Lemma 2.7. To be precise, the respective inductive definitions of these
classes are given by the classes @4, ..., ®5 consisting of the following pairs:

(i) — ¢, , forall n € w;
n



(i) {dom(g)} Uran(g)
[Icq9(2)

o, , for all functions g with dom(g) = A;

(iv) {dom(g)} Uran(g)
ZmEA g9(z)

o, , for all functions g with dom(g) = A;

{4} -
(v) T(4.0.0) o, ,ifa,b€ Al

(Clause (v) is only needed to define Y*.) O

Lemma 2.9 (CZF + REA) There exists a least IIXW -closed class, i.e. a
smallest class Yy that in addition to the clauses (i),(ii),(iii) of Lemma 2.8
satisfies:

(vi) WoecaB, € Yy whenever A € Yy and B, € Y, for all x € A.

Likewise, there exists a smallest IIXWI-closed class, i.e. a least class Y,
which, in addition to the closure conditions above, satisfies clause (iv) of
Lemma 2.8.

Proof. Virtually the same as for Lemma 2.8. O

2.4 Strong choice principles

Definition 2.10 The ITX-generated sets are the sets in the smallest TI3-
closed class, i.e. Y. Similarly one defines the ITXI, TIXW and ITXWI-
generated sets.

A set P is a base if for any P-indexed family (X,).cp of inhabited sets X,
there exists a function f with domain P such that, for all a € P, f(a) € X,.
IT¥— AC is the statement that every I13-generated set is a base. Similarly
one defines the axioms ITXI—- AC, ITXWI—-AC, and IIXW - AC.

Lemma 2.11

(i) (CZF) For every A € Y* there exists a B € Y with a bijection h: B —
A.
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(ii)) (CZF + REA) For every A € Y, there exists a B € Yy, with a
bijection h: B — A.

Proof. See the lemma following Theorem 3.7 in [3]. O
Corollary 2.12

(i) (CZF) IIX— AC and IIXI— AC are equivalent.

(ii) (CZF + REA) ITYXW — AC and ITIXWI—-AC are equivalent.

Proof. IT3XI— AC obviously implies ITX—AC, since Y C Y*. To prove
the converse, assume IIX—AC, A € Y*, and Vo€ AJyp(z,y), where ¢ is a
formula of CZF. Take a B and a bijection h: A — B which exists by the
previous Lemma; then Vz € B3y ¢(h~'(z),y). By I¥ - AC,

f:B — VVzeBo(h '(2), f(z)).

This yields
Vo€ Ap(h o h(x), foh(z))

so that Vee A p(z, f o h(z)).
The proof of (ii) is similar. O

3 Interpreting bounded formulae as sets

Notation. For sets 2 and y, we define sup(x,y) as {(z,y). If « = sup(A4, f),
where f is a function with domain A, we define @ := A and & := f.

Definition 3.1 (CZF) By Lemma 2.7 we define classes V(Y*) and H(Y™)
by the following rules:

acY* fra— V(Y

sup(a, f) € V(Y*)

(4)

acY"® fia— H(Y?)
ran(f) € H(Y™)

(5)

The classes V(Y) and H(Y) are defined in the same vein by replacing Y*
by Y in the foregoing clauses.

11



Definition 3.2 (CZF) The (class) functions =:V(Y*) x V(Y*) — Y* and
€ :V(Y*) x V(Y*) = Y* are defined by recursion as follows:

=(a,8) is [[D = (G6@), ) < [[D = (@), 5), ()

TEQ yGB yGB reEQ

Definition 3.3 (CZF + REA) In the same vein as in Definitions 3.1 and
3.2 we define classes V(YZ%), V(Yw), H(YZ), H(Yyw), and (class) functions
=:V(YL) x V(YL) = YE and € : V(YY) x V(Y3,) — Y by replacing
Y* with Y.

),
*
W

Convention. We will write « =  and a € § for = (o, ) and € (a, ),
respectively.

Lemma 3.4
(i) (CZF) H(Y) = H(Y").
(ii) (CZF + REA) H(Y,,) = H(Y%).

Proof. (i): Plainly, we have H(Y) C H(Y*). To show H(Y*) C H(Y),

we shall draw on Lemma 2.7. Let I'ycy~) be the operator that inductively
defines H(Y™) so that

H(Y*) — U F?‘I(Y*)

Proceeding by set induction on a, we show that I'fyy.) C H(Y). So assume
that (e, Flﬁ(y*) C H(Y) and suppose g: A = |,c, F’I’{(Y*), where A € Y*.
Owing to Lemma 2.11 there exists B € Y and a bijection h : B — A.
Then we have goh : Y — H(Y), and thus ran(g) = ran(g o h) € H(Y).
Consequently, Thye) € H(Y).

(ii) is proved similarly. O

Definition 3.5
(i) (CZF) The mapping ¢: V(Y*) — H(Y") is defined by recursion via
Usup(a, f)) = {l(f(D)]i€a} = ran(lo f). (8)

12



(ii)) (CZF + REA) The mapping ly, : V(Y%) — H(YZ) is defined by

tw(sup(a, f)) = {tw(f()))]i€a} = ran(lyof).  (9)

Lemma 3.6
(i) (CZF +IIX—AC) /¢ is surjective.
(ii)) (CZF +IIXW —AC) /s, is surjective.
Proof. By induction on the inductive generation of H(Y™*), we prove
VeeH(Y")32eV(Y")(U(2) = x).

Let x € H(Y*). Then z = ran(g) for some function g : A — H(Y"),
where A € Y*. Inductively we have Vu € A3c € V(Y*)(¢(c) = g(u)). By
IT¥T—- AC, which by Corollary 2.12 is equivalent to IT¥X— AC, there is a
function f: A — V(Y*) such that Yu € A({(f(u)) = g(u)). Note that
sup(A, f) € V(Y*). Hence {(sup(A4, f)) =ran({ o f) = ran(g) = x.

(ii) is proved similarly. O

Lemma 3.7 (CZF + IIX - AC) Let o, 8 € V(Y*). Then we have:
(i) Fie(a=p) < o) =Lp).
(ii) Jie(a € B) < ((a)€ ().

Proof. (i) is proved by induction on « and f:

Ji€ (a = B)
Juv({u,v) € (= f))

11

MEELC vreadyefTie(a(z) = By)) AVyeBIreadje(a(z) = B(y))
&5 VeeayeB(U(a(x) = L(B(y)) AVyeBImea(l(a(z)) = ((B(y)))
< ran(loa)=ran(lo f)
= l(a)=Qp).

13



(ii) now follows from (i):

Jie(a € B) < TJyepije
i)

—~

117

Lemma 3.8 (CZF + IIXW —ACQC) Let o, 5 € V(YZ). Then we have

(i) Fie(a=p) & ly(a)="~{w(B).
(ii) Fic(a€B) & Llyla) € ly(B).

Proof. The same as for Lemma 3.7.

Definition 3.9 (CZF) For any set A and class B we define:

A—=B as [[,c.B.
For any classes A and B we define:

AxB as >, ,B

T€A T

A+B as Y, .,Cy where Cy= A and C; = B.

(10)

(11)

Definition 3.10 A V(Y *)-assignment is a mapping M : Var — V(Y*),
where Var is the set of variables of the language. M a) will also be denoted

by an.

If M is a V(Y*)-assignment, u is a variable, and d € V(Y*), we define a

V(Y*)-assignment M (u|d) by

M(v) if v is a variable other than u

if v is u.

Mo ={ )

Sometimes, when an assignment M is fixed, we will omit the subscript 4.

14



Definition 3.11 (CZF) To any bounded formula 6 € Lc and V(Y *)-assignment
M we shall assign a set [H]M. Since we have already used the symbol “—”

for function spaces we shall denote the conditional by “D”.

The recursive definition of [ 0] ,, is given in the table below:

0 Le ARy

1 0

a=1b am = bm

a€hb an € by

Oy N 6, O D x L0104

0y V 6, LIl + L0 0

6y D 6 O pe — L0 T s
Yoead) [Leeaz LY D mpiamice
dvea) Zmem [¢]M(vlﬁ(m))

Lemma 3.12 (CZF) For every bounded 6 € Lc and V(Y*)-assignment M,
ICAIFVESR 48

Proof. This is proved by induction on # using Lemma 2.8 and Definitions
3.2 and 3.9. O

Lemma 3.13 (CZF + REA) A V(YL,)-assignment is defined similarly as
a V(Y*)-assignment in Definition 3.10. Likewise, as in Definition 3.11, to
any bounded formula 8 € Lc and V(Y%)-assignment M we assign a set
L01 - We then have, for every bounded 6 € Lc and V(Y,)-assignment
M, 6], €Y.

Proof. This is proved as Lemma 3.12. O

Theorem 3.14 (CZF +IIX—AC) For every bounded 6 € Lc and V(Y*)-
assignment M,

Jie[ 6], & 0,

where 0“M) denotes the result of replacing every free variable a of 0 by {(an).
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Proof. We proceed by induction on 6. If # is L, the assertion is obvious. If §
isa = bor a € b, the assertion follows from Lemma 3.7. Assume 0 is 6y A 6.
Then:

e[ 0o AT, < FuclOlyAvel0],, <= 0" Ag.
Assume 6 is 0y V 6,. Then:
Elie[[ﬁval]M
Jue2Fv[(u=0Ave[b6],)Vu=1Ave 0],
Julu=0 A Fve[6],]VIuu=1 A Fvel6],,]

El’l)el]:go]]M V Elve[[@lﬂM
05(/‘4) V gf(M)‘

ELLD

Assume 6 is (6p D 61). Then:
E|f€ [00 — 91]:[/\/[

= 3fe(0]p— Lo IM)

<= 3f(Funf[f]Adom(f) =[0I, AVyEL O]\ (f(y) € LT 10)
L vyel 0], Jicl 6],

=  Jyellb]l\, D> Fieloi],,

AL M 5 gl

Assume 6 is Vo€ a). Then:

fel[Vveay ],
— dfe 11 IIT/)]M(UWH(C’?))
<= 3f (Fun(f) A dom(f) =an A Veean (f(2) € L] upamen)

IIXI-AC —_ .
&= veety Jie [ V] upane)
H Vi€ wl(M(v\EH(m))

=  (Ywea)™.

Assume 6 is FJvea). Then:

dde[Iveay],, < 3de Z [’éﬂ]M(mm(x))

reapm
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= Jrean Ise[P]

v|ap (z))
AL 3y g MOIaE (@)
= (Fveay)' ™M,

O

Theorem 3.15 (CZF + REA + IIXW —AC) For every bounded 0 € L¢
and V(Y3%)-assignment M,

Jiel6],, < oM,

where 0WM) denotes the result of replacing every free variable a of 6 by
KW(GM).

Proof is by induction on # as in the previous Theorem 3.14. O

4 The formulae-as-classes interpretation for
arbitrary formulae

In order to reflect within CZF the formulae-as-classes interpretation for ar-
bitrary set-theoretic formulae and judgements of Martin-Lof type theory we
shall need to represent large types I1¥-generated on top of V(Y*). The lan-
guage of CZF, though, is not rich enough to do it in a straightforward way.
To remedy this we utilize a special notion of set recursive partial function
developed in [21].

4.1 Extended FE-recursive functions

We would like to have unlimited application of sets to sets, i.e. we would
like to assign a meaning to the symbol {a}(z) where a and z are sets. In
generalized recursion theory this is known as E-recursion or set recursion
(see, e.g., [18] or [23, Ch.X]). However, we shall introduce an extended no-
tion of E-computability, christened E -computability, rendering the function
exp(a,b) = ®bis computable as well, (where ®b denotes the set of all func-
tions from a to b). Moreover, the constant function with value w is taken
as an initial function in E,-computability. From a classical standpoint, E-
computability is related to power recursion, where the power set operation
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is regarded to be an initial function. The latter notion has been studied by
Moschovakis [15] and Moss [16].

There is a lot of leeway in setting up F,-recursion. The particular schemes we
use are especially germane to our situation. Our construction will provide
a specific set-theoretic model for the elementary theory of operations and
numbers EON (see, e.g., [7, VI.2], or the theory APP as described in [24,
Ch.9, Sect.3]).

Definition 4.1 (CZF) We shall utilize encoding of finite sequences of sets
by the pairing function (). First, we select distinct non-zero natural num-
bers k. s, P, Po. P1, SN, PN, dn, 0, @, 7, o, pl, i, fa, and ab which will pro-
vide indices for special E-recursive partial (class) functions. Inductively we
shall define a class E of triples (e, z,y). Rather than “(e,z,y) € E”, we shall
write “{e}(z) ~ y”, and moreover, if n > 0, we shall use {e}(x1,...,2,) >~y
to convey that {e}(x1) ~ (e, 1) and {{e,x1)}(zs) =~ (e, x1,29) and .... and
{{e;x1,...;xn_1)Hxy) =~ y. We shall say that {e}(z) is defined, written
{e}(z) {, if {e}(x) ~ y for some y. Let N:=w. E is defined by the following
clauses (inference steps):

{{z}(2)}({y}(2))
(z,y)

()o

(2)

{sn}(n n+1ifneN
{p~}(0 0
{pn}(n+1 nifneN
{dn}(n,m,z,y zifn,méeNand n=m
{dn}(n,m,z,y yif n,m € Nand n #m

o

w
[1.c, 9(2) if g is a (set-)function with dom(g) =
Y .e0 9(2) if g is a (set-)function with dom(g) = =
{pl}(z,
{i} (2, y,2
{fa}(g,

I(z,y, 2)

g(x) if g is a (set-)function and = € dom(g)
h if h is a (set-)function with dom(h) = a
and Vzea {e}(z) ~ h(x).

ORI R RRRR
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Note that for {s}(z,y, z) to be defined it is required that {z}(2), {y}(z) and
{{z}(2)}({y}(2)) be defined. The clause for s is thus to be read as a con-
junction of the following clauses: {s}(z) ~ (s, z), {(s,x)}(y) ~ (s, z,y) and,
if there exist a,b,c such that {z}(z) ~ a, {y}(z) =~ b, {a}(b) ~ ¢, then
(sr)e) e

The constants fa and ab stand for function application and function abstrac-
tion, respectively.

Lemma 4.2 (CZF) E is an inductively defined class and E is functional in
that for all e,x,y,y’,

(e,z,y) EE A (e,z,y) EE = y=1y.

Proof. The inductive definition of E falls under the heading of Lemma 2.7.
If {e}(z) ~ y the uniqueness of y follows by induction on the stages (see
Lemma 2.7) of that inductive definition. O

Definition 4.3 Application terms are defined inductively as follows:

(i) The constants k,s,p,po,P1,5n,PN.dn,0,@,7,0,pl,i,fa,ab singled out in
Definition 4.1 are application terms;

(ii) Variables are application terms;
(iii) If s and ¢ are application terms then (st) is an application term.

Definition 4.4 Application terms are easily formalized in CZF. However,
rather than translating application terms into the set-theoretic language of
CZF, we translate expressions of the form ¢ ~ wu into the language of set
theory, where ¢ is an application term and u is a variable.

The translation proceeds along the build-up of ¢ as follows:

c~wu is c¢=u if ¢ is a constant or a variable;
(st) ~u is Fry(s~z At =yA{zx}(y) ~u).

Abbreviations. In connection with application terms s, t, t1,...,t, we will
use the following abbreviations:

s(t1,...,t,) isshort for ((...(st1)...)tn) (parentheses associated to the left);
sty ...t, isshort for s(ty,...,t,);
t} is short for Jxt ~x; (¢ is defined)
s~t isshort for s|lVitl DO Jrx(s~xAtx~uzx).
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A closed application term is an application term that does not contain vari-
ables. If ¢ is a closed application term and aq,...,a,,b are sets we use the
abbreviation

t(ar,...,ay) ~b for Fxy...x,y(r1=a1 A ... ANzp=a, Ny=2>
A t(xy, ... xn) > Y).

Definition 4.5 Every closed application term gives rise to a partial class
function. A partial n-place (class) function Y is said to be an E,-recursive
partial function if there exists a closed application term ¢y such that

dom(T) = {(ala"':a’n) |tT(a1:"'7an) \L}
and for all for all sets (aq,...,a,) € dom(Y),
tr(ar,...,a,) =~ Y(a,...,a,).

In the latter case, ¢~ is said to be an index for T.
If Ty, Y, are E,-recursive partial functions, then Y;(@) ~ YTo(a@) iff neither
Y1(@) nor Yo(a@) are defined, or Y(@) and Y,(@) are defined and equal.

The next two results can be proved in the theory APP and thus hold true
in any applicative structure. Thence the above applicative structure satisfies
the Abstraction Lemma and Recursion Theorem (see e.g. [10] or [7]).

Lemma 4.6 (Abstraction lemma, cf. [7, VI.2.2]) For every application term
t there exists an application term Ax.t whose free variables are those of t
without x such that the following holds:

Vg .. Ve, (Ax.tl A Yy (Az.t)y ~ t{z/y]).

Proof. (i) Az.x is skk; (ii) Az.t is kt for ¢ a constant or a variable other than
x; (i) Az.ww is (s(Az.u))(Az.v). O

Lemma 4.7 (Recursion Theorem, cf. [7, VI.2.7]) There exists a closed ap-
plication term rec such that for any f, x,

recf |l A recfz ~ f(recf)z.

Proof. Take rec to be Af.tt, where ¢ is Ay\x. f(yy)z. O
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Corollary 4.8 For any E-recursie partial function Y there exists a closed
application term Ty, such that Ty, | and for all @,

T(e,d) =~ T74ip(a),

where Ty > €. Moreover, Ty, can be effectively (e.g. primitive recursively)
constructed from an index for Y.

4.2 Arbitrary formulae

With the aid of indices for F-recursive partial functions, we have the means
to extend the formulae-as-sets interpretation of Definition 3.11 to arbitrary
formulae. However, while [ #]] ,, is a set for bounded formulae 6, the in-
terpretation [ ¢]|,, of an unbounded formula will be a proper class (where
M is a V(Y*)-assignment). For example, if ¢ is of the form ¢y O ¢; with
¢o unbounded, then [[ ¢ ], will be a class of indices of E-recursive partial
functions that map elements of [[ g ]]'\, to to elements of [ ¢; ]|\

In the course of defining [ ¢],,, we shall also furnish this class with an
equality relation. As in Martin-Lof type theory, each class [ ¢]]), comes
equipped with its own equality relation, and we shall write a = b € [ @]},
to convey that a and b are “equal” elements of [[go]M For bounded ¢,
a =0 ¢€ [¢]\y just means the ordinary identity of a and b as sets, i.e.,
a=">0¢ ¢l iff a,b € [¢]ll\, and a = b. For formulae 6,1 with 6
unbounded we define

L0 — [vlu (12)

to be the class of all sets s such that for all z € [ 0], {s}(z) € [v]\,

and for all z =y € [ 0], {s}(z) = {s}(y) € [ ]\, assuming that the
equality relations on [[ 6], and [ ¢ ], have been previously defined.

Definition 4.9 (CZF) If B is a class and a, z are sets, we write {a}(z) € B
for Jy({a}(z) =y Ay € B). N

If Ais a class and B, are classes for all z € A, then we define a class HmeABm
in the following way:

[[ B = {alvecA({a}(@) € B.)}. (13)
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Definition 4.10 (CZF) For every formula 6§ € L and V(Y*)-assignment
M, we define a class [[ 6]]),,. The definition is given in the table below:

0e L IRy

4 0

a=>b ap = b

a€b apm € by

fo A 61 LOoTv > L0 I

6o V 6, IRy

0y D 6, [0l — [ 011 if 6 is bounded
6o D 6, Lol — L6111 if 6o is not bounded
Vveay eease LY Dia @y

veay 2 seam LY Dmeuiazio

Yoy ﬁmeV(Y*)[T/’]M(vm

Jvip > vy LT v

We also have to declare the equality relations pertaining to the above classes.
For bounded 0, z =y € [ 0], stands for z,y € [ 0], and z = y. (z,y) =
(u,v) € [ 061, x [ 011, means (z,y), (u,v) € [ 6], x [6:1], and z =
ue [0y andy=ve 0]y (Gz)={y) €[]+ [0, means
(i,x),(j,y) € [0l + L0111 and either i =j =0 A 2=y € [6]},
ori=j=1Az=y¢€ 6], Forbounded by, f =g € ([0, —
[6:0,) means f,g € (L6, — [6:],) and f = g. For unbounded 6,
a=0be ([ 0], —16 1) means a,b € ([ 6o]] \,—[ 011, and for all
z € [00] v {a}(@) = {0}(z) € [0l f = 9 € [locan LY meame)
means f,g € Hmem[w])\/t(u\m(m)) and for all x € an, f(z) = g(x) €
LoD mpaziay ¥2) = (ww) € 3 cans [V mujan @) Mmeans (v, 2), (u, w) €
2veaz L mpaney and vy = 2 and v = w € [ vpann) @ =
b € [Lieviy LY 1 mp means a.b € [ ey LY and for all z €
V(Y"), {a}(z) = {b}(z) € LD miufay W5 2) = (ww) € X peviy) LV Dniora
means (y, z), (u, w) € 3 cyiy-) LV v andy =uvand z = w € [ ¥ ]y,
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Lemma 4.11 (CZF) For every bounded formula 6 and V (Y*)-assignment

Proof. This follows by induction on # by comparing Definitions 3.11 and

4.10. O
Definition 4.12 If 0(uy, ..., u,) is a formula of L¢ all of whose free variables
are among uq, ..., u,, and ay,...,a, € V(Y*), we shall use the shorthand

[0, ..., a.)] rather than [ 6]]),, whenever M is an assignment satisfying
M(u;) = a; for 1 < i < r. In the special case when 6 is a sentence we will
simply write [[ 6] . We shall also use the following abbreviations:

elFO(ar,...,ap) iff ee€[[O(an,...,00)]
V(Y") Eb(ay,...,ap) iff elF6(ay,...,q,) for some e
E0(a,...,a,) iff V(Y")Eb(ay,..., o).

For a set-theoretic formula 6(@) we say that 0(d) is validated in V (Y*) if we
have produced a closed application term ¢ such that ¢(a) I- 6(&) holds for all
ae V(Y.

4.3 The formulae-as-classes interpretation for CZF

The rationale for the employment of the particular notion of extended FE-
recursive is revealed only in the proof of the following theorem.

Theorem 4.13 ([21], Theorem 4.13) Let O(uy,...,u,) be a formula of L
all of whose free variables are among uy, ..., u,. If

CZF + IIX—ACF O(uy, ..., u.),

then one can effectively construct an index of a E,-recursive partial function
g such that

CZFp,p FVau,...,a, € V(Y?) g(aq,...,a,) € [0(cu,...,a.)].

Recall that CZF g4y, denotes the modification of CZF with Exponentiation in
place of Subset Collection.

Proof. See [21], Theorem 4.13. The proof of 4.13 is rather long and requires
close attention to the definition of indices of E-recursive functions. O
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4.4 The formulae-as-classes interpretation for CZF +
REA

As the reader might expect, the formulae-as-classes interpretation given for
CZF above can be extended to CZF + REA also. The first step is to add
the following condition to the definition of E-recursive functions, giving rise
to the EY-recursive functions:

{Wwh(z,g9) = W,epg(2) if g is a (set-)function with dom(g) = =z,

where w is a “fresh” natural number.
One then defines for every formula 6 € £ and V(Y?,)-assignment M, a class
[ 67, as in Definition 4.10, where, however, the definition of the product

B, = {a|VzecA({a}(x) € B,)} (14)

T€EA

is to be understood in the sense of EZ-recursive functions. Correspondingly,
we obtain the following result.

Theorem 4.14 ([21], Theorem 4.33) Let O(uq,...,u,) be a formula of L
all of whose free variables are among uy, ..., u,. If

CZF + REA + IIXW-AC+ (uy, . .., u,),

then one can effectively construct an index of a EJ-recursive partial function
g such that

CZFp,, + REAFVa € V(Y?) ¢(@) € [0(@)],

where & = ay,...,a, and CZF gy, denotes the modification of CZF with
Ezxponentiation in place of Subset Collection.

Proof. See [21], Theorem 4.33. The proof builds on the proof of Theorem
4.13. O

5 The formulae-as-classes interpretation and
validity in H(Y")

The following considerations are reminiscent of Definition 3.8 and Theorem 3
of [25].
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Definition 5.1 A formula is said to be CC if no unbounded quantifier in it
occurs in the antecedent of an implication.

Note that bounded as well as prenex (i.e. bounded preceded by a string of
quantifiers) formulae are CC.

Theorem 5.2 (CZF +IIX - AC)
For every 0 € L and any V (Y*)-assignment M, if 0 is CC, then

e[ 6], = 0™,

where °M) denotes the result of replacing each free variable a of 6 by £(aa)
and each unbounded quantifier Qz of 6 by Qx e H(Y™).

The proof is by induction on 6. If # is an atom, the assertion follows from
Lemma 4.11 and Theorem 3.14. If 6 is a conjunction or disjunction, then the

assertion follows easily from the ITH.
Suppose 0 is 0y D 6, and ¢ € [G:UM Since 6§ € CC, 0y must be bounded. If

;™) then by Theorem 3.14 Ji € [ 601 s and thus r(i) € [ 6], which
by the IH yields 6. As a result, %M.

Assume 0 is Vv€a ). Then we have:

AfelVvear],
e T Te¢Tmupam)

TEANM
3f [Funlf] A dom(f) = @ A Veeam(f(2) €[4T nupm o))
Ve€an 3y €LY vpam )
VIGWZ/)E(M(U‘W(@)
(Vo€a ).

Pl=ll 1

Assume 6 is FJvea). Then:

Jde[veav]y <= 3> [¥Tmwy
JE€arM
= JjeanmIse [V uwy

% 3j e ¢4(M(v|m(j))

— (wearp)'™.
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Assume 0 is Yv ). Then we have:

da € U:V’U T/J:HM < da€ H:L‘GV(Y*)”:T/)IIM@'J:)

<— JaVzeV(Y") ({a}(x) € [wﬂM(v\x))
— VzeV(Y*) Iy € [¢Tmwa

BUN VxGV(Y*)T/)E(M(vm)

=22 (Vo).

Assume 0 is Jv ). Then:

Jde [l < e > [T

JEV(Y™)
= FeV(Y")Is € [¥]uuy
I 35 € V(Y*)ptMeli)

—  (Juep)'™),

Theorem 5.3 (CZF + REA +IIXW-AC)
For every 0 € Lc and any V (Y3,)-assignment M, if 0 is CC, then

Jiel6],, = o0~

where 0M) denotes the result of replacing each free variable a of 6 by
lw(apn) and each unbounded quantifier Qx of 0 by QreH(YL).

Proof. This is the same proof as for the previous one. O

5.1 “Mathematical” formulae

The previous theorem provides a collection of formulae for which inhabited-
ness of their formulae-as-classes interpretation implies their truth. However,
it is not clear whether this collection includes many statements of worka-
day mathematics. To show the richness of CC, we shall coin the notion of a
“mathematical” formula.
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Definition 5.4 The mathematical set terms are a collection of class terms
inductively defined by the following clauses:

1.

2.

w 1s a mathematical set term.

If S and T are mathematical set terms then so are

US = {u:3reSueua},
{5,T} = {u:u=SVvVu=T}

. If S and T are mathematical set terms then so are

S+T = {{0,z): ze€ S} U{{l,z): €T},
SxT = {{z,y): €S ANyeT},
S—T = {f: f:5—=>T}.

It STy, ..., T, are mathematical set terms and ¢ (z,y1,...,y,) is a

restricted formula (of set theory) then
{fl? €S: w(xaTla' . :T’n)}

is a mathematical set term.

LIS, Ty, ..., Ty, Py, ..., P, are mathematical set terms and v (z, ¢/, 2) is

a bounded formula (of set theory), where 7,2 = y1,...,Yn, 21, - -, 2k,
then

{u: u={zxeSs: w(x,yl,...,yn,ﬁ)}/\yleTl Ao Ny, €T}

is a mathematical set term, where P= P, ... PB.

The generalized mathematical set terms are defined by the clauses for math-
ematical set terms plus the following clauses:

6.

If T is a generalized mathematical set term then so is H(T'), where
H(T') denotes the smallest class Y such that ran(f) € Y whenever
ac€T and f:a—Y.

7. If S and T are generalized mathematical set terms, then so is W 5T},
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8. If S and T are generalized mathematical set terms, then so is WF (S, T).

Here WF(S,T) denotes the smallest class Z such that whenever a€S
and T, = {z€S | (x,a) € T} C Z then a€Z.

A mathematical formula (generalized mathematical formula) is a formula of
the form ¢(Ty,...,T,), where ¢(xy,...,2,) is bounded and T3,...,T, are
mathematical set terms (generalized mathematical set terms) (with the pro-
viso that none of the free variables occurring in the 7;’s is a bound variable
of ).

A mathematical sentence (generalized mathematical sentence) is a mathemat-
ical formula (generalized mathematical formula) without free variables.

Remark 5.5

1. From the point of view of ZFC, the mathematical set terms denote
sets of rank < w + w in the cumulative hierarchy while the generalized
mathematical set terms denote sets of rank < N,,.

2. The idea behind mathematical set terms is that they comprise all sets
that one is interested in in ordinary mathematics. E.g., with the help
of Definition 5.4, clauses (1) and (3) one constructs the set of natural
numbers, integers, rationals, and the function space N — Q. Using
clause (4) one obtains the set of Cauchy sequences of rationals from
N — Q. The main application of clause (5) is made in constructing
quotients. If S and R C S x S are set terms and R is an equivalence
relation on S, then (5) permits one to form the set term

S/R = {la]r | a€S},

where [a]r = {z€S | (x,a) € R}.

Therefore, by employing clause (5), one can define the set of equivalence
classes of Cauchy sequences, i.e., the set of reals.

3. Definition 5.4 clause (5) is related to the abstraction axiom of Fried-
man’s system B in [11].

Lemma 5.6 (i) (CZF) Every mathematical set term is a set.

(ii) (CZF + REA) Every generalized mathematical set term is a set.
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Proof: We proceed by induction on the clauses for the definition of math-
ematical set terms. w is a set by the Infinity Axiom. That the set terms
generated by clause (2) are sets follows from the respective inductive hy-
pothesis via the Pairing and Union Axioms. If the set terms are generated
according to clause (3), one applies the respective inductive hypothesis and
the fact that CZF proves the existence of the disjoint union, cartesian prod-
uct, and function space of any two sets. For set terms generated according to
clause (4) one uses the inductive hypothesis for the set terms S, 11, . .., T,, and
Bounded Separation. Next, we address clause (5). By the inductive hypothe-
ses, ]3, T, S are sets. Hence, using Bounded Separation, {z € S : ¢(z, 7, ]3)}
is a set for every i € Ty X --- x T,,. Using the Replacement Schema (which
is provable in CZF),

{fu:u={zeS: Y,y,....ynP) YAy €Tt A ... ANy, €T,)}

is a set.

To prove that every generalized mathematical set term is a set on the basis
of CZF + REA, we have to consider clauses (6)-(8) as well. Here we invoke
[3], Corollary 5.3, namely that CZF + REA proves that H(T"), W,cs7T, and
WF(S,T) are sets whenever S and T are sets. 0

Formally, we shall conceive of mathematical formulae and generalized math-
ematical formulae as defined in a certain extension L, of the language L,
namely an extension by class terms. Strictly speaking, the formulae-as-classes
interpretation is defined for formulae of £ only. In order to talk about the
interpretation of Lco-formulae, we shall fix a translation ()<> from L s to
Lc. The definition below is inductive and follows the intended meaning of
generalized mathematical set terms in Definition 5.4.

Definition 5.7 We first define (:5 = S)<> for set terms S by recursion on the
build-up of S:

(:v:cu)<> = Yu[u€x < (0=u VvV Fvex(u =vU{v}))]
(x:LJS)<> = EIZ[(ZZS)<> A Vu(u € x4 Fv € zu € v)]
(:E:{S,T})<> = EIzEIw[(z:S)O A (w:T)<> A
Vu(u € x <> u=2Vu=w)]
(@=5+7)" = 3Bw[(z=5)" A (w=T)" A

29



Vu(u € x> Ivezu=(0,v) VIycwu = (1,y))]

(@=5xT)" = FAw[(z=5)" A (w=7)° A
Vu(u € x <> JxezTycwu = (x,y))]
(sz—)T)<> = EIzEIw[(z:S)O A (w:T)<> A

VfIf € x <> Fun(f) Adom(f) =z AVyez(f(y) € w)]].
If Q is a set term of the form {v € S: ¥ (v,T)} then!
(x:Q)<> = EIZEI'LB'[(z:S)<> A (u_)’:f)<> A
Yo(v € x> v € 2 AYp(v, W))].

If Q is a set term of the form {u: u={v € S: ¥(v,7 P)} A 7€ T)}, then
<&
(:5 = Q) is the formula

<y
I

323w [ (= = 5)° A (w::ﬁ)<> A
Vu(u € x +> 0 e Wu={p € z: Y(p,

N\ ¢
P) A

)3,

=
<y

where u = {p € z: ¥(p,,,7)} stands for

Vgeulg € 2 Np(q, 7, §)] AVqe2[Y(q, ¥, 9) — q € ul.

In the case of generalized mathematical set terms we have to consider three
more cases.

Suppose @ is of the form H(T'), where T is a generalized mathematical set
term. Put

Yu(a,b) = VfVYu€a[Fun(f) A dom(f) =u A ran(f) Cb —
dz € b[z = ran(f)]],

({,E:H(T))<> = Elz[(z:T)<> A Yu(z,x) A
Vw [ (z,w) —  C w]l.

- - -\ ¢
'For a vector of set terms T = T4,...,T, we write ¥ € T and (;1]’: T) for y; €
Ti A ... Nyn €T, and (y1 € T1)<> Ao A (yn € Tn)o, respectively.
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Suppose () is of the form W, csT,, where S and T are generalized mathe-
matical set terms. Put

Ywla,b,c) = VfVuea[Fun(f) A dom(f)=0b, A ran(f) Cc —
(u, f) € d,
(:5 = WueSTu)o = dz [(z = S)O A (U = T)<> A Yw(z,v,2) A
Vw [Yw (z,v,w) = & C w]].
Suppose @ is of the form WF(S, R), where S and R are generalized mathe-
matical set terms. Put
Ywr(a,r,c) = Yuc€a[Vo({v,u) €Er — v E€c) = u €,
(z = WF(S, R))<> = Jz3r[(z= S)<> A (r= R)<> A Ywr(z,rx) A
Vw [Ywr(z,r,w) — = C w]l.
An arbitrary mathematical formula (generalized mathematical formula) is of
the form ¢(T4,...,T,), where Ty,..., T, are mathematical set terms (gen-

eralized mathematical set terms) and ¢(z1,..., 2,) is a bounded formula of
Lc. We then put

W(Ty,....T,)° = 3z...3 [(5: T“)O Az, -y 20l

The reason for bothering the reader with a detailed translation of L -
formulae into the official language of set theory is that an inspection of it
readily yields the following result.

Lemma 5.8 If 0 is a mathematical formula then 8¢ belongs to the CC for-
mulae.

This leads to the following corollaries of Theorem 5.2 and Theorem 5.3.

Theorem 5.9 (CZF + IIX—AC) For every mathematical formula 0 and
V(Y*)-assignment M,

Fe[ 0T, implies (QO)E(M),

where for a formula 1, W™ denotes the result of replacing each free variable

a of 1 by L(ar) and each unbounded quantifier Qz of ¢ by Qrx e H(Y™*).
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Theorem 5.10 (CZF + REA +IIXW — AC) For every mathematical for-
mula 0 and a V(Y% )-assignment M

He[0°T,, implies (HO)EW(M),

where for a formula 1, ™M) denotes the result of replacing each free vari-
able a of ¢ by ly(ap) and each unbounded quantifier Qx of ¥ by Qx €
H(YZ,).

We would like to expand the previous result to generalized mathematical
formulae, the obstacle being that these formulae need not be in CC.

Definition 5.11 A class A is regular if it is transitive and for every a € A
and set R Cax A, if Vo € a3y (z,y) € R then there is a set b € A such that

Veeadyeblx,y) € R AN Vy€ebix €alx,y) €R.

Definition 5.12 Let IIX—PAx be the assertion that every IIX-generated
set is a base and every set is an image of a IT3-generated set. Similarly, one
defines ITXW —PAx.

Lemma 5.13 (CZF +IIX—-AC) (i) H(Y*) is a reqular model of CZF +
DC + 11X -AC + ITX - PAx.

(CZF + REA + IIXW—-AC) (i) H(YZ,) is a reqular model of CZF +
REA + DC+IIX—-AC + IIXW —PAx.

Proof: By Lemma 3.4, we have H(Y) = H(Y*) and H(Y) = H(Y%,). (1)
then follows from [3], Theorem 4.2 and (2) follows from [3], Theorem 5.10.
O

Definition 5.14 If 6 is a generalized mathematical formula with parameters
in V(Y,) we shall use the abbreviation

VY, EO = Fiel0°],,

Likewise, if 6 is a generalized mathematical formula with parameters in
H(Y?},) we shall use the abbreviation

H(Y,) =6
iff ¢ holds in H(Y%), i.e. with all unbounded quantifiers restricted to
H(Y%).

32



Lemma 5.15 (CZF + REA + IIXW —AC) Let o, 3,y € V(Y3,) and & =

ly(a), B =1lw(B), and ¥ = lw(). Then we have the following.
V(Yy) EA=H@ = HY,)E§=H@.  (19)
V(Y:v) ): 7 = Wuealu = H(Y:v) ): Y= Wuedﬁu: (16)
V(Y,) Fv=WF(a,5) = H(Y,)F7=WF(@p). (17)
Proof: Assume V(Y3) E f=H(«a). The formula ¢g(a, ) of Definition

5.7 is a formula which starts with a universal quantifier and is followed by a
bounded matrix, and thus, by Theorem 5.3,

H(Y3,) k= du(a B). (18)
Since H(Y?,) is a model of CZF + REA by Lemma 5.13, there exists b €
H(Y7,) such that H(Y}) = b= H(&). As {y is surjective there exists p €
V(Y3,) such that p = b. From (18) we deduce H(Y?%,) = p C 5, and hence,
using Theorem 3.15,

V(YL) E pCB. (19)

Next we would like to show that also V(Y3,) = 5 C p. Here we have to resort
to a different description of H(«). By Lemma 2.7, we have that provably in
CZF,

r€H(a) <& 3IGTu[G is good A z € G, (20)
where “G is good” stands for
V{v,y) € GIb e aIf[Fun(f) A f:b— G A ran(f) =y]].

Letting t,(cv, ) denote the formula on the right hand side of (20), we see
that ¢,4(c, x) belongs to CC.

Now suppose V(YZ%) En € 8. As V(YY) is a model of CZF by Theorem
4.14, we can employ the foregoing considerations to express this fact via the
CC formula 9,(c, 1), so that V(Y%) = ¢,(o,n) and therefore, by Theorem
5.3, H(Y3,) = ¢y(a, 7). As H(YY,) is a model of CZF as well we arrive at
H(Y:) = n € H(&). Hence H(YY) = n € p and so (by Theorem 3.15)
V(Y:) En € p, showing that V(YZ) | 8 C p. Thus, in conjunction with
(19), we get V(Y3,) = 8 = p, yielding

H(Y,) | 6 = H(a).

The proofs of the other cases are similar and utilize the same considerations.
O
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Theorem 5.16 (CZF + REA + IIXW —AC) For every generalized math-
ematical formula 0 and V(Y1,)-assignment M,

Jie[0°T,, implies (HO)ZW(M),

where for a formula v, ™M) denotes the result of replacing each parameter

a of 1 by lw(apn) and each unbounded quantifier Qx of ¢ by Qe H(YZL).

-\ ¢
Proof. §¢ is of the form 3z, ...3z, [(5: T) AY(z1,. .., 2n)], where ¥(Z2) is

a bounded formula and the T are generalized set terms. The assertion then
follows from Lemma 5.15 taken together with Theorem 3.15. O

5.2 Absoluteness of mathematical formulae

In this subsection we show that mathematical formulae are absolute for
H(Y*) and that generalized mathematical are absolute for H(YZ, ).

Lemma 5.17 (CZF + IIX—AC) Let S be a set term with parameters in
H(Y*). By Lemma 5.13, H(Y*) is a model of CZF, and thus S is interpreted
as a set in H(Y*). Let SEY) be the interpretation of S in H(Y*). Then
S = SHY"),

Proof: The proof proceeds by induction on the generation of S. Note that
except for the case when S is of the form 7" — P, this is obvious because of
the absoluteness of bounded formulae.

Suppose S is of the form T' — P. From the inductive hypotheses for T" and
P we get T = THY") and P = PH(Y") in particular T, P € H(Y*). Since
H(Y"*) is a model of CZF it suffices to show that (T — P) C H(Y™*) to be
able to conclude that (T — P) = (T — P)2Y") Let f : T — P. Since
T € H(Y*) there exists A € Y* and g : A — T such that T'= ran(g). Now
define h: A — H(Y™) by

hi) = {g(i), f(g(d))).
Then ran(h) € H(Y*) and, moreover, ran(h) = f, whence f € H(Y*). O

Lemma 5.18 (CZF +REA +IIXW —AC) Let S be a generalized set term
with parameters in H(YZ). By Lemma 5.13, H(YZ,) is a model of CZF +
REA, and thus S is interpreted as a set in H(YZ). Let SHYw) be the
interpretation of S in H(Y?). Then S = SHYw),
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Proof: Again, the proof proceeds by induction on the generation of S. In
addition to the cases of the previous lemma, we have to consider inductively
defined set terms. Suppose S = H(T). By the inductive assumption we then
have TH(Yw) = 7. We will call a set of ordered pairs G' good if

V{a,y) € GIfIET[f : b — G A y = ran(f)],

where G¢¢ = | J,., G® and G* = {u | (b,u) € G}.
By Lemma 2.7 we get

ze (HT)BY) iff  H(YZ) = 3G 3G is good A x € GY).

As the property of being good is formalizable by a ¥ formula and therefore
upward persistent, z € (H(T))®Yw) implies 3G 3a [G is good A z € G9], and
thence, by Lemma 2.7, + € H(T). In consequence, (H(T))®2Yw) C H(T).
To establish the converse inclusion, suppose ¢ € T and f : ¢ — (H(T))HYw).
In the course of the proof of Lemma 5.17 it was shown that the latter yields
f € (H(T))HYw) hence we get ran(f) € (H(T))®¥w). Having shown that
(H(T))HY%) is closed under the clauses defining H(T), we conclude H(T) C
(EE(T)) M0

The cases where S = W, cpT, or S = WF(P, R) are dealt with in the same
way as in the case of S = H(T). O

Definition 5.19 Let X(math) (X(gmath)) denote the smallest collection
of formulae which comprises the mathematical set formulae (the generalized
mathematical set formulae) and is closed under A, V, bounded quantification,
and unbounded existential quantification.

Corollary 5.20 (CZF +IIX—-AC) (i) Let ¢ be a X(math) formula with
parameters in H(Y™*). If H(Y*) = 1, then 1.

(CZF + REA + IIX—AC) (i1) Let ¢ be a X(gmath) formula with param-
eters in H(YZ%). If H(YZY) E 4, then 4.

Proof: This follows readily by induction on ¢/ using Lemma 5.17 and Lemma
5.18, respectively. O

Theorem 5.21 (CZF + IIX—AC) (i) Let 0 be a X(math) sentence. If
V(Y™ = 1, then ¢ holds true.

(CZF + REA + IIXW—AC) (i) Let 6 be a X(gmath) sentence. If
V(YL) E v, then ¢ holds true.
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Proof: (i) is a consequence of Theorem 5.9 and Corollary 5.20, (i), while (i7)
follows from Theorem 5.16 in conjunction with Corollary 5.20, (7). O

[2, 3] feature several more choice principles. The main reason for their omis-
sion is that these axioms have no impact on the preceding result. This will
be made precise below.

Definition 5.22 Let BCAp be the statement that whenever A is a base
and B, is a base for each a € A, then [],_, B, is a base.

Let BCA; be the statement that whenever A is a base then I(A,b,¢) is a
base for all b,c € A.

Theorem 5.23 Let 1) be a mathematical sentence and let 6 be a generalized
mathematical sentence. Then the following hold:

(1) CZF +IIX— AC ¢ if and only if
CZF + 11X -AC+ 11X -PAx+ BCAy + BCA; + RDCF %.

(17)) CZF + REA + TIXW —AC | 0 if and only if
CZF + REA + IIXW-PAx+ BCA + BCA; + RDC 6.

Proof: (i): Arguing in CZF +II¥— AC one can show that H(Y*) is a model
of CZF + ITY—AC + RDC + IT¥X - AC + IT¥X —PAx by the same proof
as for [3], Theorem 4.2. By Corollary 2.12, II¥—AC and II¥I—-AC are
equivalent over CZF, and ITXI— AC implies BCA;; and BCA;. To see
this note that by 4.8 of [2] the class of bases is the class of those sets that are
in one-one correspondence with a II¥I-generated set from which it follows
that the class of bases is IIXI-closed and hence BCA and BCA; hold.
The upshot is that H(Y™) is also a model of BCAp and BCA;,. Hence (i)
follows owing to Corollary 5.20 (i).

(ii) is proved similarly, this time by utilizing Corollary 5.20 (ii) and [3] The-
orem 5.10. 0

6 Interpretations of type theory in CZF and
CZF + REA

In the series of papers [1, 2, 3], Aczel gave interpretations of CZF and
CZF + REA in Martin-Lof’s intuitionistic type theory. Upon nearer ex-
amination, one can delineate respective systems MLV and ML;wV of type
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theory that are sufficient unto these tasks of interpretation. In what follows
we assume familiarity with type theory as presented in Martin-Lof’s 1984
monograph [14] or in Beeson’s book [7]. It is perhaps worth pointing out
that the treatment of equality in this version of type theory differs from the
earlier one in [13]. The type theory of [14] has also been called extensional
type theory. In [13] there is one relation of definitional equality which is en-
gendered by the principles that a definiendum is always definitionally equal
to its definiens and that definitional equality is preserved under substitu-
tions. In the version [14] of type theory that we are concerned with, each
type is equipped with its own equality relation which is not necessarily to
be understood as a definitional equality. For each type A, the expression
a=0>b: A is used to convey the judgement that a and b are equal elements
of type A. Above all, it is to be observed that the equality f =¢ : A - B
of the type of functions from A to B means that f and ¢ are extensionally
equal, i.e. f(z) =g(x) : A— B.

The basic system of type theory, notated by MLg, is the one with the type
constructors N Ny, Ny, IT, 3, 4+, I. In [13, 14] Martin-L6f considered an
infinite, externally indexed tower of universes U; € Uy € ... € U, € ... all
of which are closed under the standard ensemble of type forming operations.
By ML; we shall denote the extension of MLg by one universe U plus rules
to the effect that U is closed under the above constructors. ML;w denotes
the extension of ML; wherein the universe U is also closed under taking W-
types (see 6.1 below). The formalization of universes for intuitionistic type
theory we use in this section is that referred to as the Russell formulation in
Martin-Lof’s monograph [14]. The fundamental notions of type theory are
introduced in the four forms of judgement: A is a type (abbr. A type), A and
B are equal types (abbr. A = B), a is an element of type A (abbr. a : A),
and a, b are equal elements of type A (abbr. a = b: A). We prefer to use the
colon “:” rather than the elementhood symbol “€” to stress the distinction
between set theory and type theory. The rule of type theory are presented in
natural deduction style as in [14]. The judgements within brackets indicate
discharged assumptions.

Definition 6.1 The introduction rules of ML;w concerning the W-type
are the following:
[z : A
A:U F(z): U
W(AF): U
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W(AF) : U

W(A, F) type.
Combining the foregoing rules gives rise to the derived rule of restricted W—
formation,

[z : A]
W o A:U F(z):U
(res ormation) WA F) type

Definition 6.2 The theories ML,V and ML;wV are obtained from ML,
and MLjw, respectively, by equipping them with Aczel’s type of iterative
sets V (cf. [1]). The rules pertaining to V are:

(V-formation) 'V type

A:U f:A->YV

sup(4,f) : V

[A:U,f: A= V]

[z 2 (v = A)C(f(v))]
d(A, f, 2) : C(sup(4, f))
Tv(c, (4, f,2)d) : C(c)

[A:U,f: A>V

]
| ‘ [z(HU)(())]
B:U g:B—V d(A, f,2) : C(sup(A, f))

Tv(sup(B,g), (A, f,2)d) = tpgarea: Clsup(B,g))’
where tp g 4724 :=d(B, g, (Av)Tv(g(v), (A4, f, 2)d)).

(V-introduction)

c:V

(V—elimination)

(V—equality)

In order to define their interpretations in set theory, we need a detailed
account of the syntax of ML;V and ML;wV. Here we will follow [7, Ch. XIJ;
however, for the readers convenience, we shall recall most of the definitions.

If B is any expression, and z1,...,x, are variables, we form the expression
(x1,...,2,)B. The symbol = will be used for the relation on expressions
satisfying

A

((x1,...,24)B)(21,...,2,) = B

and A = C for expressions A and C' which differ only in the renaming of
bound variables (cf. [7, XI6]).
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Definition 6.3 (cf. [7, XI1.20.3]). The constants of ML1V are: II, ¥, 1,
+, N, 0, sy, 1, A, ap, sup, E, i, j, D, J, R, Ty, U, V and for each
natural number m, Ny, and Ry, MLywV also has the constant W. The
terms are generated by:

1. FEvery constant and variable is a term;
2. Ift and s are terms, then t(s) and (t,s) are terms;
3. If t is a term, then (z1,...,x,)t is a term, where the x; are variables.

Free and bound occurrences of variables in terms are defined as usual, letting
abstraction, i.e. the formation of (z1,...,x,)t, bind the variables xq, ..., z,.
We now would like to assign to every term ¢ of ML;V a corresponding
application term t* by replacing the abstract application of ML,V with
set-recursive application. It is then a straightforward matter to translate a
formula of the form ¢* : X into a legitimate formula of CZF.

Definition 6.4 We now assign to each term ¢ of ML;V an application term
t*. Occurrences of A in the definition of ¢* denote the A-operator introduced
by Lemma 4.6. We fix two new natural numbers @ and ©. We shall write
(x,y) for p(z,y) and, inductively, (z1,...,2,11) for p((x1,...,2k), Tg41). For

39



constants ¢ we define c* by:

0*is 0
IT" is Az \y. 7oy
¥*is Az \y.oxy
+* is Az Ay.plzy
I" is Az Az \y.izay
N* is w
N; is k
U'isu
V*is v
SN 1S SN
r‘is 0
AMis Ax.r (ie. skk)
ap® is Az \y.yx
sup® is AzAy.(z,y)
E* is Az )y.y(p1x, p17)
i*is Az.(0, z)
j is Ax.(1, )
D* is AxAyAz.(0, p12, y(p12), 2(p17))

J*is Az y.y.
R; is Am.Azg ... Azg_q1.ex(m, xg, ..., 25 1), where an application term e, is
chosen so that CZF proves ex(m, xg, ..., Tp 1) = Ty if m < k.

R™ is an application term introduced by the Recursion Theorem 4.7 to satisfy
R*ab0 ~ a and R*ab(snz) ~ bx(R*abzr). T4 is a term introduced by the
Recursion Theorem to satisfy
Ty (sup®(a, b), \z. Ay Nz.e(z,y,2)) =~
e(a, b, (A\x.z) (M. Ty (ap* (b, v), \z. \y.Az.e(x,y, 2)))).

For a variable u let u* be u. For complex terms of ML,V we define:

(1, .., z)t)* i Amq ... Azt
(t(s))* is t*s™;
(t,s)* is p(t*,s*).

Definition 6.5 The type terms of MLV are defined inductively by

1. N and Ny are type terms (for each integer k);
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2. If A and B are type terms, so is (A+B);

3. If B(z) and A are type terms, and z is not free in A or in B, then
II(A, B) and X (A, B) are type terms;

4. If A is a type term and ¢, s are any terms of MLV, then I(A, s, ) is
a type term;

5. U and V are type terms;
6. If Ais a type term and B = A, then B is a type term.

Definition 6.6 Large types (type terms) are those containing the constants
U or V. Others are small types. Another way of rendering this distinction
is by saying that A is a small type iff A : U.

Definition 6.7 (Interpretation of ML,V in CZF)

By induction on the complexity of the type term A we shall assign to each
judgement ® of ML,V of the form u : A or u = v : A (u,v variables) a
formula (®)" of CZF with the same free variables. (ux : A)" and (ux = uy :
A)" will be used as short for Iz[{u}(zr) ~ 2z A (2 : A)"] and Fz[{u}(x) ~
z ANul(y) =~z A (z : A)"], respectively. Likewise, (u : A(vz))" abbreviates
[{v}(z) ~ 2 A (u : A(2))"], etc. Also, (ux : A)" and (ux = uy : A)"
will be used as shorthand for Fz[{u}(x) ~ 2 A (2 : A)"] and Fz[{u}(x) ~
z AMul(y) ~ z A (2 : A)"], respectively. Below we shall use & to denote the
k" von Neumann integer, that is, the &' member of w.

The clauses in the definition are as follows:

(f : I(A, B))" is Fun(f) AVz€f(((2)0 : A)" A((2)1 = B((2)0))") A
vrl(z : A = (f(a ) B(x))"] A
Vo, ylle =y« A)" = (f(2) = f(y) - B(x))"]
if A is a small type

(u: II(A,B))" is Vz[(z : A" — (ux : B(z))"| A
Vo,y[(z =y : A" = (uz =uy : B(x))"]
if A is a large type

(u=wv:II(A,B))" is (u:II(A,B)" A (v:II(A, B)" A

Ve[(z : A)" = (ux = vz : B(x))"]
if A is a small type
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(u=wv:II(A,B))" is (u:II(A B)" A (v:II(A4 B))" A
Ve[(z : A" = (uz = vz : B(x))"]
if A is a large type

(u: X(A,B))" is u={(u),(u)) A

(u=wv:X(A,B)" is (u:X(A B)" A
((w)o = (v)o : A)" A ((u)r = (V)

(w: (A+B))" is u=((u)o, (W) A [[(w)o =0 A ((w)y : A)] V

(wo + A" A ((w) + B((u)o))"

(
(v : XA, B)" A

[
(u=wv: (A+B))" is (u: (A+B)" A (v : (A+B))" A
[

(u: I(A b)) is u=0A (b=c
(u=wv:I(A b)) is u=0Av=0A(b=c: A)"
(u: N s weEw
(u=v:N)" is u=vAu€w
(u: Ny)" is ue€k
(u=wv:Ng)" is u=vAuck
(u:U)" is weY”
(u=v:U)" is u=vAueY ' AveY"
(u: V)" is uwe V(Y

(u=veV)" is u=vAue V(Y )Ave V(Y

If s and t are arbitrary terms of MIL;V and A is a type term of MLV, we
set:

(t - A" is Fu[t* ~u A (u: A",
(s=t:A)" is Juv[s*~u At ~v A (u=v: A"
For type terms A and B we define (A = B)" by
Vul(u : A)" <> (u : B)"] AVu,v[(u=v : A)" < (u=v : B)"].

In the natural deduction style presentation of type theory one deduces hy-
pothetical judgements, i.e. judgements which are made under assumptions
(see [14] pp. 16-20). We shall use the notation

MLIV F q)(ul,...,un) [Ul : Al,...,un : A(ul,...,un,l)]
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to convey that the judgement ®(us,...,u,) is deducible in MLV under the
open assumptions u; : Ay, ... uy 0 A(ug, ., Uy ).

Theorem 6.8 (Soundness of the Interpretation of ML;V in CZF) If
MLV F ®(uy, ... up) [ug 2 Ay, ooy 2 Alug, .o up_q)],

where ®(uy,...,uy,) is a judgement not of the form “A type”, then

CZF F (uy : A" AN oo A (up 2 Alug, . ocyun—1)) = (P(ug, ... un))’

Proof. First note that if an expression of the form “A type”, s : A, s =1 : A,
or A = B appears in a derivation of ML;V, then A is a type term in
the sense of Definition 6.5, as is readily seen by induction on derivations in
ML;V. This ensures that any judgment of ML;V gets translated under
*. Secondly, it should be clear that the above interpretation replaces the
abstract application of ML;V by set-recursive application in a faithful way,
i.e. the equations which the rules of ML;V prescribe for the constants
of ML,V are satisfied by their translations. The constructions 2.8 and 3.1
ensure that particular rules for U and V-introduction are sound with respect
to the interpretation *. The soundness of V-elimination and V-equality is
verified in the same way as in [19, Th.4.11]. O

The foregoing interpretation can be extended to ML;wV. ML;wV has
the additional constants W and Tw, where Ty is the eliminatory constant
associated with the W-type. ML;wV has additional type terms of the form
W (A, B) providing A is a small type and B(z) is a small type for every
x : A. Here a small type is one that does not involve U or V (but may
contain W).

The translation of 6.4 has to be altered for the types U and V as follows

(u: U is weYy
(u=v:U)" is u=vAueY,AveYy,
(u: V)" is weV(Y)

(u=veV)" is u=vAueV(Y,) AveV(Yy)

and is to be continued to terms of ML;wV by letting W* be AxAy.wazy
and T3y be defined similar to T3, in 6.4. Next, building on 6.7, we need to
translate judgements of the form u : W(A, B) and u=v : W(A, B).

(u: W(A,B))" is W, c4-B*(2),
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where A* = {z | (x : A)"} and the function B* with domain A* is defined
by B*(x) = {z [ (2 : B(x))"},
(u=wv:W(A,B))" is (u: W(ADB)"A(v: WA B)"A
((w)o = (v)o = A)" A
va[(z = A)" = ((w)h(z) = (v)i(2) : B(2))"].

The interpretation of ML,V in CZF given in 6.8 can then be extended as
follows.

Theorem 6.9 (Soundness of the Interpretation of ML;wV in CZF+REA)

If
MLiwV F ®(uy, ..., uy) [ug + Ay oosun 2 A(ug, .o up—1)],

where ®(uy,...,u,) is a judgement not of the form “A type”, then
CZF+REA F (uy : A)D)" Ao A (un 2 A(ug, ooyun—1)) = (P(uy, ..., u))”

7 Combining the interpretations

By now, several interpretations among set theories and between set theories
and type theories have accrued, and we may combine them to characterize
the formulae validated in type theory.

[1, 2, 3] provide interpretations of CZF + IIX— AC and CZF + REA +
IT¥W — AC in Martin-Lof’s type theories ML,V and ML;wV, respectively.
Conversely, using Theorems 6.8 and 6.9, we have interpretations of MLV
and ML;wV in CZF + IIX—AC and CZF + REA + IIXW—-AC, re-
spectively. Specifically, if 6 is set-theoretic sentence, and CZF + 6, then
ML,V F ¢ : ||0|| for some term ¢. On the other hand, assuming MLV F
t : ||0|| we arrive at CZF + (¢ : ||0]])", owing to Theorem 6.8. It will be
shown that this entails the inhabitedness of [[ 8] provably in CZF. Whence,
if f is a mathematical formula we can utilize Corollary 5.20 to conclude that
CZF +IIX-ACH 6.

Definition 7.1 (See [7, XIL.1.4].) A V-assignment is a function M :Var —
V. For every formula ¢ of CZF and V-assignment M, we define a type
term |||/ of MLy V. First, for «, 5 : 'V, recall that ||o = §|| is defined by
recursion on V and equates to

(@, \e.S(5, Ay.lla(z) = B(y)I))) x T1(B, Az.S(@, My.[|5(z) = ay)]))-
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The rest of the definition is as follows:
lu€vllmis (B, Ay.lla = B(y)])) where a = M(u), § = M(v),
oo Aprllaeis lpollae X ([l
oo Verlla s lollam + llon]|a
oo D erllm is lollae = llepn]la
|| L[| me is  Np
@, Az [0l melaay)

[Vu€ap|ap is  TI(

2(@ Az-[l | meulaa))
(
(

[Fueaplla i

Muglaa B TV A elLagore)

[Fue|| m is  B(V, Aaf|ellmulay)-
If ¢ is a set-theoretic formula whose free variables are among uy, ..., up,,
ai,...,a, : V., and the V-assignment M satisfies M(v;) = «; for i =
1,...,n we also write “||p(ay,...,a,)|” for “|olm”-

It is easy to prove by induction on the complexity of ¢ that ||¢||, is a type
for all formulae ¢, and a small type for bounded ¢.

We note that, according to the constructions 2.8 and 3.1, the type U of
ML,V can be identified with the class Y* of sets, and the type V can be iden-
tified with the class V(Y*). This in particular means that the small types,
i.e., those of Martin-Lof’s types belonging to U, have their set-theoretic
counterpart in Y*. This will enable us to identify a V-assignment with a
V(Y*)-assignment.

Likewise, owing to the constructions 2.9 and 3.3, the type U of ML;wV can
also be identified with the class Y, of sets, and the type V of ML;wV can
be identified with the class V(Y% ). This in particular means that the small
types of MLywV have their set-theoretic counterparts in Y,. In this sense
we will identify a V-assignment with a V(Y3 )-assignment.

Lemma 7.2 (CZF) For every set-theoretic formula ¢ whose free variables
are among uy, ..., u, and aq,...,a, € V(Y*), (z : |[e(aq,...,an)]])" im-
plies v € [ p(a1,...,an)].

Proof. This follows by induction on the complexity of ¢, comparing Defini-
tions 4.10, 7.1 and the translation 6.7. O
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Lemma 7.3 (CZF + REA) For every set-theoretic formula ¢ whose free
variables are among uy, ..., u, and aq, ... 0o, € V(YE), (z 1 [|o(aq, ..., o))"
implies x € [ p(a1,...,an)].

Proof. Similar to 7.2. O

Theorem 7.4 If ¢ is a formula in CC with at most uy, ..., u, free and
ML,V ¢t |lp(@)] [oq : V... 0 @ V]

for some term t (where & = aq, ..., ay) then

CZF + I —ACF a € V(Y*) — o(l(ay), ... 0 ay))TY.
Proof. By Theorem 6.8 we have

CZFFad e V(Y") — Fu((t" =u)" A(u : [[e(@)])").
By Lemma 7.2 we get
CZF Foq,...,a, € V(Y") = Fu(ue [o(ar,...,an)])

which by Theorem 5.2 implies the desired assertion. O

Theorem 7.5 If ¢ is a generalized mathematical formula with at most uq, . . ., Uy,
free and

MLywV Ft o |le(aq,...;aq)| [aq @ V... ap @ V]
for some term t, then, letting (&) = ly(aq), ..., ly(an),
CZF + REA + IISW—ACF @ € V(Y%) — o(ly(@)F¥). (21)
Proof. By Theorem 6.9 we have
CZF+REAGFaeV(Y,) — Fu((t® ~u)"A(u : ||le(@)|)")-
By Lemma 7.3 we get
CZF+REA A e V(Y,) — Fu(ue [[p@])

which by Theorem 5.16 implies (21). O
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Theorem 7.6 Let ) be a mathematical sentence and let 0 be a generalized
mathematical sentence. Then the following hold:

(i) CZF +IIX—-AC | ¢ if and only if ML{V F t, : ||| for some term
t"/) Of ML1V .

(i) CZF + REA +TIXW —AC F 0 if and only if MLiwV Fty : ||0]| for
some term ty of MLiwV.

Proof: The directions “=" follow by inspection of the proofs in [1, 2, 3].
Now suppose that ML{V F ¢, : ||¢| for some term ¢, of ML,V. By 5.8,
¢ is a CC-formula so that by 7.4 we arrive at CZF + IIX —AC F 8",
whence CZF + ITX— AC |+ ¢ owing to 5.20(i).

Next assume ML;wV F ¢y : ||0]|. Then 7.5 yields CZF+REA+IIXW — AC +
0RYw) 5o that CZF + REA + IIZW — AC F 4 follows from 5.20(ii). O

8 The existence property

It is often considered a hallmark of intuitionistic systems that they possess
the disjunction and existential definability properties.

Definition 8.1 Let 7" be a theory whose language, L(T'), encompasses the
language of set theory. Moreover, for simplicity, we shall assume that L(T')
has a constant w denoting the set of von Neumann natural numbers and for
each n a constant 7 denoting the n-th natural number.

1. T has the disjunction property, DP, if whenever ¢ V # is closed and
THyvVvVethen THYorTHSE.

2. T has the numerical existence property, NEP | if whenever (Jz€w)eo(x)
is closed and Tt (Jz€w)d(x) then T+ ¢(n) for some n.

3. T has the existence property, EP, if whenever Jx¢(z) is closed and
T+ Jzg(x) then T F Jlz [J(x) A ¢(x)] for some formula ¥ with no free
variables other than z.

Slightly abusing terminology, we shall also say that 17" enjoys any of these
properties if this holds only for a definitional extension of 71" rather than 7'.
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ZF and ZFC do not have the existence property. But even classical set
theories can have the EP. Kunen observed that an extension of ZF has
the EP if and only if it proves that all sets are ordinal definable, i.e., V =
OD. Going back to intuitionistic set theories, let IZF g result from IZF by
replacing Collection with Replacement, and let CST be Myhill’s constructive
set theory of [17]. Also let CST™ be CST without the axioms of countable
and dependent choice.

Theorem 8.2 (i) IZFp and CST™ have the DP, NEP, and the EP.
CST has the DP and NEP.

(ii) 1ZF has the DP and the NEP.
(i1i) 1ZF does not have the EP.
(iv) CZF and CZF + REA have the DP and the NEP.

Proof: (i) is proved in [17]. For (ii) see [6] and for (iii) see [12]. (iv) is [22],
Theorem 1.2. O

The question of whether CZF satisfies the existence property is currently
unanswered. Friedman’s proof of the failure of EP for IZF seems to single
out Collection as the culprit. However, that proof does not seem to carry
over to CZF since the refutation of EP uses existential statements of the
form

b [VucaJy p(u,y) — YucaIyebp(u,y)],

which are deducible in IZF by employing Collection and full Separation, but
needn’t be deducible in CZF. The first author conjectures that EP fails
for CZF on account of Subset Collection (and maybe Collection). There
are, however, positive answers available for CZF + II¥X—AC and CZF +
REA +ITYXW —AC in that these theories can be shown to have the EP for
mathematical and generalized mathematical statements, respectively.

Theorem 8.3 Let 61,0y be X(math) sentences and let ¢(x) be a X(math)
formula with at most x free. Then we have the following:

(i) If CZF + RDC + IIX—AC*HF 60, V 0, then CZF + IIX—AC*F 6, or
CZF + IIX -ACF 0,.

(ii) If CZF + RDC + IIX -~ AC + Ju € w(u) then there exists a natural
number n such that CZF +IIX—AC F ¢ (7).
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(i1i) If CZF + RDC + IIX— AC + Jzi(x) then there is a formula Y(x)
(with at most x free) such that CZF + IIX—AC + Jlz[d(z) A ¢(z)].

Proof: (i): Suppose CZF + RDC + IIX -~ ACF 60, V 6,. By [21], Theorem
4.14 one can (primitive recursively) find a closed application term ¢ such that
CZF F3z[t~x AN z € [0 V 05]]] so that

CZFFTicw([i=0A Fuue[6]] V[i=1A Juuelb]]).

As CZF has the numerical existence property by Theorem 8.2 (iv), this im-
plies CZF F Juu € [ 6, ] or CZF F Juwu € [[ 65 ], whence by Theorem 5.21
(i), CZF + IIX—ACt 6, or CZF + IIX—AC |- 6.

(ii): Suppose CZF + RDC + II¥X—AC + Ju € w(u). By [21], Theorem
4.14 one can (primitive recursively) find a closed application term ¢’ such
that CZFF3x (' ~x A x € [[Fu € wi(u)]). At this point we have to go
back to the details of the proof of [21], Lemma 4.17. The role of w in V(Y™)
is played by w* = sup(w, hy), where h, : w — V(Y*). We then obtain
CZF F Iyt ~y A y € [[Tuew*y(u)]]) for a closed application term ¢,
and thence CZF - 3i € w3z 2z € [ ¢(h,(7))]. Since CZF enjoys the NEP,
there exists a natural number n such that CZF + 3z2 € [¢(hy(7))]. Tt
also follows from the definition of h,, (cf. [21],4.14) that £(h, (7)) = n. Thus,
by Theorem 5.21 (i), CZF + IIS— AC I (n).

(iii): Now suppose CZF + RDC+IIX—AC + Jz1)(x). Then, owing to [21],
Theorem 4.14, one can (primitive recursively) find a closed application term
t such that CZF -3z [t ~ 2 A z € [[ Jzep(x) ] so that

CZF I Ja € V(YY) [pot ~ a A pat € [¥(a)]].
By 5.21 (i) the latter yields
CZF +IIX—-ACHF Ja € V(Y") [pot @ a A ¢(4(a))].

Now define 9(x) by Ja € V(Y*)[pot ~ o AN z = {(a)]. Then CZF +
II¥X-ACHF Jlz[d(z) A ¢(z)]. O

Theorem 8.4 Let 6,,05 be X(gmath) sentences and let (x) be a X(gmath)
formula with at most x free. Then we have the following:
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(i)

(i)

(iii)

If CZF + REA+RDCH+IIEW—-ACt 0, V 0, then CZF + REA +
IMIXW—-ACF 6, or CZF + REA + IIXW —-AC I 6s.

If CZF + REA+RDC+IIXW - AC I Ju € w)(u) then there exists
a natural number n such that CZF + REA + IIXW —AC F ¢(n).

If CZF+REA+RDCHIIXW — AC F Jz1)(x) then there is a formula
I(z) (with at most x free) such that CZF + REA + IIXW —-AC

Alz[d(x) A P(z)].

Proof: The proof results from that of 8.3 by replacing the reference to [21]

4.14 by reference to [21] 4.33, and using 5.21 (ii) in place of 5.21 (i). O
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