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Folklore (1/2)

e In “normal” programs, control (can|be

Implemented with a control stack.

(“Recursive programming”, Dijkstra, 1960.)

e In programs with call/cc, control |cannot | be

Implemented with a control stack.




Folklore (2/2)

Three implementation strategies:

1. allocate continuations in the heap;

2. allocate continuations on a stack

and copy the stack in case of call/cc;

3. segment the stack.



But what does this all mean?

And in which sense Is this correct, If at all?



Our approach
e Consider continuation-passing style (CPS)
programs.
e \Write one standard abstract machine.

e Formalize implementation strategies with other

abstract machines.

® Prove that these machines simulate each other.
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BNF of direct-style terms

P € DProg ::
e € DExp ::
t € DTriv ::

{ € Lit
X € lde

eoer | t

£ | x| Ax.e



P € CProg ::
e & CExp :
t € CTriv =
c € Cont ::

BNF of CPS terms

{ € Lit
X € lde

k €
Vv C

C

C

eC
eV

Ak.e

totic | ct

| x| v | AxAk.e
k | Av.e



A closure property

Property 1 The BNF of CPS programs is closed

under [3-reduction.

Proof: Straightforward structural induction — a

[3-redex can only occur as

1. e 2= (Ax.Ak.e')tc

2. e == (Av.e/)t
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Left-to-right, CBV CPS transformation

[[e]]DProg — ?\k.[[e]]DEka

cps cps

[eo er]lga®c = leolga®Avo.ler]gePAvivovi ¢
[tlowPe = cltlge”
(o = {
[x[oe" = x

[Ax.e]P™ = Ax.Ak.[e]25Pk

cps cps
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Our standard abstract machine (1/2)

CProg
Foq S P — a

IS satisfied whenever a CPS program p evaluates to

an answer d.

P e —a

IS satisfied whenever a CPS expression e evaluates

to an answer Q.
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Our standard abstract machine (2/2)

® The machine starts and stops with the initial
continuation K., a distinguished fresh

continuation identifier.

e ac Answer := { | Ax.Ak.e | error
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|_(5:tEpr elKinit/k] — a
o Ak.e — a

I—gt%"p e[t/x, c/k] — a

P Lt c < error Fo” (Ax.Ak.e)tc — a

ot elt/v] — a
P (Av.e)t — a Foor® Kinitt < t
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The rest of this lecture.

We focus on the continuation identifiers k.
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Our starting observation

1. Each direct-style expression occurs in one context.

2. Each CPS expression has one continuation.

k | CExp e

- 2CC
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kgFC(to)) kgFC(ti) kEzTc
k s totic
ks ¢ kgFC(t)
=
CE
k :Zcép c
k =52 Av.e k =520k
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Second-class position
Second-class continuations

Definition 2 In a continuation abstraction Ak.e, k
occurs in second-class position and denotes a

second-class continuation whenever the judgment

CE : N
k =527 e is satisfied.
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More generally

All | continuation identifiers

denote second-class continuations.

CProg

2cc* p

20



| CExp
K Focex €

. CProg
—ccr AK.e

STt FSIt kS

CExp
k —2cc* to t] C

| Cont | CTriv
k — 2cc* C — 2cc* t

| CExp
K FEoeex Ct

21
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| CTriv
— 2CC*

| CTriv
— 2CC* V

| CExp
K FEooex €

k =520 Av.e
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| CTriv
— 2CC* X

CEXp

k :ZCC* e

| CTriv

— 2CCc*

Ax.Ak.e

k | Cont

— 2CC*

k



2Cont-validity

Definition 3 Given a CPS program p = Ak.e, the

judgment =5« P (read: “p Is 2Cont-valid”) Is

A CE . A
satisfied whenever k |=,-." e is satisfied and all

continuation abstractions Ak’.e’ occurring in e

. CE
satisfy k/ =5." €.
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The CPS transformation
yields 2Cont-valid programs

Lemma 4 For any p € DProg,

C
secr” [Plcps -

Proof: Straightforward induction on direct-style

programs.
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2Cont-validity under [3-reduction

Theorem 5

1. If (Ax.Ak.e’) t c is 2Cont-valid, then e[t /x, ¢/K]

IS 2Cont-valid.

2. If (Av.e) t is 2Cont-valid then e[t /V] is
2Cont-valid.
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Proof: Using inversion on the derivation that a redex

IS 2Cont-valid we obtain derivations on which we

prove inductively that 2Cont-validity is preserved.
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And therefore...

One continuation identifier is enough!
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BNF for 2CPS programs

P € 2CProg ::
e c 2CExp
t € 2CTriv =
c € 2Cont

{ € Lit

X € lde

*x & Token
VvV € ldeV

Ax.e

totic | ct

] x| v | AxAx.e
* | Av.e
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Mappings between CPS and 2CPS

e straightforward
e homomorphic

® inverses (modulo x-conversion)

Notation: |- b: CPS — 2CPS
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A stack machine

ldea: implement the bindings of x with a stack.

( € 2CStack == | @, Av.e
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Two judgments

|_2CProg
2CC

P — a

IS satisfied whenever p €& 2CProg evaluates to an

answer a &€ 2Answer.

QP e a

2CC

Is satisfied whenever ¢ & 2CExp evaluates to an

answer @, given @ € 2CStack.
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o %e—a

2CC
2CP 2CE
e Y Ak.e — a @ Foec P Lt c — error
2CEXp
o 5 elt/x] — a

@ Foc® (AxAk.e)tx — a

@, Av.e' F:.2P elt/x] — a

2CEXp

@ F5 " (AxAx.e)tAv.e’ — a
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2CEXp

@ 5 elt/vl — a

2CEXp

@ 5 (Avee)t — a

o xt s t

2CEXp

o 5" elt/vl — a

@, Av.el5 7 xt—a
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Equivalence

ldea:

show that for each abstract machine,
the computations

are in bijective correspondence.
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Key technique

elph
CLoh

A “stack substitution”
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Stack substitution
totichlop = toti ([chlo))

cthioh = (lchlpp)t

[Av.eploh = Av.(lebloh)
xoh = K
@, |[Av.ebp = Av.(lepl@p)



Lemma 6

1. For any e € CExp satisfying kK E5. e for some

k and for any stack of 2Cont continuations ¢,
CE
=2 |€b{@h.

’<hﬂt — 2CcCc*
2. For any ¢ € Cont satisfying k

Cont
2CC*

e for some k

and for any stack of 2Cont continuations @,
Kinit Faom | CRL@D.

Proof: By structural induction.
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Control-stack substitution

Lemma 7/

1. For any e’ € CExp satisfying k =5 e’ for some

k and for any stack of 2Cont continuations ¢,

e'ploh = e'[x{ph/Kl.

2. For any e € 2CExp, for any t’ € CTriv satisfying
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—géi" t’, for any identifier 1 in Ide or in IdeV, and

for any stack of 2Cont continuations ,

ellt'b/il{oh = eleh[t'/il.

Proof: By structural induction.
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Theorem 8 (Simulation)

1. For any 2Cont-valid CPS program p,

CP : : 2CP
—ad 0P < aifand only if F5e 7

pb — |ap.

2. For any CPS expression e satisfying k Esa? e

for some k and for any stack of 2Cont

continuations @, Fog® |eph{®}h — a if and only

it @ Foce © leb — |ab.
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Proof

By induction over the structure of the derivations,

frequently relying on Lemma 7.

Let us see the case of tail calls.
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&
2CEXp

(P I_ch e[t/x] — a

2CEXp

Case & =
© Foee T (AXAx.e)tx — a

where £1 names the derivation ending in
2CEXp

© Fee " elt/x] — a.
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By applying the induction hypothesis to &7, we

obtain a derivation
8{
o elt/x){oh — a

such that a =|a’}.
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Since e[t/x] IS a 2CPS expression,

e there exists a CPS expression e’ satisfying

CE
k E=oex’ e’ for some k, and

e there exists a CPS trivial expression t’ satisfying

| _CTriv ¢/
| 2cc* t

such that e =|e’p and t =|t'}.

44



By Lemma 7/,

le'bllt'h/xHoh = |e'b{ohlt'/x]
= e'[{h/KI[t"/x]
= e'[t'/x, x{@h/K]

because t’ has no free k

and ¢ has no free X.



By inference,
Faa” €'[t//x, {@h/kl — a’
Fog Y (AxAk.e )t/ (x{oh) — a’

Now by definition of stack substitution,

(Ax.Ak.e’) t" (x{o])
= | (Ax.Ak.e) t k' b{e}, for some k'.

46



In other words, there exists a derivation

g/
Faa ¥ lelt/x] b{oh — a’

g | (Ax.Ak.e) tk/ b{ob — a’

which is what we wanted to show.
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First conclusion

Two folklore theorems about CPS programs with

second-class continuations:

1. One continuation identifier iIs enough.

2. Control can be implemented with a control stack.

48
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call/cc

[callicc e] o2Pc

= [e]P°ZPAf.f (Ax.Ak.cX)C

cpsS

where f, X, and k are fresh.
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Key observation

Continuation identifiers now occur

“out of order”.

k | CEXxp e

- 1cc

51



k € FC(ty) k € FC(t;) k =52 ¢

CEXp CEXp CEXp

k =720 ¢ k € FC(t)
ki ct k=i ct

| CExp
k —1cc =

k =72 Av.e
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First-class position
First-class continuations

Definition 9 In a continuation abstraction Ak.e, k

occurs In first-class position and denotes a first-class

continuation whenever the judgment k :ii)(p €IS

satisfied.
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“Sub-closure” property

Example:

Ak (Ax.Ak" kx) Lk

Ak.k {
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Key idea

Single out

continuation identifiers in first-class position
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BNF for 1CPS programs

p € CProg ::
e € CExp
t € CTriv
c € Cont ::

{ € Lit

X € lde

* & Token
k € IdeC

Vv € ldeV

A.e | Nk.e
totijc | ct
] x| v| MAMe | AxNk.e
Av.e | x| k

56



From CPS to 1CPS (1/4)

[to t1 clE=Pk

ann

[c t]5=Pk

ann

[pT CTriv
Q ann

T CTriv
dann

[[V]] CTriv

ann

[Av.e] otk

ann

[x

[[tO]] CTriv [[t1 ]] CTriv

ann

( [[C]] Contk

{

X

AY%

ann

)

ann (

[[t]] CTriv

ann

Av.[e] SE®k

57

ann

[[C]] Contk

ann

)



From CPS to 1CPS (2/4)

[D\k e]] CProg __

ann

Nk.[e]B*k itk =5P e

ann

Ax. [e]52Pk  otherwise
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From CPS to 1CPS (3/4)

[Ax.Ak.e]S =

ann

M NK.[e]B%k itk =1 e

ann

AXAx. [e] SE®k otherwise

ann
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From CPS to 1CPS (4/4)

otk — * ifk =k’

ann / _
k otherwise
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From 1CPS to CPS

Straightforward — just replace x by a fresh k.

Lemma 10 (Inverseness)

[-]15Prog o [.]=F109 = jdentity,, .
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A stack machine for 1CPS programs

We handle first-class continuations by extending

1CPS with a new syntactic form:

c € 1Cont = Av.e | x | k | [swap @
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Stack substitution

toti cloh
ctioh

(Av.e){oh
o}

x{ @, Av.ej
kioh

(swap @' ){ @}

[tol i [t e (cloh)
(cloh) [t
Av.(elo))

— kinit
= Av.(e{@])
= k

*HP')



The abstract machine

|_1CProg
lcc

P — a

IS satisfied whenever p €& 1CProg evaluates to an

answer a & 1Answer.

QP e qa

1cc

Is satisfied whenever ¢ & 1CEXxp evaluates to an

answer a, given ¢ € 1CStack.
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The domain of answers: 1Answer

a == £ | Ax.Ae | AxNk.e | error
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1CE 1CE
el e—a o 1" elswape/K] — a

I_lCProg

1CProg 1
Flee  AKx.e — a e  Nk.e = a

@ Fio? Lt c < error
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1CEXxp

o i elt/x] — a

@ e (AxAx.e)tx — a

@, Av.e' FP elt/x] — a

1CEXxp

@ Fiic (Ax.Ax.e)tAv.e’ — a
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@ Fiec " elt/x, swap @/k] — a

@ F? (AxNk.e)tx— a

1CExp

@, Av.e’ F100 elt/x, swap (@, Av.e’) /K] — a

@ F12® (Ax.Nk.e)tAv.e’ — a
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¢’ ﬁgixp e[t/x] — a
1CExp

@ F1ée " (Ax.Ax.e)t(swap @’) — a

o' H12® elt/x, swap @'/k] — a

1CEXxp

© e’ (AxNk.e)t(swap@’) — a
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1CExp

@ i elt/vl — a

1CEXxp

@ Fiie” (Ave)t — a
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@ ﬁ‘g?p swapet — t

' H{Pelt/v] — a

1CExp

@ F1ic” swap (@’, Av.e)t — a
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Theorem 11 (Simulation)

1. Fog™® p < aif and only if

HT BRI — Lalie

S [elEPi @) < aif and only if

ann

© |_1§CEXD [[e]]CEka S [[a]]Answer,

ann ann

for some k.

Proof: Similar to the proof of Theorem 8.
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Practical assessment

e Programs without call/cc do not pay for them.

e Programs with call/cc pay for them — a lot.
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Alternative

Segment the stack.

O:oFHFPe—a

lcc
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On-the-fly garbage collection
of unshared continuations

b:D:FPe—a

1cc
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Conclusion

We have formalized

some implementation strategies

for first-class continuations.
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Further work
(with Frank Pfenning and Belmina Dzafr)

Stackability not only for continuation identifiers
but also for parameters of continuations

(I.e., Intermediate results).

Formalized in Elf

for second-class continuations.
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Further work (Frank Pfenning)

Intuitionistic Non-Commutative Linear Logic
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General observation

Continuations provide:

® A source of inspiration.
e A fruitful playground.

e Not necessarily a final solution,

more like a stepping stone.
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Why continuations?

A (typed) A-encoding of control.

Their success is the success of A-calculi.
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And to fnish with a pun

The lambda-calculus has many applications.

(Mayer Goldberg)
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