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Abstract

Logical relations,definedinductively on the structureof types,provide a powerful
tool to characterizehigher-order functions. They often enableus to prove correct-
nessof a programtransformerwritten with higher-order functionsconcisely. This
paperdemonstratesthat the techniqueof logical relationscanbe usedto character-
ize call-by-valuefunctionsaswell asdelimitedcontinuations.Basedon the tradi-
tional logical relationsfor call-by-namefunctions,logical relationsfor call-by-value
functionsarefirst defined,whoseCPSvariantis usedto prove thecorrectnessof an
offline specializerfor the call-by-valueλ-calculus.They arethenmodifiedto cope
with delimitedcontinuationsandareusedto establishthe correctnessof an offline
specializerfor the call-by-valueλ-calculuswith delimitedcontinuationconstructs,
shift andreset. Thisis thefirst correctnessproof for suchaspecializer. Along thede-
velopment,correctnessof the continuation-basedandshift/reset-basedlet-insertion
andA-normalizationis established.

1 INTRODUCTION

Whenever we build a programtransformer, be it a compiler, an optimizer, or a
specializer, weneedto establishits correctness.Wehaveto show thatthesemantics
of a programdoesnot changebeforeandafter the transformation.As a program
transformergetssophisticated,however, it becomesharderto proveits correctness.
In particular, thenon-trivial useof higher-orderfunctionsin thetransformermakes
the correctnessproof particularlydifficult. A simplestructuralinductionon the
input programdoesnot usuallywork, becausewe cannot easilycharacterizetheir
behavior.

Thetechniqueof logical relations[17] is oneof theproofmethodsthatis often
usedin sucha case.With the help of types,it enablesus to definea setof rela-
tions thatcapturesnecessarypropertiesof higher-orderfunctions.Notably, Wand
[21] usedthis techniqueto provecorrectnessof anoffline specializer[15] in which
higher-orderfunctionsratherthanclosureswereusedfor therepresentationof ab-
stractions. However, the logical relationsusedby Wand were for call-by-name
functions.They wereusedto prove thecorrectnessof aspecializerfor thecall-by-
nameλ-calculus,but arenotdirectlyapplicableto thecall-by-valuelanguages.

In this paper, we demonstratethat the techniqueof logical relationscan be
usedto characterizecall-by-valuefunctionsaswell asdelimitedcontinuations.We
first modify Wand’s logical relationsso that we can usethem for call-by-value
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functions. We thenprove thecorrectnessof anoffline specializerfor thecall-by-
value λ-calculus. It is written in continuation-passingstyle (CPS)and usesthe
continuation-basedlet-insertionto avoid computationelimination/duplication.

It is well-known thatby usingdelimitedcontinuationconstructs,shiftandreset,
introducedby Danvy andFilinski [7], it is possibleto implementthe let-insertion
in direct style [19]. We demonstratethat the correctnessof this direct-stylespe-
cializerwith theshift/reset-basedlet-insertioncanbealsoestablishedby properly
characterizingdelimitedcontinuationsin logical relations.

Then, the specializeris extendedto copewith shift and resetin the source
language.To this end,thespecialization-timedelimitedcontinuationsareusedto
implementthedelimitedcontinuationsin thesourcelanguage.Tocharacterizesuch
delimitedcontinuations,we definelogical relationsbasedon Danvy andFilinski’s
typesystem[6]. Thanksto theexplicit referenceto thetypesof continuationsand
thefinal result,we canestablishthecorrectnessof thespecializer. This is thefirst
correctnessproof for the offline specializerfor the call-by-valueλ-calculuswith
shift andreset.Thepresentauthorpreviously showedthecorrectnessof a similar
offline specializer[3], but it producedtheresultof specializationin CPS.

Thecontributionsof thispaperaresummarizedasfollows:

• We show that the techniqueof logical relationscanbeusedto characterize
call-by-valuefunctionsaswell asdelimitedcontinuations.

• We show for the first time the correctnessof the offline specializerfor the
call-by-valueλ-calculuswith shift andreset.

• Along the development,we establishthe correctnessof the continuation-
basedlet-insertion,theshift/reset-basedlet-insertion,thecontinuation-based
A-normalization[14], andtheshift/reset-basedA-normalization.

The paperis organizedasfollows. After showing preliminariesin Section2,
thecall-by-namespecializerandits correctnessproofbyWandarereviewedin Sec-
tion 3. We thenshow thelogical relationsfor call-by-valuefunctionsin Section4,
anduse(a CPSvariantof) themto prove the correctnessof a specializerfor the
call-by-valueλ-calculusin Section5. In Section6, we transformthe specializer
into direct style andprove its correctness.Then,we further extend the special-
izer to copewith shift andreset.We show an interpreterandan A-normalizerin
Section7, a specializerin Section8, a typesystemin Section9, andlogical rela-
tions with which the correctnessis establishedin Section10. Relatedwork is in
Section11andthepaperconcludesin Section12.
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2 PRELIMINARIES

Themetalanguageweuseis a left-to-rightλ-calculusextendedwith shift andreset
aswell asdatatypeconstructors.Thesyntaxis givenasfollows:

M,K = x | λx.M | M M | ξk.M | 〈M〉 | n | M +1 |
Var(n) | Lam(n,M) | App(M,M) | Shift(n,M) | Reset(M) |

Lam(n,M) | App(M,M) | Shift(n,M) | Reset(M) |
Lam(n,M) | App(M,M) | Shift(n,M) | Reset(M)

ξk.M and〈M〉 representshift andreset,respectively, andappearonly later in the
paper. Datatypeconstructorsarefor representingtheinputandoutputtermsto our
specializer. In this baselanguage,an integern is usedto representa variable.For
thispurpose,thelanguagecontainsanintegerandanadd-oneoperation.As usual,
we useoverline andunderlineto indicatestaticanddynamicterms,respectively.
We assumethatall thedatatypeconstructorsarestrict. Amongthemetalanguage,
a value(rangedover by a metavariableV) is eithera variable,an abstraction,an
integer, or oneof constructorswhoseargumentsare values.

Whena specializerproducesits output, it needsto generatefreshvariables.
To make the presentationsimple,we useso-calledthe de Bruijn levels [10] (not
indices).Definethefollowing fivestrict operators:

var(m) = λn.Var(m)
lam( f ) = λn.Lam(n, f (n+1))

app( f1, f2) = λn.App( f1n, f2n)
shift( f ) = λn.Shift(n, f (n+1))
reset( f ) = λn.Reset( f n)

They areusedto representa term parameterizedwith a variablename. Given a
termM in thedeBruijn level notation,wedefinetheoperation↓n M of obtaininga
concretetermas:↓n M = M n. Thus,wehave:

↓3 (app(lam(λx. lam(λy.var(x))), lam(λy.var(y))))
= App(Lam(3,Lam(4,Var(3))),Lam(3,Var(3))) .

Sincewecanfreely transformatermwith deBruijn levelsinto theonewithout,we
will usetheformerastheoutputof specializers.

Throughoutthis paper, we usethreekinds of equalitiesbetweentermsin the
metalanguage:= for definitionor α-equality,∼n for β-equalityundercall-by-name
semantics,and∼v for β-equalityundercall-by-valuesemantics.Thecall-by-value
β-equalityin thepresenceof shift andresetis definedby KameyamaandHasegawa
[16, Fig. 2].

3 SPECIALIZER FOR CALL-BY-NAME λ-CALCULUS

In this section,we review the specializerfor the call-by-nameλ-calculusandits
correctnessproofusingthetechniqueof logical relationspresentedby Wand[21].
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A specializerconsistsof two parts: an interpreterfor staticexpressionsand
a residualizerfor dynamicexpressions.An interpreterfor the input languageis
definedasfollows:

I 1 [[Var(n)]]ρ = ρ(n)
I 1 [[Lam(n,M)]]ρ = λx.I 1 [[M]]ρ[x/n]

I 1 [[App(M1,M2)]]ρ = (I 1 [[M1]]ρ)(I 1 [[M2]]ρ)

whereρ[x/n] is thesameenvironmentasρ exceptthatρ(n) = x.
Theresidualizeris almostthe identity functionexceptfor theuseof deBruin

levelsto avoid nameclashes:

D1 [[Var(n)]]ρ = ρ(n)
D1 [[Lam(n,M)]]ρ = lam(λx.D1 [[M]]ρ[var(x)/n])

D1 [[App(M1,M2)]]ρ = app(D1 [[M1]]ρ,D1 [[M2]]ρ)

An offline specializeris given by putting the interpreterand the residualizer
together:

P 1 [[Var(n)]]ρ = ρ(n)
P 1 [[Lam(n,W)]]ρ = λx.P 1 [[W]]ρ[x/n]
P 1 [[Lam(n,W)]]ρ = lam(λx.P 1 [[W]]ρ[var(x)/n])

P 1 [[App(W1,W2)]]ρ = (P 1 [[W1]]ρ)(P 1 [[W2]]ρ)
P 1 [[App(W1,W2)]]ρ = app(P 1 [[W1]]ρ,P 1 [[W2]]ρ)

Thespecializergoeswrongif theinputtermis notwell-annotated.Well-annotated-
nessof a term is specifiedasa binding-timeanalysisthat, given anunannotated
term,produces awell-annotatedterm. Here,we show a type-basedbinding-time
analysis.Definebinding-timetypesof expressionsasfollows:

τ = d | τ → τ

An expressionof typed denotesthat theexpressionis dynamic,while anexpres-
sion of type σ → τ shows that it is a static function. We usea judgmentof the
form A ` M : τ [W], which reads:undera type environmentA, a term M hasa
binding-timetypeτ andis annotatedasW. Thebinding-timeanalysisis definedby
thefollowing typing rules:

A[n : τ] ` Var(n) : τ [Var(n)]

A[n : σ] ` M : τ [W]

A` Lam(n,M) : σ → τ [Lam(n,W)]

A` M1 : σ → τ [W1] A` M2 : σ [W2]

A` App(M1,M2) : τ [App(W1,W2)]

A[n : d] ` M : d [W]

A` Lam(n,M) : d [Lam(n,W)]

A` M1 : d [W1] A` M2 : d [W2]

A` App(M1,M2) : d [App(W1,W2)]
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To show the correctnessof the specializer, Wand [21] usesthe techniqueof
logical relations. Definelogical relationsbetweentermsin the metalanguageby
inductionon thestructureof binding-timetypesasfollows:

(M,M′) ∈ Rd ⇐⇒ I 1 [[↓n M]]ρid ∼n M′ for somen
(M,M′) ∈ Rσ→τ ⇐⇒ ∀(N,N′) ∈ Rσ. (M N,M′N′) ∈ Rτ

whereρid(n) = xn for all n. Sincethe logical relationsaredefinedon openterms,
we needto relatefree variables inthe base-andmetalanguagein someway. We
choosehereto relateabaselanguagevariableVar(n) to ametalanguagevariablexn.
In the definition of Rd, M is a metalanguageterm in the de Bruijn level notation
thatis eitheravaluerepresentingabaselanguagetermor a termthatis equalto (or
evaluatesto) avaluerepresentingabaselanguagetermin theunderlyingsemantics
of themetalanguage(in this section,call-by-name).

For environmentsρ andρ′, we say(ρ,ρ′) |= A if f (ρ(n),ρ′ (n)) ∈ RA(n) for all
n∈ dom(A), wheredom(A) is thedomainof A. Then,we canshow thefollowing
theorem:

Theorem 1 (Wand [21]) If A` M : τ [W] and(ρ,ρ′) |= A, then
(P 1 [[W]]ρ,I 1 [[M]]ρ′) ∈ Rτ.

By instantiatingit to anemptyenvironmentρφ, we obtainthefollowing corollary,
whichestablishesthecorrectnessof specialization.

Corollary 1 (Wand [21]) If `M : d [W], thenI 1 [[↓0 (P 1 [[W]]ρφ)]]ρid ∼n I 1 [[M]]ρφ.

4 LOGICAL RELATIONS FOR CALL-BY-VALUE λ-CALCULUS

Definelogical relationsfor thecall-by-valueλ-calculusasfollows:

(M,M′) ∈ Rd ⇐⇒ I 1 [[↓n M]]ρid ∼v M′ for somen
(M,M′) ∈ Rσ→τ ⇐⇒ ∀(V,V ′) ∈ Rσ. (MV,M′V ′) ∈ Rτ

Thereare twodifferencesfrom thelogical relationsin theprevioussection.First,
call-by-valueequality∼v is usedinsteadof call-by-nameequality∼n in thedefi-
nition of Rd. Secondly, M andM′ areallowedto bein Rσ→τ if they transformonly
relatedvalues(ratherthanarbitraryterms)into relatedterms.

If we could prove Theorem1 with this definition of Rτ, we would have ob-
tainedasa corollary thecorrectnessof thespecializerin thecall-by-valueseman-
tics. However, theproof fails for staticapplications.In fact, thespecializeris not
correctunderthecall-by-valuesemantics.

5 SPECIALIZER IN CPS

Thecorrectnessunderthecall-by-valuesemanticsdoesnothold for thespecializer
in Section3 becauseit maydiscarda non-terminatingcomputation.Thestandard
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methodto recoverthecorrectnessis to performlet-insertion[4]. Sincelet-insertion
requiresexplicit manipulationof continuations,wefirst rewrite ourspecializerinto
CPSasfollows:

P 2 [[Var(n)]]ρκ = κ(ρ(n))
P 2 [[Lam(n,W)]]ρκ = κ(λx.λk.P 2 [[W]]ρ[x/n]k)
P 2 [[Lam(n,W)]]ρκ = κ(lam(λx.P 2 [[W]]ρ[var(x)/n]λx.x))

P 2 [[App(W1,W2)]]ρκ = P 2 [[W1]]ρλm.P 2 [[W2]]ρλn.mnκ
P 2 [[App(W1,W2)]]ρκ = P 2 [[W1]]ρλm.P 2 [[W2]]ρλn.κ(app(m,n))

Wethenreplacethelastrulewith thefollowing:

P 2 [[App(W1,W2)]]ρκ = P 2 [[W1]]ρλm.P 2 [[W2]]ρλn.

let(app(m,n), lam(λt.κ(t)))

wherelet(M1, lam(λt.M2)) is anabbreviationfor app(lam(λt.M2),M1). Whenever
an applicationis residualized,we inserta let-expressionto residualizeit exactly
oncewith a uniquenamet, andcontinuethe restof the specializationwith this
name.Sincetheresidualizedapplicationis notpassedto thecontinuationκ, it will
neverbediscardedevenif κ discardsits argument.

The let-insertiontechniquecan be regardedas performingA-normalization
[14] on thefly duringspecialization.If we extracttherulesfor variables,dynamic
abstractions,anddynamicapplicationsfrom P 2, we obtainthefollowing one-pass
A-normalizerwritten in CPS[14]:

A1 [[Var(n)]]ρκ = κ(ρ(n))
A1 [[Lam(n,M)]]ρκ = κ(lam(λx.A1 [[M]]ρ[var(x)/n]λx.x))

A1 [[App(M1,M2)]]ρκ = A1 [[M1]]ρλm.A1 [[M2]]ρλn.
let(app(m,n), lam(λt.κ(t)))

We now want to show the correctnessof the specializerP 2 underthe call-
by-value semantics. Namely, we want to show I 1 [[↓0 (P 2 [[W]]ρφ λx.x)]]ρid ∼v

I 1 [[M]]ρφ alongthe similar story aswe did in Section3. Let us definethe base
caseRd asfollows:

(M,M′) ∈ Rd ⇐⇒ I 1 [[↓n M]]ρid ∼v M′ for somen .

Then,wewantto show (P 2 [[W]]ρφ λx.x,I 1 [[M]]ρφ) ∈ Rd with asuitabledefinition
of Rσ→τ.

To prove it, we first generalizethestatementto make inductionwork. Rather
thanproving only the casewhereenvironmentsandcontinuationsarethe empty
ones,weprovesomethinglike:

(P 2 [[W]]ρλv.K,(λv′.K′)(I 1 [[M]]ρ′)) ∈ Rτ

for somesuitableρ, ρ′, λv.K, andλv′.K′. SinceI 1 is written in direct style,we
introduceits continuation asa form of adirectapplication.
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Now, how canwe defineRσ→τ? Unlike Section3, it is not immediatelyclear
how to defineRσ→τ becausethe specializeris written in CPS.We needto relate
P 2 [[W]]ρλv.K and(λv′.K′)(I 1 [[M]]ρ′) properly. To doso,weneedto characterize
preciselythetwo continuations,λv.K andλv′.K′, andthefinal results.Goingback
to thedefinitionof P 2, wenoticetwo things:

• P 2 [[W]]ρλv.K asawholereturnsadynamicexpression.

• λv.K returnsadynamicexpression,givensomevaluev.

In ordinaryCPSprograms,thereturntypeof continuationsis polymorphic.It can
beof any type,usuallyreferredto asa typeAnswer. Here,we usedcontinuations
in a non-standardway, however. We instantiatedthe Answertype into a type of
dynamicexpressionsandusedit to constructdynamicexpressions.

Takinginto accountthatthetypeof dynamicexpressionsis d, theaboveobser-
vationleadsusto thefollowing definitionof logical relations:

(M,M′) ∈ Rd ⇐⇒ I 1 [[↓n M]]ρid ∼v M′ for somen
(M,M′) ∈ Rσ→τ ⇐⇒ ∀(V,V ′) ∈ Rσ. ∀(λv.K,λv′.K′) |= τ ; d.

(MV λv.K,(λv′.K′)(M′V ′ )) ∈ Rd

where(λv.K,λv′.K′) |= τ ; d is simultaneouslydefinedasfollows:

(λv.K,λv′.K′) |= τ ; d ⇐⇒ ∀(V,V ′) ∈ Rτ. ((λv.K)V,(λv′.K′)V ′) ∈ Rd

Intuitively, (λv.K,λv′.K′) |= τ ; d meansthatλv.K andλv′.K′ arerelatedcontin-
uationsthat,givenrelatedvaluesof typeτ, producerelatedresults oftyped. Using
this definition, (M,M′) ∈ Rσ→τ statesthat M andM′ arerelatedif they produce
relatedresults oftyped, givenrelatedvaluesof typeτ andrelatedcontinuationsof
typeτ ; d. In thefollowing, weuse; for thetypeof continuations.

With this definition of logical relations,we canprove the correctnessof P 2

underthecall-by-valuesemantics.

Theorem 2 If A` M : τ [W], (ρ,ρ′) |= A, and(λv.K,λv′.K′) |= τ ; d, then
(P 2 [[W]]ρλv.K,(λv′.K′)(I 1 [[M]]ρ′)) ∈ Rd.

The proof of this theoremis by induction on the structureof the proof of A `
M : τ [W]. Even thoughP 2 is written in CPS,the inductiondoeswork thanksto
theexplicit referenceto the typesof continuationsandthefinal result. Theproof
proceedsin a CPSmanner. In particular, the casesfor (both staticanddynamic)
applicationsgofrom left to right. Weusetheinductionhypothesesfor thefunction
partandtheargumentpartin thisorder.

By instantiatingthe theoremto the casewhereboth the environmentandthe
continuationareempty, we obtainthefollowing corollarythatestablishesthecor-
rectnessof aspecializerusingthecontinuation-basedlet-insertion:

Corollary 2 If ` M : d [W], thenI 1 [[↓0 (P 2 [[W]]ρφ λx.x)]]ρid ∼v I 1 [[M]]ρφ.
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If we annotatetheinput to thespecializercompletelydynamic,thespecializerbe-
havesexactly thesameastheA-normalizer. Thus,thetheoremcanbeinstantiated
to thefollowing corollary, which provesthecorrectnessof thecontinuation-based
A-normalization.

Corollary 3 I 1 [[↓0 (A1 [[M]]ρφ λx.x)]]ρid ∼v I 1 [[M]]ρφ.

6 SPECIALIZER IN DIRECT STYLE

In this section,we presenta specializerwritten in direct style andshow its cor-
rectnessunderthecall-by-valuesemantics.Sincewe have alreadyestablishedthe
correctnessof aspecializerwrittenin CPSin theprevioussection,thedevelopment
in this sectionis easy. Roughlyspeaking,we transformtheresultsin theprevious
sectionback to direct style [5, 9]. During this process,we usethe first-classde-
limited continuationconstructs,shift andreset, to copewith non-standarduseof
continuations.Hereis thedefinitionof thespecializerwritten in directstyle:

P 3 [[Var(n)]]ρ = ρ(n)
P 3 [[Lam(n,W)]]ρ = λx.P 3 [[W]]ρ[x/n]
P 3 [[Lam(n,W)]]ρ = lam(λx.〈P 3 [[W]]ρ[var(x)/n]〉)

P 3 [[App(W1,W2)]]ρ = (P 3 [[W1]]ρ)(P 3 [[W2]]ρ)
P 3 [[App(W1,W2)]]ρ = ξκ. let(app(P 3 [[W1]]ρ,P 3 [[W2]]ρ), lam(λt.κ(t)))

As in the previous section,we obtain the one-passA-normalizerwritten in
directstylewith shift andreset[3] by extractingdynamicrulesfrom P 3:

A2 [[Var(n)]]ρ = ρ(n)
A2 [[Lam(x,M)]]ρ = lam(λx.〈A2 [[M]]ρ[var(x)/n]〉)

A2 [[App(M1,M2)]]ρ = ξκ. let(app(A2 [[M1]]ρ,A2 [[M2]]ρ), lam(λt.κ(t)))

To definesuitablelogical relationsfor the specializerwritten in direct style
(with shift andreset),we needto correctlyhandledelimitedcontinuations.This is
doneby observingtheexactcorrespondencebetweencontinuationsin theprevious
sectionanddelimitedcontinuationsin thissection.In particular, we typetheresult
of thedelimitedcontinuationsasd.

Logical relationsfor the direct-stylespecializerwith delimitedcontinuations
aredefinedasfollows:

(M,M′) ∈ Rd ⇐⇒ I 1 [[↓n M]]ρid ∼v M′ for somen
(M,M′) ∈ Rσ→τ ⇐⇒ ∀(V,V ′) ∈ Rσ.∀(λv.K,λv′.K′) |= τ ; d.

(〈(λv.K)(MV)〉,(λv′.K′)(M′V ′)) ∈ Rd

where(λv.K,λv′.K′) |= τ ; d is simultaneouslydefinedasfollows:

(λv.K,λv′.K′) |= τ ; d ⇐⇒ ∀(V,V ′) ∈ Rτ. (〈(λv.K)V〉,(λv′.K′)V ′) ∈ Rd

Then,thecorrectnessof thespecializeris statedasfollows:
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Theorem 3 If A` M : τ [W], (ρ,ρ′) |= A, and(λv.K,λv′.K′) |= τ ; d, then
(〈(λv.K)(P 3 [[W]]ρ)〉,(λv′.K′)(I 1 [[M]]ρ′)) ∈ Rd.

Although both the specializerand the interpreterare written in direct style, the
proof proceedsin a CPSmanner. In particular, thecasesfor applicationsgo from
left to right, naturallyreflectingthecall-by-valuesemantics.

By instantiatingthe theoremto the casewhereboth the environmentandthe
continuationareempty, we obtainthefollowing corollarythatestablishesthecor-
rectnessof aspecializerusingtheshift/reset-basedlet-insertion:

Corollary 4 If ` M : d [W], thenI 1 [[↓0 〈P 3 [[W]]ρφ〉]]ρid ∼v I 1 [[M]]ρφ.

As before,if weannotatetheinput to thespecializercompletelydynamic,thespe-
cializerbehavesexactly thesameasthe A-normalizer. Thus,the theoremcanbe
instantiatedto thefollowing corollary, which provesthecorrectnessof thedirect-
styleA-normalization.

Corollary 5 I 1 [[↓0 〈A2 [[M]]ρφ〉]]ρid ∼v I 1 [[M]]ρφ.

7 INTERPRETER AND A-NORMALIZER FOR SHIFT AND RESET

Sofar, shift andresetappearedonly in themetalanguage.In thefollowing sections,
wedevelopaspecializerwritten in directstylethatcanhandleshift andresetin the
baselanguage.We first definean interpreter, a residualizer, andan A-normalizer
for the call-by-valueλ-calculuswith shift andreset. We thentry to combinethe
interpreterandtheA-normalizerto obtainaspecializerin thenext section.

Hereis theinterpreterwritten in directstyle:

I 2 [[Var(n)]]ρ = ρ(n)
I 2 [[Lam(n,M)]]ρ = λx.I 2 [[M]]ρ[x/n]

I 2 [[App(M1,M2)]]ρ = (I 2 [[M1]]ρ)(I 2 [[M2]]ρ)
I 2 [[Shift(n,M)]]ρ = ξk.I 2 [[M]]ρ[k/n]

I 2 [[Reset(M)]]ρ = 〈I 2 [[M]]ρ〉

We usedshift andresetoperationsthemselvesto interpretshift andresetexpres-
sions.

A residualizeris definedasfollows:

D2 [[Var(n)]]ρ = ρ(n)
D2 [[Lam(n,M)]]ρ = lam(λx.D2 [[M]]ρ[var(x)/n])

D2 [[App(M1,M2)]]ρ = app(D2 [[M1]]ρ,D2 [[M2]]ρ)
D2 [[Shift(n,M)]]ρ = shift(λk.D2 [[M]]ρ[var(k)/n])

D2 [[Reset(M)]]ρ = reset(D2 [[M]]ρ)

It simply renamesboundvariablesandkeepsotherexpressionsunchanged.As be-
fore, this residualizeris not suitablefor specializers.We insteadusethefollowing
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A-normalizer:

A3 [[Var(n)]]ρ = ρ(n)
A3 [[Lam(n,M)]]ρ = lam(λx.〈A3 [[M]]ρ[var(x)/n]〉)

A3 [[App(M1,M2)]]ρ = ξk. let(app(A3 [[M1]]ρ,A3 [[M2]]ρ), lam(λt.k(t)))
A3 [[Shift(n,M)]]ρ = shift(λk.〈A3 [[M]]ρ[var(k)/n]〉)

A3 [[Reset(M)]]ρ = reset(〈A3 [[M]]ρ〉)

It replacesall theapplicationexpressionsin thebodyof abstractions,shift expres-
sions,andresetoperationswith asequenceof let-expressions.

8 SPECIALIZER FOR SHIFT AND RESET

In this section,we show a specializerfor the call-by-valueλ-calculuswith shift
andreset.Our first attemptis to combinethe interpreterandtheA-normalizeras
wedid beforefor thecalculiwithout shift andreset:

P 4 [[Var(n)]]ρ = ρ(n)
P 4 [[Lam(n,W)]]ρ = λx.P 4 [[W]]ρ[x/n]
P 4 [[Lam(n,W)]]ρ = lam(λx.〈P 4 [[W]]ρ[var(x)/n]〉)

P 4 [[App(W1,W2)]]ρ = (P 4 [[W1]]ρ)(P 4 [[W2]]ρ)
P 4 [[App(W1,W2)]]ρ = ξk. let(app(P 4 [[W1]]ρ,P 4 [[W2]]ρ), lam(λt.k(t)))

P 4 [[Shift(n,W)]]ρ = ξk.P 4 [[W]]ρ[k/n]
P 4 [[Shift(n,W)]]ρ = shift(λk.〈P 4 [[W]]ρ[var(k)/n]〉)

P 4 [[Reset(W)]]ρ = 〈P 4 [[W]]ρ〉
P 4 [[Reset(W)]]ρ = reset(〈P 4 [[W]]ρ〉)

Although this specializerdoesseemto work for carefully annotatedinputs, it is
hardto specifythewell-annotatedtermasasimplebinding-timeanalysis.Thedif-
ficulty comesfrom theinconsistency betweenthespecialization-timecontinuation
andtheruntimecontinuation.

In therule for thestaticshift, a continuationis grabbedat specializationtime,
which meansthat we implicitly assumethe grabbedcontinuationcoincideswith
the actualcontinuationat runtime. This wasactuallytrue for the interpreter:we
implementedshift in thebaselanguageusingshift in themetalanguage.In thespe-
cializer, however, the specialization-timecontinuationdoesnot always coincide
with theactualcontinuation.To bemorespecific,in therule for dynamicabstrac-
tions,we specializethebodyW in a staticreset(i.e., in theemptycontinuation)to
performA-normalization,but the actualcontinuationat the time whenW is exe-
cutedis notnecessarilytheemptyone.Rather, it is theonewhentheabstractionis
appliedat runtime.

Given that the specialization-timecontinuationis not alwaysconsistentwith
the actualone,we have to make surethat the continuationis capturedstatically
only whenit representsthe actualone. Furthermore,we have to make surethat
whenever shift is residualized,its enclosingresetis alsoresidualized.Oneway to
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expressthis informationin the type systemwould be to split all the typing rules
into two, onefor thecasewhenthespecialization-timecontinuationandtheactual
continuationcoincide(or, the continuationis known, static)andthe otherfor the
casewhen they do not (the continuationis unknown, dynamic). We could then
staticallygrabthecontinuationonly whenit representstheactualone.

However, this solution leadsto an extremelyweakspecialization.Unlessan
enclosingresetis known at specializationtime,we cannotgrabcontinuationsstat-
ically. Thus, underdynamicabstractions,no shift operationis possibleat spe-
cializationtime. Furthermore,becausewe usea type-basedbinding-timeanalysis,
it becomesimpossibleto performany specializationunderdynamicabstractions.
Rememberthat a type systemdoesnot tell us what subexpressionsappearin a
givenexpression,but only the typeof thegivenexpression.Froma typesystem,
we cannotdistinguishthe expressionthat doesnot containany shift expressions
from the onethat does. Thus,even if W1 turnsout to have astaticfunction type
in App(W1,W2) (andthusit appearsthat this applicationcanbe performedstati-
cally), we cannot actuallyperformthis application,becausethe toplevel operator
of W1 might be a shift operationthat passesa function to the grabbedcontinua-
tion. In otherwords,we cannotdeterminethebinding-timeof App(W1,W2) from
thebinding-timeof W1, which makesit difficult to constructa simpletype-based
binding-timeanalysis.

The solutionwe employ takesa differentapproach.We maintainthe consis-
tency betweenspecialization-timecontinuationsandactualonesall the time. In
otherwords,we make thecontinuationalwaysstatic. Themodifiedspecializeris
presentedasfollows:

P 5 [[Var(n)]]ρ = ρ(n)
P 5 [[Lam(n,W)]]ρ = λx.P 5 [[W]]ρ[x/n]
P 5 [[Lam(n,W)]]ρ = lam(λx.shift(λk.

〈reset(app(var(k),P 5 [[W]]ρ[var(x)/n]))〉))
P 5 [[App(W1,W2)]]ρ = (P 5 [[W1]]ρ)(P 5 [[W2]]ρ)
P 5 [[App(W1,W2)]]ρ = ξk. reset(let(app(P 5 [[W1]]ρ,P 5 [[W2]]ρ), lam(λt.k(t))))

P 5 [[Shift(n,W)]]ρ = ξk.P 5 [[W]]ρ[k/n]
P 5 [[Shift(n,W)]]ρ = ξk.P 5 [[W]]ρ[lam(λv.〈k(var(v))〉)]/n

P 5 [[Reset(W)]]ρ = 〈P 5 [[W]]ρ〉

Therearefour changesfrom P 4. Thefirst andthemostimportantchangeis in the
rule for dynamicabstractions.RatherthanspecializingthebodyW of a dynamic
abstractionin theemptycontext, wespecializeit in thecontext reset(app(var(k), ·)).
This specialization-timecontinuationreset(app(var(k), ·)) turnsout to be consis-
tentwith theruntimecontinuation,becausethevariablek is boundin thedynamic
shift placeddirectlyunderthedynamicabstractionandrepresentsthecontinuation
whentheabstractionis appliedat runtime.

This insertionof a dynamicshift is reminiscentof η-expansion. To remove
administrative redexes in the one-passCPStransformation,Danvy and Filinski
[8] turnedall thecontinuationsthatareunknown at transformationtime into static
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functionsusingη-expansion.Theaboveinsertionof thedynamicshift doesexactly
thesamething in thedirect-styleprogram.

Thesecondchangeis in therule for dynamicapplicationswheredynamicreset
is insertedaroundthe residualizedlet-expression.The third changeis in the rule
for dynamicshift. Ratherthanresidualizinga dynamicshift, which requiresresid-
ualizationof thecorrespondingreset,thecurrentcontinuationis grabbedandit is
turnedinto a dynamicexpressionvia η-expansion.Finally, the rule for dynamic
resetis removedsinceall theshift operationsaretakencareof duringspecializa-
tion time,andthereis noneedto residualizereset.(Thisdoesnotnecessarilymean
that the resultof specializationdoesnot containany resetexpressions.Resetis
residualizedin therule for dynamicabstractionsandapplications.)

Thesechangesnot only definea correctspecializerbut result in a quitepow-
erful one. It can now handlepartially static continuations. Considerthe term
Lam( f ,Lam(x,App(Var( f ),Shift(k,App(Var(k),App(Var(k),Var(x))))))). (This
term is well-annotatedin the type system shown in the next section.) Whenwe
specializethis term, the continuationk grabbedby Shift(k, · · ·) is partially static:
weknow thatthefirst thing to dowhenk is appliedis to passits argumentto f , but
thecomputationthatshouldbeperformedafterthatis unknown. It is thecontinua-
tion whenLam(x, · · ·) is appliedto anargument.Evenin this case,P 5 canexpand
this partialcontinuationinto theresultof specialization.By namingtheunknown
continuationh, P 5 producesthefollowing output(afterremoving unnecessarydy-
namicshift andinlining theresidualizedlet-expressions):

lam(λ f . lam(λx.shift(λh.
reset(app(var(h),app(var( f ), reset(app(var(h),app(var( f ),var(x)))))))))) .

Observethatthepartialcontinuationreset(app(var(h),app(var( f ), ·))) is expanded
twice in the result. If f werestatic,we could have beenableto performfurther
specialization,exploiting thepartially staticinformationof thecontinuation.

On the otherhand,the above changescausean interestingside-effect to the
resultof specialization:all theresidualizedlambdaabstractionsnow have a‘stan-
dardized’ form lam(λx.shift(λk. · · ·)) (and this is the only placewhereshift is
residualized). In particular, even when we specializeLam(x,W) whereshift is
not usedduringtheevaluationof W, theresidualizedabstractionhastypically the
form lam(λx.shift(λk. reset(app(var(k),M)))) wherek doesnot occur free in M.
(If let-expressionsareinserted,the resultbecomessomewhatmorecomplicated.)
If we usedP 3 instead,we would have obtainedtheequivalentbut simplerresult:
lam(λx.M). In otherwords,P 5 is notaconservative extensionof P 3.

A questionthenis whetherit is possibleto obtain the latter resulton the fly
usingP 5 with someextrawork. We expectthatit is not likely. As longasasimple
type-basedbinding-timeanalysisis employed,it is impossibleto tell if theexecu-
tion of thebodyof a dynamicabstractionincludesany shift operations.So,unless
we introducesomeextra mechanismsto keeptrackof this information,thereis no
way to avoid theinsertionof a dynamicshift in therule for dynamicabstractions.
Then,ratherthanmakingthespecializercomplicated,we would employ a simple
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post-processingto remove unnecessaryshift expressions,if it is importantat all to
do so. Currently, we areinvestigating if the standardizedoccurrenceof shift has
any effectson theefficientanddirectimplementation ofdelimitedcontinuations.

9 TYPE SYSTEM FOR SHIFT AND RESET

Sinceour proof techniquerelieson the logical relations,we needto definea type
systemfor thecall-by-valueλ-calculuswith shift andresetto provethecorrectness
of P 5. In this section,we briefly review Danvy and Filinski’s type system[6].
More thoroughexplanationis foundin [3, 6].

In the presenceof first-class(delimited)continuations,we needto explicitly
specifythetypesof continuationsandthefinal result.For thispurpose,Danvy and
Filinski usea judgmentof the form A,α ` M : τ,β [W]. It reads:underthe type
assumptionA, an expressionM hasa type τ in a continuation oftype τ ; α and
thefinal resultis of typeβ. Sincewe usethis typesystemasthestaticpartof our
binding-timeanalysis,we decorateit with [W] to indicatethat M is annotatedas
W.

If M doesnot containany shift operations,the typesα andβ arealwaysthe
same,namely, theAnswertype. In thepresenceof shift andreset,however, they
canbedifferentandof any type.

Thetypeof functionsalsoneedsto includethetypesof continuationsandthe
final result. It hasthe form: σ/α → τ/β. It is a typeof functionsthat receive an
argumentof typeσ andreturnsa valueof typeτ to a continuation oftypeτ ; α
andthefinal resultis of typeβ. As a result,typesarespecifiedasfollows:

τ = d | τ/τ → τ/τ

Heregoesthetypesystem:

A[n : τ],α ` Var(n) : τ,α [Var(n)]

A[n : σ],α ` M : τ,β [W]

A,δ ` Lam(n,M) : σ/α → τ/β,δ [Lam(n,W)]

A,σ ` M : σ,τ [W]

A,α ` Reset(M) : τ,α [Reset(W)]

A,δ ` M1 : σ/α → τ/ε,β [W1]
A,ε ` M2 : σ,δ [W2]

A,α ` App(M1,M2) : τ,β [App(W1,W2)]

A[Var(n) : τ/δ → α/δ],σ ` M : σ,β [W]

A,α ` Shift(n,M) : τ,β [Shift(n,W)]

The above type systemis a generalizationof the standardtype systemwhere
typesof continuationsaremadeexplicit. In Section6, theresulttypeof continua-
tionsandthetypeof final resultswerealwaysd. In theabovetypesystem,it means
thata judgmenthadalwaystheform A,d ` M : τ,d [W] andthefunctiontypehad
alwaysthe form σ/d → τ/d. So if we write themasA ` M : τ [W] andσ → τ,
respectively, we obtainexactly thesametype systemasthe onefor the ordinary
λ-calculus(thethreestaticrulesshown in Section3).
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Thedynamicrulescanbeobtainedby simply replacingall thestaticfunction
typeswith d (andtypesthatoccurwithin thefunctiontype).Thedynamicrulesare
asfollows:

A[n : d],d ` M : d,d [W]

A,δ ` Lam(n,M) : d,δ [Lam(n,W)]

A[n : d],σ ` M : σ,β [W]

A,d ` Shift(n,M) : d,β [Shift(n,W)]

A,δ ` M1 : d,β [W1] A,d ` M2 : d,δ [W2]

A,d ` App(M1,M2) : d,β [App(W1,W2)]

10 LOGICAL RELATIONS FOR SHIFT AND RESET

In thissection,wedefinethelogical relationsfor thecall-by-valueλ-calculuswith
shift andreset,which areusedto prove thecorrectnessof thespecializerP 5 pre-
sentedin Section8. They arethegeneralizationof thelogical relationsin Section6
in thatthetypesof thefinal resultandtheresultof continuationsarenot restricted
to d.

(M,M′) ∈ Rd ⇐⇒ I 1 [[↓n M]]ρid ∼v M′ for somen
(M,M′) ∈ Rσ/α→τ/β ⇐⇒ ∀(V,V ′) ∈ Rσ.∀(λv.K,λv′.K′) |= τ ; α.

(〈(λv.K)(MV)〉,〈(λv′.K′)(M′V ′)〉) ∈ Rβ

where(λv.K,λv′.K′) |= τ ; α is simultaneouslydefinedasfollows:

(λv.K,λv′.K′) |= τ ; α ⇐⇒ ∀(V,V ′) ∈ Rτ. (〈(λv.K)V〉,〈(λv′.K′)V ′〉) ∈ Rα

Then,thecorrectnessof thespecializeris statedasfollows:

Theorem 4 If A,α ` M : τ,β [W], (ρ,ρ′) |= A, and(λv.K,λv′.K′) |= τ ; α, then
(〈(λv.K)(P 5 [[W]]ρ)〉,〈(λv′.K′)(I 2 [[M]]ρ′)〉) ∈ Rβ.

By instantiatingthetheoremto thecasewhereboththeenvironmentandthecontin-
uationareempty, weobtainthefollowing corollarythatestablishesthecorrectness
of adirect-stylespecializerthatcanhandleshift andreset:

Corollary 6 If d ` M : d,d [W], thenI 2 [[↓0 〈P 5 [[W]]ρφ〉]]ρid ∼v 〈I 2 [[M]]ρφ〉.

11 RELATED WORK

This work extendsour earlierwork [3] wherewe presentedoffline specializersfor
λ-calculuswith shift andresetthatproducedtheoutputin CPS.Thepresentwork
is a direct-styleaccountof thepreviouswork, but it containsnon-trivial definition
of logical relationsfor shift andreset. We alsopresentedthe online specializers
for theλ-calculuswith shift andreset[2]. However, their correctnesshasnot been
formally proved.

Thiemann[18] presentedan offline partial evaluator for Schemeincluding
call/cc. In his partialevaluator, call/cc is reducedif thecapturedcontinuationand
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thebodyof call/cc arebothstatic. This is closeto our first attemptin Section8.
Our solutionis moreliberal andreducesmorecontinuation-capturingconstructs,
but with a side-effect thatall theresidualizedabstractionsincludea toplevel shift,
which could be removed by a simplepost-processing.More recently, Thiemann
[20] showed a sophisticatedeffect-basedtype systemto show the equivalenceof
thecontinuation-basedlet-insertionandthestate-basedlet-insertion.His typesys-
temcapturestheinformationon thelet-residualizedcodeasaneffect. It might be
possibleto extendhis framework to avoid unnecessaryshift at thefront of dynamic
abstractionson thefly.

The correctnessproof for offline specializersusing the techniqueof logical
relationsappearsin Joneset al. [15, Chapter8]. Wand[21] usedit to prove the
correctnessof anoffline specializerfor thecall-by-nameλ-calculus.Thepresent
work is a non-trivial extensionof his work to copewith delimitedcontinuations.
Wand’s formulationwasbasedonsubstitution,but weusedtheenvironment-based
formulation,which is essentiallythesamebut is morecloseto theimplementation.

Filinski presentednormalization-by-evaluationalgorithmsfor thecall-by-value
λ-calculus[11] andthecomputationalλ-calculus[12]. Heshowedtheircorrectness
denotationallyusing logical relations. The sameframework is extendedto the
untypedλ-calculusby Filinski andRohde[13].

The type systemusedin this paperis dueto Danvy andFilinski [6]. A sim-
ilar type systemis studiedby Ariola, Herbelin, and Sabry[1], which explicitly
mentionsthetypeof continuations.

12 CONCLUSION

This paperdemonstratedthat logical relationscanbe definedto characterizenot
only call-by-namehigher-orderfunctionsbut alsocall-by-valuefunctionsaswell
as delimited continuations. They were usedto show the correctnessof various
offlinespecializers,includingtheonefor thecall-by-valueλ-calculuswith shift and
reset.Along thedevelopment,we establishedthecorrectnessof thecontinuation-
basedlet-insertion,the shift/reset-basedlet-insertion,the continuation-basedA-
normalization,andtheshift/reset-basedA-normalization.
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