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Abstract

Logical relations,definedinductively on the structureof types, provide a powerful
tool to characterizéhigherorderfunctions. They often enableusto prove correct-
nessof a programtransformerwritten with higherorderfunctionsconcisely This
paperdemonstratethat the techniqueof logical relationscanbe usedto character
ize call-by-value functionsaswell asdelimited continuations.Basedon the tradi-
tionallogical relationsfor call-by-namefunctions,logical relationsfor call-by-value
functionsarefirst defined, whoseCPSvariantis usedto prove the correctnessf an
offline specializerfor the call-by-valueA-calculus. They arethenmodifiedto cope
with delimited continuationsand are usedto establishthe correctnes®f an offline
specializerfor the call-by-value A-calculuswith delimited continuationconstructs,
shift andreset. Thigs thefirst correctnesgrooffor suchaspecializerAlong thede-
velopment,correctnes®f the continuation-basednd shift/reset-basetet-insertion
andA-normalizationis established.

1 INTRODUCTION

Wheneer we build a programtransformey be it a compiler, an optimizer or a
specializerwe needto establishts correctnessWe have to show thatthesemantics
of a programdoesnot changebeforeandafter the transformation.As a program
transformegetssophisticatedhowever, it become$arderto prove its correctness.
In particular thenon-trivial useof higherorderfunctionsin thetransformemakes
the correctnesproof particularly difficult. A simple structuralinduction on the
input programdoesnot usuallywork, becausave cannot easilycharacterizéheir
behaior.

Thetechniqueof logicalrelations[17] is oneof the proof methodghatis often
usedin sucha case. With the help of types,it enablesusto definea setof rela-
tionsthat capturemnecessarypropertiesof higherorderfunctions. Notably, Wand
[21] usedthistechniqueo prove correctnessf anoffline specializef15] in which
higherorderfunctionsratherthanclosuresnvereusedfor the representatioof ab-
stractions. However, the logical relationsusedby Wand were for call-by-name
functions.They wereusedto prove the correctnessf a specializerfor the call-by-
nameA-calculus but arenot directly applicableto the call-by-valuelanguages.

In this paper we demonstratehat the techniqueof logical relationscan be
usedto characterizeall-by-valuefunctionsaswell asdelimitedcontinuationsWe
first modify Wands logical relationsso that we can usethem for call-by-value
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functions. We thenprove the correctnes®f an offline specializerfor the call-by-
value A-calculus. It is written in continuation-passingtyle (CPS)and usesthe
continuation-baselbt-insertionto avoid computatiorelimination/duplication.

It is well-known thatby usingdelimitedcontinuatiorconstructsshiftandreset
introducedby Darvy andFilinski [7], it is possibleto implementthe let-insertion
in direct style [19]. We demonstratehat the correctnes®f this direct-stylespe-
cializerwith the shift/reset-basebbt-insertioncanbe alsoestablishedby properly
characterizinglelimitedcontinuationsn logical relations.

Then, the specializeris extendedto copewith shift and resetin the source
language.To this end,the specialization-timalelimited continuationsare usedto
implementhedelimitedcontinuationsn thesourcdanguageTo characterizeuch
delimitedcontinuationsyve definelogical relationsbasedon Darvy andFilinski’'s
type system[6]. Thanksto the explicit referencdo the typesof continuationsand
thefinal result,we canestablishthe correctnessf the specializer This is thefirst
correctnesproof for the offline specializerfor the call-by-value A-calculuswith
shift andreset. The presentauthorpreviously shaved the correctnes®sf a similar
offline specializef3], but it producedheresultof specializatiorin CPS.

The contributionsof this paperaresummarizedsfollows:

¢ We shaw thatthetechniqueof logical relationscanbe usedto characterize
call-by-valuefunctionsaswell asdelimitedcontinuations.

e We shaw for thefirst time the correctnes®f the offline specializerfor the
call-by-valueA-calculuswith shift andreset.

¢ Along the development,we establishthe correctnes®of the continuation-
basedet-insertion theshift/reset-baseldt-insertion thecontinuation-based
A-normalization[14], andthe shift/reset-baseA-normalization.

The paperis organizedasfollows. After shawving preliminariesin Section2,
thecall-by-namespecializerandits correctnesproofby Wandarereviewedin Sec-
tion 3. We thenshaw thelogical relationsfor call-by-valuefunctionsin Section4,
anduse(a CPSvariantof) themto prove the correctnes®f a specializerfor the
call-by-value A-calculusin Section5. In Section6, we transformthe specializer
into direct style and prove its correctness.Then, we further extend the special-
izer to copewith shift andreset. We shawv aninterpreterandan A-normalizerin
Section7, a specializelin Section8, a type systemin Section9, andlogical rela-
tions with which the correctnesss establishedn Section10. Relatedwork is in
Sectionll andthepaperconcludesn Sectionl2.
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2 PRELIMINARIES

Themetalanguagere useis aleft-to-right A-calculusextendedwith shift andreset
aswell asdatatypeconstructorsThe syntaxis givenasfollows:

MK = X|AXM|MM|EKM|(M)|[n|M+1]
Var(n) | Lam(n,M) | App(M, M) | Shift(n,M) | ResetM) |
Lam(n,M) | App(M, M) | Shift(n,M) | ResetM) |
Lam(n,M) | App(M, M) | Shift(n, M) | ResetM)

¢k-M and (M) represenshift andreset,respectiely, andappearnnly laterin the
paper Datatypeconstructorarefor representinghe input andoutputtermsto our
specializer In this baselanguag&nintegern is usedto represent variable. For
this purposethelanguagecontainsanintegerandanadd-oneoperation.As usual,
we useoverline andunderlineto indicatestaticand dynamicterms,respectiely.
We assumehatall the datatypeconstructorsarestrict. Amongthe metalanguage,
a value (rangedover by a metavariableV) is eithera variable,an abstractionan
integer, or oneof constructorsvhoseargumentsare \alues.

When a specializemproducests output, it needsto generateresh variables.
To malke the presentatiorsimple, we useso-calledthe de Bruijn levels [10] (not
indices).Definethefollowing five strict operators:

var(m) = An.Var(m)
lam(f) An.Lam(n, f (n+1))
ap(fi, f2) = An.App(fin, f2n)
shift(f) = An.Shift(n, f (n+1))
reseff) = An.Resetfn)

They areusedto representa term parameterizedavith a variablename. Given a
termM in thede Bruijn level notation,we definetheoperation|, M of obtaininga
concretedermas: |, M = Mn. Thus,we have:

13 (app(lam(Ax. lam(Ay. var(x))),lam(Ay. var(y))))
= App(Lam(3,Lam(4,Var(3))),Lam(3,Var(3))) .

Sincewe canfreely transformatermwith deBruijn levelsinto the onewithout, we
will usetheformerasthe outputof specializers.

Throughoutthis paper we usethreekinds of equalitiesbetweentermsin the
metalanguage= for definitionor a-equality ~ for B-equalityundercall-by-name
semanticsand~y, for B-equalityundercall-by-valuesemanticsThe call-by-value
B-equalityin thepresencef shift andresets definedby KameyamaandHaseawa
[16, Fig. 2].

3 SPECIALIZER FOR CALL-BY-NAME A-CALCULUS

In this section,we review the specializerfor the call-by-nameA-calculusandits
correctnesproof usingthetechniqueof logical relationspresentedby Wand[21].

415



A specializerconsistsof two parts: an interpreterfor static expressionsand
a residualizerfor dynamicexpressions.An interpreterfor the input languageis
definedasfollows:

L[Varn)p = p(n)
Ii[Lam(nM)][p = Ax.Ii[M]p[x/n]

I1[App(My,M2)[lp = (I1[Ma] p) (11[M2]lp)

wherep[x/n] is the sameervironmentasp exceptthatp (n) = x.
Theresidualizelis almostthe identity function exceptfor the useof de Bruin
levelsto avoid nameclashes:

D1 [Var(n)] p p(n)
D1 [[Lam(n,M)]|p lam(Ax. D1 [M] p[var(x)/n])

D1[App(M1,M2)[lp = app(D1[Mi]lp, D1[M2] p)

An offline specializeris given by putting the interpreterandthe residualizer
together:

Pi[Var(n)lp = p(n)
Pi[Lam(nW)]p = Ax.P1[W]p[x/n]
P [Lam(nW)[[p = lam(Ax. 1 [[W]p[var(x)/n])
P1[APPWLWo)[p = (P1[Wa] p) (P1[Wo] p)
P1[AppWA W) p = app(P1[Wa] p, P1[We] p)

Thespecializegoeswrongif theinputtermis notwell-annotatedWell-annotated-
nessof a term s specifiedas a binding-timeanalysisthat, given anunannotated
term, produces avell-annotatederm. Here,we shav a type-basedinding-time

analysis.Definebinding-timetypesof expressionsasfollows:

T = dj1—T1

An expressionof type d denoteghatthe expressionis dynamic,while an expres-
sion of type 0 — T shaws thatit is a staticfunction. We usea judgmentof the
form A+ M : T [W], which reads: undera type ervironmentA, aterm M hasa
binding-timetypet andis annotatedsW. Thebinding-timeanalysiss definedby
thefollowing typingrules:

Aln: 1] Var(n) : 1 [Var(n)]

An:olFM:T W] AFMi:o—1W] AFM2:0 W]
AFLam(n,M): 0 — 1 [Lam(n,W)] Ak App(M1,M2) : T [App(Wi,Ws)]

An:d/FM:d[W| AFEMp:d W] AFMz:d W)
A Lam(n,M) : d [Lam(n,W)] AE App(M1, M) - d [App(Wi,Wo)]
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To show the correctnes®f the specializer Wand [21] usesthe techniqueof
logical relations. Define logical relationsbetweentermsin the metalanguagéy
inductionon the structureof binding-timetypesasfollows:

(M,M’) € Ry < I1[[ln M] pig ~n M’ for somen
(M,M) € Ry_y < VY(N,N') €Ry. (MN,M'N') € R;

wherepiq(n) = X, for all n. Sincethelogical relationsaredefinedon openterms,
we needto relatefree variables inthe base-and metalanguagé someway. We
choosehereto relatea baselanguageariableVar(n) to ametalanguageariablex;.
In the definition of Ry, M is a metalanguagéermin the de Bruijn level notation
thatis eitheravaluerepresenting baselanguagermor atermthatis equalto (or
evaluatedo) avaluerepresenting baselanguagermin theunderlyingsemantics
of themetalanguagén this section call-by-name).

For ervironmentsp andp’, we say (p,p’) = Aiff (p(n),p’(n)) € R for all
n e domA), wheredomA) is thedomainof A. Then,we canshav thefollowing
theorem:

Theorem 1 (Wand [21]) If A-M: 1 [W]and(p,p’) = A, then
(P1[W]p, I1[M]P) € Re.

By instantiatingt to anemptyervironmentp,, we obtainthe following corollary,
which establisheghe correctnessf specialization.

Corollary 1 (Wand [21]) If +M:d W], thenI1[[lo (P1[W] Po)] Pid ~n I1[M] pe.

4 LOGICAL RELATIONSFOR CALL-BY-VALUE A-CALCULUS
Definelogical relationsfor the call-by-valueA-calculusasfollows:

(M,M’) € Ry < I1[[lnM]pig ~v M’ for somen
(M,M) €Ryr < Y(V,V/) €Rs. (MV,M'V) € Ry

Thereare twodifferencedrom thelogical relationsin the previous section.First,
call-by-value equality ~, is usedinsteadof call-by-nameequality ~,, in the defi-
nition of Ry. SecondlyM andM’ areallowedto bein R;_ if they transformonly
relatedvalues(ratherthanarbitraryterms)into relatedterms.

If we could prove Theoreml with this definition of R, we would have ob-
tainedasa corollarythe correctnessf the specializelin the call-by-valueseman-
tics. However, the proof fails for staticapplications.In fact, the specializeris not
correctunderthe call-by-valuesemantics.

5 SPECIALIZERIN CPS

Thecorrectnessinderthe call-by-valuesemanticgloesnot hold for the specializer
in Section3 becausét may discarda non-terminatingcomputation.The standard
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methodto recoerthecorrectnesss to performlet-insertion[4]. Sincelet-insertion
requiresexplicit manipulationof continuationswe first rewrite our specializeinto
CPSasfollows:

Pr[Var(n)]pk = k(p(n))
P [Lam(n,W)]pK = K(AX.Ak. 22 [W] p[x/n]K)
Pr[Lam(nW)][pk = K (lam(Ax. P2 [[W] p[var(X)/n]Ax.X))
P2 [[App(WA, Wz)ﬂpK = P2 [Wi] pAm. P [Wo]| pAn. mnk
Po[App(Wi, Vo) pKk = P2 [[WAi]l pAm. P2 [Wo]] pAn. k (app(m, n))

We thenreplacethelastrule with thefollowing:

P2 [AppWL, W) pk = P2 [WA]l pAm. 22 [ML]| pAn.
let(appm, n),lam(At.k (t)))

wherelet(M1,lam(At. M2)) is anabbreviationfor applam(At.Mz), M1). Whenever
an applicationis residualizedwe inserta let-expressionto residualizeit exactly
oncewith a uniqguenamet, and continuethe restof the specializatiorwith this
name.Sincetheresidualizedapplicationis not passedo the continuatiork, it will
never bediscardedevenif Kk discardgts agument.

The let-insertiontechnigquecan be regardedas performingA-normalization
[14] onthefly duringspecializationlf we extracttherulesfor variablesdynamic
abstractionsanddynamicapplicationdrom 25, we obtainthefollowing one-pass
A-normalizerwrittenin CPS[14]:

Ar[Var(n)lpk = k(p(n))
Ai[[Lam(n,M)]]pk = K (lam(Ax. 41 [M] p[var(x)/n]Ax.x))
A1 [App(M1,M2)[ pk = A1 [Ma]] pAm. A1 [Ma] pAn.
let(app(m,n),lam(At.k (t)))

We now wantto shawv the correctnes®f the specializer?, underthe call-
by-value semantics. Namely we want to shav 11 [[lo (P2 [W] peAx.X)] pid ~v
I1[[M] py alongthe similar story aswe did in Section3. Let us definethe base
caseRy asfollows:

MM eRy < I1[lnM]pid ~v M’ for somen .

Then,wewantto shaw (P> [W] peAx. X, I1 [M] pe) € Ry with asuitabledefinition

of Ry_1.

To prove it, we first generalizehe statemento make inductionwork. Rather
thanproving only the casewhereervironmentsand continuationsare the empty
ones,we prove somethindike:

(P2 [W]pAV.K, (AV.K') (I1[M]p')) € Re

for somesuitablep, p’, Av.K, andAV.K’. SinceI; is written in direct style, we
introduceits continuation as form of adirectapplication.
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Now, how canwe defineR;_.:? Unlike Section3, it is notimmediatelyclear
how to defineR;_.; becausdhe specializeris written in CPS.We needto relate
P, W] pAv.K and(AV.K") (11[[M] p) properly To doso,we needto characterize
preciselythetwo continuationsiv. K andAv'.K’, andthefinal results.Goingback
to thedefinitionof P,, we noticetwo things:

e P, W] pAv.K asawholereturnsa dynamicexpression.
e Av.K returnsadynamicexpressiongivensomevaluev.

In ordinaryCPSprogramsthe returntype of continuationgs polymorphic.It can
be of ary type, usuallyreferredto asatype Answer Here,we usedcontinuations
in a non-standardvay, however. We instantiatedthe Answertype into a type of
dynamicexpressionandusedit to constructdynamicexpressions.

Takinginto accounthatthetypeof dynamicexpressionss d, theabove obser
vationleadsusto thefollowing definition of logical relations:

(M,M’) € Ry <= I1[lnM] pig ~v M’ for somen
(M,M) €eRyr <= Y(V,V') € Rs. Y(A\.K,AV.K') =T~ d.
(MVAV.K, (AV.K') (M'V")) € Ryq

where(Av.K,A\V.K’) = T~ d is simultaneouslyefinedasfollows:
AVKAV.K)ET~d <= VY(V,V)eR. (AvK)V,(AV.K)V') € Ry

Intuitively, (Av. K,AV.K’) =1~ d meanghatAv.K andAV.K’ arerelatedcontin-
uationsthat,givenrelatedvaluesof typet, producerelatedresults oftyped. Using
this definition, (M,M’) € R;_,; statesthatM andM’ arerelatedif they produce
relatedresults oftyped, givenrelatedvaluesof typet andrelatedcontinuationof
typet ~ d. In thefollowing, we use~ for thetype of continuations.

With this definition of logical relations,we can prove the correctnesof P,
underthe call-by-valuesemantics.

Theorem 2 If AEM : T W], (p,p’) EA and(Av.K,AV.K') =T~ d, then
(P2 [W]pAv.K, (AV.K') (11[M] p')) € Ra.

The proof of this theoremis by induction on the structureof the proof of A -
M : 1 [W]. Eventhough?, is writtenin CPS,the inductiondoeswork thanksto
the explicit referenceto the typesof continuationsandthe final result. The proof
proceedsn a CPSmanner In particular the casedor (both staticand dynamic)
applicationgyo from left to right. We usetheinductionhypothesesor thefunction
partandtheargumentpartin this order

By instantiatingthe theoremto the casewhereboth the ervironmentandthe
continuationareempty we obtainthe following corollary thatestablisheshe cor-
rectnes®f a specializemusingthe continuation-baselkt-insertion:

Corollary 2 If =M :d [W], thenI1i[|o (P2[W]peAX.X)] Pid ~v 11 [M] e
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If we annotateheinputto the specializecompletelydynamic,the specializetbe-
havesexactly thesameasthe A-normalizer Thus,thetheoremcanbeinstantiated
to thefollowing corollary, which provesthe correctnes®sf the continuation-based
A-normalization.

Corollary 3 110 (41 [M] peAx.X)] Pig ~v 11[M] pg.

6 SPECIALIZERINDIRECT STYLE

In this section,we presenta specializemritten in direct style and show its cor

rectnesainderthe call-by-valuesemantics Sincewe have alreadyestablishedhe
correctnessf aspecializewrittenin CPSin the previoussection thedevelopment
in this sectionis easy Roughlyspeakingwe transformthe resultsin the previous
sectionbad to direct style[5, 9]. During this processwe usethe first-classde-
limited continuationconstructsshift andreset to copewith non-standardaise of

continuationsHereis the definition of the specializemrittenin directstyle:

P3f[Var(n)lp = p(n)
P3[Lam(n,W)[p = Ax. P3[W]p[x/n]
fPs[[LamnW)]]p = lam(Ax. (?3[[W] p[var(x)/n]))
P3[App(W, W) p (P3[Wa] p) (P3[Wo] p)
P3[App(Wi,We)] p EK.let(app(P3 WAl p, P3[We] p),lam(At. K ()))

As in the previous section,we obtain the one-passA-normalizerwritten in
directstylewith shift andreset[3] by extractingdynamicrulesfrom Ps:

Az [Var(n)[p = p(n)
Az [Lam(x,M)]p = lam(Ax. (42 [M] p[var(x)/n[))
A2 [App(M1,M2)[p = &K.let(app(A2[Mi] p, A2[M2] p),lam(At.k (t)))

To definesuitablelogical relationsfor the specializerwritten in direct style
(with shift andreset) we needto correctlyhandledelimitedcontinuationsThisis
doneby observinghe exactcorrespondendeetweercontinuationsn the previous
sectionanddelimitedcontinuationsn this section.In particulay we typetheresult
of thedelimitedcontinuationsasd.

Logical relationsfor the direct-stylespecializemwith delimited continuations
aredefinedasfollows:

(M,M’) € Ry < I1[[lnM] pig ~v M’ for somen
(M,M) €Ryy <= VY(V,V') € Re.VAV.K,AV.K') ET~>d.
({((AV.K) (MV)), (AV.K") (M'V")) € Ry

where(Av.K,A\V.K’) = 1~ d is simultaneouslyefinedasfollows:
AvKAV.K) ET1~d < VY(V,V)eR. ((AvK)V),(AV.K)V') € Ry

Then,the correctnessf the specializeiis statedasfollows:
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Theorem 3 If AEM : T W], (p,p) E A and(Av.K,AV.K’) =1~ d, then
((AV.K) (23 [W] p)), AV.K') (11 [M] ¢)) € Ra.

Although both the specializerand the interpreterare written in direct style, the
proof proceedsn a CPSmanner In particular the casedor applicationsgo from
left to right, naturallyreflectingthe call-by-valuesemantics.

By instantiatingthe theoremto the casewhereboth the ervironmentandthe
continuationareempty we obtainthefollowing corollary thatestablisheshe cor-
rectnes®f a specializemusingthe shift/reset-basekbt-insertion:

Corollary 4 If FM :d W], then s [1o (25 [W] pg)]l pia ~v I1[M] P

As before,if we annotategheinputto the specializelcompletelydynamic,thespe-
cializer beharesexactly thesameasthe A-normalizer Thus,the theoremcanbe
instantiatedo the following corollary, which provesthe correctnessf the direct-
style A-normalization.

Corollary 5 1[0 (A2 [M] pg)]l Pid ~v 11 [M] pe.

7 INTERPRETER AND A-NORMALIZER FOR SHIFT AND RESET

Sofar, shiftandresetappeareanly in themetalanguagdn thefollowing sections,
we developaspecializemrittenin directstylethatcanhandleshift andresetin the
baselanguageWe first definean interpreter a residualizerand an A-normalizer
for the call-by-value A-calculuswith shift andreset. We thentry to combinethe
interpreterandthe A-normalizerto obtaina specializeiin the next section.

Hereis theinterpretemrittenin directstyle:

Iz[Var(n)p = p(n)
Iz[Lam(n,M)]p = Ax I2[M]p[x/n|
I2[App(M1, M) p = (12[[Md]p) (12[M2] p)
Ip[[Shift(n M) p = &k I2[[M] p[k/n]

Iz[ResetM)]p = (I2[M]p)

We usedshift andresetoperationghemselesto interpretshift andresetexpres-
sions.
A residualizeis definedasfollows:

Do [Var(n)lp = p(n)
De[Lam(n,M)[lp = lam(Ax. D, [M] p[var(x)/n])
D2 [App(M,M2)lp = appD2[Mi]lp, D2 [M2] p)
D, [[Shift(n,M)]p = shift(Ak. D, [M] p[var(k)/n])
D, [ResetM)[p = resetD,[M]p)

It simply rename$oundvariablesandkeepsotherexpressionainchangedAs be-
fore, this residualizelis not suitablefor specializersWe insteadusethe following

421



A-normalizer:

Az[Var(n)[p = p(n)
Asz[Lam(n,M)lp = lam(Ax. (A3[[M] p[var(x)/n]))
A3[App(M,M2)[p = &k.let(app(A3[M1] p, A3 [M2] p),lam(At.k(t)))
As[[Shift(n,M)]p = shift(Ak. (43 [M] p[var(k)/n]))
Az[ResetM)]p = rese((A3[M]p))

It replacesall the applicationexpressionsn the body of abstractionsshift expres-
sions,andresetoperationvith a sequencef let-expressions.

8 SPECIALIZER FOR SHIFT AND RESET

In this section,we showv a specializerfor the call-by-value A-calculuswith shift
andreset. Our first attemptis to combinethe interpreterandthe A-normalizeras
we did beforefor the calculiwithout shift andreset:

PaVar(m]p = p(n)
PaLam(nW)lp = Ax.P4[W]p[x/n]
PaLam(nW)p = lam(Ax. (P4 W] p[var(x)/n[})
P4[AppWL, W) p = (P4[Wa] p) (P4[We] p)
Pa[AppWL V) p = &K let(app( P4 WA p, P4 W] p), lam(At. K (t)))
P4[Shift(nW)[p = &k P4[W]p[k/n|
P, [Shift(n,W)]]p = shift(Ak. (P4 W] p[var(k)/n]}))
Ps[ResetW)]p = (P4[W]p)
P4[ResefW)[p = resef(P4[W]p))

Although this specializerdoesseemto work for carefully annotatednputs, it is
hardto specifythewell-annotatedermasa simplebinding-timeanalysis.Thedif-
ficulty comesfrom theinconsisteng betweerthe specialization-timeontinuation
andtheruntimecontinuation.

In therule for the staticshift, a continuationis grabbedat specializatiortime,
which meansthat we implicitly assumehe grabbedcontinuationcoincideswith
the actualcontinuationat runtime. This wasactuallytrue for the interpreter:we
implementedshift in the baselanguagesingshift in the metalanguagdn the spe-
cializer, however, the specialization-timecontinuationdoesnot always coincide
with the actualcontinuation.To be morespecific,in therule for dynamicabstrac-
tions,we specializeghebodyW in astaticresetf(i.e., in theemptycontinuation}o
perform A-normalization,but the actualcontinuationat the time whenW is exe-
cutedis not necessarilyhe emptyone. Rather it is the onewhentheabstractioris
appliedatruntime.

Given that the specialization-timecontinuationis not always consistentwith
the actualone, we have to make surethat the continuationis capturedstatically
only whenit representshe actualone. Furthermorewe have to make surethat
wheneer shift is residualizedits enclosingresetis alsoresidualized Oneway to
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expressthis informationin the type systemwould be to split all the typing rules
into two, onefor the casewhenthe specialization-timeontinuationandthe actual
continuationcoincide(or, the continuationis known, static)andthe otherfor the
casewhenthey do not (the continuationis unknovn, dynamic). We could then
staticallygrabthe continuationonly whenit representsheactualone.

However, this solutionleadsto an extremelyweak specialization.Unlessan
enclosingresetis known at specializatiortime, we cannotgrabcontinuationsstat-
ically. Thus, underdynamicabstractionsno shift operationis possibleat spe-
cializationtime. Furthermorebecauseve usea type-basedbinding-timeanalysis,
it becomesmpossibleto performany specializatiorunderdynamicabstractions.
Remembethat a type systemdoesnot tell us what subepressionsappearin a
given expressionput only the type of the given expression.From a type system,
we cannotdistinguishthe expressionthat doesnot containary shift expressions
from the onethatdoes. Thus,evenif Wy turnsout to have astaticfunctiontype
in App(Wi,W5) (andthusit appearghat this applicationcan be performedstati-
cally), we cannot actuallyperformthis application,becausehe toplevel operator
of Wy might be a shift operationthat passes function to the grabbedcontinua-
tion. In otherwords,we cannotdeterminethe binding-timeof App(Wi,W,) from
the binding-timeof Wy, which makesit difficult to constructa simpletype-based
binding-timeanalysis.

The solutionwe employ takesa differentapproach.We maintainthe consis-
teng/ betweenspecialization-timeontinuationsand actualonesall the time In
otherwords,we malke the continuationalwaysstatic. The modifiedspecializelis
presentedsfollows:

Ps[Var(n)]p = p(n)

Ps[[Lam(n,W)]p = Ax.2Ps W] p[x/n|
lam(Ax. shift(Ak.

Ps[[Lam(n,W)] p
(resetapp(var(k), Ps [W] plvar(x)/n])))))

Ps[App(W, W) p = (Ps[Wi] p) (Ps[We]lp)
Ps[App(W,Wo)[ p = &k.resetlet(app(Ps [Wi]l p, Ps [Vo] p), lam(At. k(t))))
Ps [Shift(n,W)]p = &k.Ps[W]p[k/n]
Ps[[Shift(in,W)][p = &k.Ps[[W] p[lam(Av. (k(var(v))))]/n
|

Ps[[ResetW)]p = (Ps[W]p)

Therearefour changegrom ?,. Thefirst andthe mostimportantchanges in the
rule for dynamicabstractionsRatherthanspecializingthe bodyW of a dynamic
abstractiornin theemptycontext, we specializet in thecontet resetapp(var(k),-)).
This specialization-timecontinuationresetapp(var(k), -)) turnsout to be consis-
tentwith the runtimecontinuation pecausehe variablek is boundin the dynamic
shift placeddirectly underthedynamicabstractiorandrepresentthe continuation
whenthe abstractioris appliedat runtime.

This insertionof a dynamicshift is reminiscentof n-expansion. To remove
administratve redexes in the one-passCPStransformation,Darvy and Filinski
[8] turnedall the continuationghatareunknavn at transformatiortime into static
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functionsusingn-expansion.Theaboveinsertionof thedynamicshift doesexactly
thesamethingin thedirect-styleprogram.

Thesecondchangss in therule for dynamicapplicationsvheredynamicreset
is insertedaroundthe residualizedet-expression.The third changeis in therule
for dynamicshift. Rathethanresidualizinga dynamicshift, which requiresresid-
ualizationof the correspondingeset,the currentcontinuationis grabbedandit is
turnedinto a dynamicexpressionvia n-expansion. Finally, the rule for dynamic
resetis removed sinceall the shift operationsaretaken careof during specializa-
tiontime, andthereis no needto residualizeeset.(Thisdoesnotnecessarilynean
that the resultof specializationdoesnot containary resetexpressions.Resetis
residualizedn therule for dynamicabstractiongindapplications.)

Thesechangesot only definea correctspecializetut resultin a quite pow-
erful one. It cannow handlepartially static continuations Considerthe term
Lam(f, Lam(x, App(Var(f), Shift(k, App(Var(k), App(Var(k), Var(x))))))). (This
termis well-annotatedn the type system shan in the next section.) Whenwe
specializethis term, the continuationk grabbedby Shift(k, - --) is partially static:
we know thatthefirst thingto dowhenk is appliedis to passts agumentto f, but
thecomputatiorthatshouldbe performedafterthatis unknown. It is the continua-
tion whenLam(x, - - -) is appliedto anargument.Evenin this case,Ps canexpand
this partial continuationinto the resultof specialization By namingthe unknavn
continuatiorh, Ps produceghefollowing output(afterremoving unnecessargly-
namicshift andinlining theresidualizedet-expressions):

lam(A . lam(Ax. shift(Ah.
resetapp(var(h),appvar(f),resetappvar(h),appvar(f),var(x)))))))))) .

Obsenrethatthepartialcontinuatiorresetappvar(h),appvar(f),-))) is expanded
twice in theresult. If f were static,we could have beenableto performfurther
specializationexploiting the partially staticinformationof the continuation.

On the other hand, the above changescausean interestingside-efect to the
resultof specializationall theresidualizedambdaabstractionsmow have a‘stan-
dardized’form lam(Ax.shift(Ak. - --)) (andthis is the only place where shift is
residualized). In particular even when we specializeLam(x,W) where shift is
not usedduring the evaluationof W, the residualizedabstractiorhastypically the
form lam(Ax. shift(Ak.resetapp(var(k),M)))) wherek doesnot occurfreein M.
(If let-expressionsareinserted the resultbecomesomeavhat more complicated.)
If we used?s instead,we would have obtainedthe equivalentbut simplerresult:
lam(Ax.M). In otherwords,?Ps is notaconserative extensionof Ps.

A guestionthenis whetherit is possibleto obtainthe latter resulton the fly
usingPs with someextrawork. We expectthatit is notlikely. Aslongasasimple
type-basedbinding-timeanalysisis employed, it is impossibleto tell if the execu-
tion of the body of adynamicabstractiorincludesary shift operationsSo,unless
we introducesomeextra mechanismso keeptrackof thisinformation,thereis no
way to avoid theinsertionof a dynamicshift in the rule for dynamicabstractions.
Then,ratherthanmakingthe specializercomplicatedwe would employ a simple
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post-processintgp remove unnecessarghift expressionsif it is importantatall to
do so. Currently we areinvestigating if the standardizedccurrenceof shift has
ary effectson the efficientanddirectimplementation otlelimitedcontinuations.

9 TYPE SYSTEM FOR SHIFT AND RESET

Sinceour proof techniguerelieson the logical relations,we needto definea type
systenfor the call-by-valueA-calculuswith shift andresetto prove thecorrectness
of Ps. In this section,we briefly review Darvy and Filinski’'s type system[6].
More thoroughexplanationis foundin [3, 6].

In the presenceof first-class(delimited) continuationswe needto explicitly
specifythetypesof continuationsandthefinal result. For this purposeDarvy and
Filinski usea judgmentof theform Aja - M : T,3 [W]. It reads:underthe type
assumptiorA,, anexpressionM hasatypeT in a continuation oftypet ~» a and
thefinal resultis of type 3. Sincewe usethis type systemasthe staticpartof our
binding-timeanalysis,we decoratet with W] to indicatethatM is annotatedas
W.

If M doesnot containary shift operationsthe typesa andf3 arealwaysthe
same,namely the Answertype. In the presencef shift andreset,however, they
canbedifferentandof ary type.

Thetype of functionsalsoneedgo includethe typesof continuationsaandthe
final result. It hastheform: o/a — 1/B. It is atype of functionsthatreceie an
argumentof type o andreturnsa value of type T to a continuation oftype T ~» o
andthefinal resultis of type 3. As aresult,typesarespecifiedasfollows:

T = d|t/t—1/1
Heregoesthetype system:

An:T],aF Var(n) : 1,a [Var(n)]

An:ol,akFM:1,B W] Aok-M:o,1 (W]

AdF Lam(n,M):o/a — 1/B,0 [Lam(n,W)] A o+ ResetM) : 1,a [ResetW)]

AdFM;i:o/a—1/g,B W]
AerMz:0,0 W AlVar(n):1/8 — a /8,0 M:0,B W]

A a - App(M1, M) : T,B [App(Wi,We)] A a I Shift(n,M) : T, B [Shift(n,W)]

The above type systemis a generalizatiorof the standardype systemwhere
typesof continuationsaremadeexplicit. In Section6, theresulttype of continua-
tionsandthetypeof final resultswerealwaysd. In theabove typesystemjt means
thata judgmenthadalwaystheform A,/d - M : 1,d [W] andthefunctiontype had
alwaysthe form o/d — t/d. Soif we write themasA+ M : 1 W] ando — T,
respectiely, we obtainexactly thesametype systemasthe onefor the ordinary
A-calculus(thethreestaticrulesshovn in Section3).

425



The dynamicrulescanbe obtainedby simply replacingall the staticfunction
typeswith d (andtypesthatoccurwithin thefunctiontype). Thedynamicrulesare
asfollows:

An:dj,d-M:d,d [W] An:dj,o-M:0o,B W]

AdF Lam(n,M) : d,& [Lam(n,W)] A dF Shift(n,M) : d, [Shift(n,W)]

ASHM:d,B W AdkMs:d,d W)
A,d+ App(M1,My) : d, 3 [App(W1,Wo)]

10 LOGICAL RELATIONSFOR SHIFT AND RESET

In this sectionwe definethelogical relationsfor the call-by-valueA-calculuswith

shift andreset,which areusedto prove the correctnessf the specializer?s pre-
sentedn Section8. They arethegeneralizatiorof thelogicalrelationsin Sectioné

in thatthe typesof thefinal resultandtheresultof continuationsarenotrestricted
tod.

(M,M") € Ry < I1[[ln M] pig ~v M’ for somen
(M,M/) € RO/GHT/B — V(V,V/) € RO.V()\V. K,)\\/. K’) |: T~ d.
(((A.K) (MV)), {((AV.K') (M'V"))) € Rg

where(Av.K,A\V.K') =1~ a is simultaneouslyefinedasfollows:
AVK AV . K)ET~a < VYVV)eR. ((AvK)V), (AV.K')V)) € Ry
Then,the correctnessf the specializeiis statedasfollows:

Theorem4 If Aa-M: 1,8 [W], (p,p’) EA and(Av.K,AV.K') =1~ a, then
((AK) (Ps[W] p)), (AV.K') (12[M]}p))) € Rg.

By instantiatinghetheoremnto thecasenvhereboththeenvironmentandthecontin-
uationareempty we obtainthefollowing corollarythatestablishethe correctness
of adirect-stylespecializethatcanhandleshift andreset:

Corollary 6 If d-M:d,d (W], thenI;[|o (Ps[W] P Pid ~v (I2[M] pg).

11 RELATED WORK

This work extendsour earlierwork [3] wherewe presenteaffline specializergor
A-calculuswith shift andresetthat producedhe outputin CPS.The presentwwork
is a direct-styleaccountof the previouswork, but it containsnon-trivial definition
of logical relationsfor shift andreset. We also presentedhe online specializers
for the A-calculuswith shift andreset{2]. However, their correctnessiasnot been
formally proved.

Thiemann[18] presentedan offline partial evaluatorfor Schemeincluding
call/cc. In his partialevaluator call/cc is reducedf the captureccontinuationand
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the body of call/cc areboth static. This is closeto our first attemptin Section8.
Our solutionis moreliberal andreducesmore continuation-capturingonstructs,
but with a side-efect thatall the residualizedabstractionsncludeatoplevel shift,
which could be removed by a simple post-processingMore recently Thiemann
[20] shaved a sophisticateceffect-basedype systemto shov the equivalenceof
the continuation-baselkt-insertionandthe state-basetét-insertion.His type sys-
tem captureghe informationon the let-residualizedodeasan effect. It might be
possibleto extendhis frameawvork to avoid unnecessarghift atthefront of dynamic
abstraction®nthefly.

The correctnessproof for offline specializerausing the techniqueof logical
relationsappearsn Joneset al. [15, Chapter8]. Wand[21] usedit to prove the
correctnes®f an offline specializerfor the call-by-nameA-calculus. The present
work is a non-trivial extensionof his work to copewith delimited continuations.
Wand's formulationwasbasedn substitution put we usedthe environment-based
formulation,whichis essentiallythe samebut is morecloseto theimplementation.

Filinski presentediormalization-by-ealuationalgorithmsfor thecall-by-value
A-calculug11] andthecomputationak-calculug12]. He shavedtheircorrectness
denotationallyusing logical relations. The sameframevork is extendedto the
untypedA-calculusby Filinski andRohde[13].

The type systemusedin this paperis dueto Darvy andFilinski [6]. A sim-
ilar type systemis studiedby Ariola, Herbelin, and Sabry[1], which explicitly
mentionghetypeof continuations.

12 CONCLUSION

This paperdemonstratedhat logical relationscanbe definedto characterizenot
only call-by-namehigherorderfunctionsbut also call-by-valuefunctionsaswell
as delimited continuations. They were usedto showv the correctnes®f various
offline specializersincludingtheonefor thecall-by-valueA-calculuswith shiftand
reset.Along the developmentwe establishedhe correctnessf the continuation-
basedlet-insertion,the shift/reset-basetkt-insertion,the continuation-based-
normalization andthe shift/reset-based-normalization.
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