
399

Calculation Rules for Warming-up
in Fusion Transformation

TetsuoYokoyama,ZhenjiangHu, andMasatoTakeichi

Departmentof MathematicalInformatics,
GraduateSchoolof InformationScienceandTechnology,

TheUniversityof Tokyo
{tetsuo yokoyama,hu,takeichi}@mist.i.u-tokyo.ac.jp

Abstract

Warm-uptransformationis animportantpreprocessfor shortcutfusion. In thispaper,
weformalizethewarm-uptransformationby proposingasetof generalandpowerful
calculationrulesthatcanbedirectly implementedwith higher-orderpatternmatch-
ing. The newly formalizedwarm-uptransformationcan deal with programsthat
existing methodsmay fail, and have beenefficiently implementedwith the Yicho
calculationsystem. One importantadvantageof our calculationalapproachis its
compatibilitywith othercalculations,suchasfusion,tupling,accumulation,andpar-
allelization. Therefore,warm-uptransformationin this form can coexist well with
many othercalculationsin thesamesystem.
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1 INTRODUCTION

Constructingprogramsfrom components,i.e.,modules,is animportanttechnique
in designinglargesoftware.Dividing problemsinto smallmodulesrealizeslocal-
izationof problems.Consequently, programsareeasyto maintain.If eachmodule
is maintainedasa versatilecomponent,reusabilityis improved. The problemis,
however, in its inefficiency dueto unnecessaryintermediatedatastructurespassed
betweenmodules.Improvementof performancecanbeachievedif theseinterme-
diatedatastructuresareremovedby automaticanalysisandautomatictransforma-
tion.

Fusion alsoknown asDeforestation is a techniquefor eliminationof interme-
diatedatastructures[Wad90]. Descendentfrom it, shortcut fusion, a single,local
transformationrule wasproposedby Gill et al. [GLP93], to easethe implemen-
tation [PTH01]. Thepreconditionof shortcutfusion is that theproducerfunction
shouldbeexpressedin termsof build.

If we couldpredefineall thefunctionsin termsof foldr andbuild, shortcutfu-
sioncouldremoveintermediatedatastructuresautomatically. Functionalprogram-
mers,however, usuallydescribeprogramby generalrecursive definitions,instead
of foldr or build. Therefore,the problemis how to derive foldr or build from a
recursive definition. Thereis an approachto automaticallyderiving foldr [SF93,
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HIT96], sotheproblemis settleddown into thederivationof build from arecursive
function.

Warmfusion[LS95] accompaniesshortcutfusionwith a preprocess(hereafter
wecall it warm-uptransformation).It transformsaclassof recursivefunctionsinto
functionsin termsof build automatically. The techniquehasbeenimplemented
with the Stratego language[JV00], which is basedon term rewriting framework.
The implementation ofwarm fusion, however, appearsto be complex. Another
approachto deriving build is throughtypeinference[Chi99, Chi00].Thisapproach
is easierto implementand is able to transforma wider classof list producing
functionsinto thebuild form thanLaunchbury andSheard’sapproach[LS95]. But,
theimplementationis still complicated.

In this paper, we formalizethe warm-uptransformationby proposingseveral
generalandpowerful calculationrules[THT98] thatcanbedirectly implemented
with helpof higher-orderpatternmatching.Thenewly formalizedwarm-uptrans-
formationcannotonly dealwith programsthatexisting methodsmayfail, but also
suitablefor efficient implementation.

Therestof this paperis structuredasfollows. In Section2, we presentwarm-
up transformationproblemandformalizewarm-uptransformationin calculational
form. Dependingon theorderof functionsto betransformed,thecalculationrules
aredifferent.We show first-orderonein Section2.1andsecond-orderonein Sec-
tion 2.2. Wediscussfutureworksandconcludeourpaperin Section3.

2 WARM-UP TRANSFORMATION

In this section,we formalizethewarm-uptransformationin thecalculationalform
following theideain [THT98]. Throughoutthepaper, weuseHaskell notation[Bir98].

Thewarm-uptransformationis to transformrecursiveprogramsintoconstructor-
abstractionform (e.g. build). Consider, for example,the familiar map function,
whichappliesa functionto eachelementof a list.

map f [] = []
map f (x : xs) = f x : map f xs

This function produces alist with two constructors(:) and []. To abstractthese
constructors,we introducefunctionbuild:

build g = g (:) [].

Theresultof thewarm-uptransformationfor functionmap is

map f = λxs. build (λc n. foldr (c◦ f ) n xs).

Here,function foldr (⊕) e is a usefulHaskell function,which essentiallyreplaces
constructors(:) and[] in agivenlist with (⊕) ande respectively.

foldr (⊕) e [] = e
foldr (⊕) e (x : xs) = x⊕ foldr (⊕) e xs
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Thewarm-uptransformationis followedby thewell-known optimizationtech-
nique,shortcut fusion, definedasfollows1.

Lemma 1 (Shortcut fusion [GLP93]).

foldr k z (build g) = g k z

Insteadof producinga list by passing(:) and [] to g andthenreplacinglist con-
structors(:) and[] with k andz respectively, we do not produceany intermediate
list but directlypassk andz to functiong.

To seehow theshortcutdeforestationrule works,considerthe following pro-
gram:

sum (map f xs)

wheresum is a functionto sumupall elementsof agivenlist:

sum = foldr (+) 0.

In GHC [GHC], at the compile time, the shortcutfusion rule is applied in the
following wayby termrewriting with thesimpletraversingstrategy.

sum (map f xs)
= { Inline sum andmap }

foldr (+) 0 (build (λc n. foldr (c◦ f ) n xs))
= { ShortcutFusion}
foldr ((+)◦ f ) 0 xs

While the initial programsum ◦map f is inefficient dueto the intermediatedata
structurepassedfrom map to sum, the resultdoesnot have any intermediatedata
structure.

It may be surprisingthat any recursioncanbe trivially transformedinto the
build form. Given any function f , both producingand consuminglists, can be
rewrittenas

λxs. build (λc n. foldr c n ( f (foldr (:) [] xs)))

However, this introducesanintermediatedatastructurepassingfrom f to foldr c n.
If we canfuse foldr c n, f , and foldr (:) [], we may obtainmoreefficient code.
Thoughthe generalfusion problemis very difficult, if the right handsideof the
compositionis describedin termsof foldr, they satisfya numberof calculational
properties,oneof which is thepromotionlemma.

Lemma 2 (Promotion).

f z = e
f (x¯ xs) = x⊕ f xs

f ◦ foldr (¯) z = foldr (⊕) e

1Strictly speaking,weneedcertaintyperestrictionon g.
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Now returnto thefusion of

foldr c n ( f (foldr (:) [] xs)).

Function f is mergedinto function foldr andthe resultis alsofoldr form. If (¯)
andz are(:) and[], this is merelythedefinitionof theinductive recursive function
on list. Then,if f is inductive recursive functionandthereare(¯) ande satisfying
theaboveconditions,thewarm-uptransformationproblemis settleddown into the
problemto fuse

foldr c n◦ foldr (⊕) e.

Thepromotionlemmabecomesapplicableto thecomposition.Sincetheleft func-
tion of thefunctioncompositionis alwaysfunctionfoldr c n, wecanspecializethe
theoremby usingthe fact. The theoremvariesaccordingto the form of the right
foldr; we call that the function foldr is the first-orderif it takesthreearguments,
andis thesecond-orderif it takesextra arguments.We show thefirst-ordercasein
thenext subsectionandthesecond-ordercasein thefollowing subsection.

2.1 First-order Warm-up Transformation

Whenthe right foldr takes threearguments,we canusethe first-orderwarm-up
transformationtheorem.Beforestatingandproving the theorem,we preparethe
calculationlemmafor fusingtwo foldr’s.

Lemma 3 (First-order Promotion of Two foldr’s).

λc n. foldr c n e = e′

λc n. foldr c n (x⊕ xs) = x⊗λc′ n′. foldr c′ n′ xs

λc n. foldr c n (foldr (⊕) e xs) = foldr (⊗) e′ xs

Proof. Instantiatef in Lemma2 into λxs c n. foldr c n xs. ¤

Thoughthe expressive power of this lemmais lessthanPromotionTheorem,
this lemmais more suitablefor implementation. It is worth noting that in the
secondpreconditionthetwo foldrs takedifferentarguments.A first-orderfunction
which takesa list andreturnsa list canbe transformedinto thebuild form by the
following theorem.

Theorem 4 (First-order Warm-up Transformation).

f [] = e
f (x : xs) = x⊕ f xs

λc n. foldr c n e = e′

λc n. foldr c n (x⊕ xs) = x⊗λc n. foldr c n xs

f = λxs. build (foldr (⊗) e′ xs)
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Proof. As seenbefore,any function f which takesa list andproduces alist canbe
trivially transformedinto

λxs. build (λc n. foldr c n ( f (foldr (:) [] xs))).

By thepromotionlemma,it is transformedinto

λxs. build (λc n. foldr c n (foldr (⊕) e xs)).

By Lemma3 andtheprecondition,wefinally obtain

f = λxs. build (λc n. foldr (⊗) e′ xs c n).

¤

Theinput function f is transformedinto build form; thenew operators(⊗) and
e′ are produced bythe preconditions.Functionfoldr in the argumentof build is
higher-orderandtakestwo extraargumentswhichabstractconstructors.

Sincethe result of Theorem4 is alwaysa higher-order foldr, it makes inef-
ficient closureswhen consumingthe input. What is worse,sequentialshortcut
transformationsuchas

foldr · · · ◦build · · · ◦build · · ·

will stophalfway; even if given foldr is first-order, the result of shortcutfusion
becomessecond-orderandthis foldr cannotbefusedwith thefollowing build. We
will show thesolutionto thispoint in thefollowing example.

Example 5 (map). Considermap f function. We attemptto applyTheorem4. By
thedefinitionof map f , weobtain

e = []
(⊕) = ((:)◦ f )

Usingtheseoperators,wecalculate

foldr c′ n′ e
= { Definitionof e }

foldr c′ n′ []
= { Definitionof f oldr }
n′

foldr c′ n′ (x⊕ xs)
= { Definitionof ⊕ }

foldr c′ n′ ( f x : xs)
= { Definitionof foldr }
c′ ( f x) (foldr c′ n′ xs)
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Then,we try to matche′ c′ n′ with n′. By first-ordermatching,it fails. By second-
ordermatching,it returns{e′ 7→ λc′ n′. n′}. In thefollowing, we usematchingfor
higher-ordermatching.For inductivecase,matching

(x⊗λc′ n′. foldr c′ n′ xs) c′ n′

with
c′ ( f x) (foldr c′ n′ xs)

returns
{(⊗) 7→ λx p c′ n′. c′ ( f x) (p c′ n′)}.

By Theorem4 with theseconditions,weobtain

map f = λxs. build (foldr (λx p c′ n′. c′ ( f x) (p c′ n′)) (λc′ n′. n′) xs).

Remarkably, in the argumentof foldr, c′ and n′ is passedto p without any
change.Thus,wecanpasstheseoperatorsdirectly to theargumentof foldr, rather
thanthroughtheaccumulationparameter. This transformationcanbeconsidered
asaninstantiationof thepromotionlemma.

Lemma 6 (Removing Accumulation Parameters).

e c = e′

(a⊕ x) c = a⊗ x c

foldr (⊕) e xs c = foldr (⊗) e′ xs

Proof. Instantiatef into λ f . f c in thepromotionlemma. ¤

Theaccumulationparameterc is removedandfoldr in theright handsidetakes
onelessargumentsthanthatin theleft handside.It is notedthatthistransformation
is mechanical;the useronly needsto noticethat the accumulationparametersdo
notchangeduringcomputation,andjustappliesthis lemma.

Go backto the derivation of build form of map. With this lemma,the inner
foldr canbesimplifiedasfollows.

foldr (λx p c′ n′. c′ ( f x) (p c′ n′)) (λc′ n′. n′) xs
= { η-expansion}
λc. foldr (λx p c′ n′. c′ ( f x) (p c′ n′)) (λc′ n′. n′) xs c

= { Lemma6 }

λc. foldr (λx p n′. c ( f x) (p n′)) id xs
= { η-expansion}
λc n. foldr (λx p n′. c ( f x) (p n′)) id xs n

= { Lemma6 }

λc n. foldr (c◦ f ) n xs

Finally, weobtainbuild-form of functionmap f

map f = λxs. build (λc n. foldr (c◦ f ) n xs)
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Sincetheresultof thetransformationis a first-orderfoldr, shortcutfusioncan
be sequentiallyapplied. Note that transformationthat removesaccumulationpa-
rametersis notalwayssucceeded,aswewill seein thefollowing example.

Example 7 (reverse). Considerthefollowing reversefunction:

reverse [] = []
reverse (x : xs) = reverse xs++[x]

where xs++ys = build (λc n. foldr c (foldr c n ys) xs).

For simplicity, we assume(++) is alreadyin thebuild form. By Theorem4 with
theseconditions,weobtain

reverse = λxs. build (foldr (λx p c′ n′. p c′ (c′ x n′)) (λc′ n′. n′) xs).

Here,in thefirst argumentof foldr, c′ is passedto p without any change.We
may want to passthis operatordirectly to the argumentof foldr, andwe obtain
build form of functionreverse by Lemma6:

reverse = λxs. build (λc. foldr (λx p r. p (c x r)) id xs).

However, operatorc changeseachtime it ispassedto p, andshouldnotberemoved.
It is worthnotingthatthisresultcannotbeobtainedby applyingthepromotion

lemmato
foldr c n◦ foldr (λx r. r ++[x]) [],

but wehave to derive it from

λc n. foldr c n (foldr (λx r. r ++[x]) [] xs).

Thoughit is difficult to instantiatef in PromotionTheoreminto λxs c n. foldr c n xs
automatically, usingTheorem4 programmerdoesnothave to noticethis.

2.2 Second-order Warm-up Transformation

In the previous subsection,we have seenthe successof warm-uptransformation
for reversefunctionby Theorem4. But,Theorem4 will fail for thefollowing linear
time reversefunction:

lrev xs = lrev′ xs []
lrev′ [] ys = ys
lrev′ (x : xs) ys = lrev′ xs (x : ys).

This is becauselrev′ hasanaccumulationparameter.
Hu et al. [HIT99] formulatea systematictreatmentof accumulationswhen

functionwith accumulationis second-orderfoldr. They give calculationtheorems
for manipulatingaccumulations.We adapttheir accumulationtheoremsto warm-
up transformationasthe following two lemmas,wherethe both functionsin the
compositionaredescribedin termsof foldr.

Thereare twowaysto make thepromotionlemmasecond-order, instantiating
f as(foldr c n◦) and(◦foldr c n). First,weshow theformer.
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Lemma 8 (Second-order Fusion of Two foldr’s).

foldr c′ n′ ◦ e = e′ c′ n′

foldr c′ n′ ◦ (a⊕ r) = (a⊗ (λc′′ n′′. foldr c′′ n′′ ◦ r)) c′ n′

foldr c n◦ foldr (⊕) e xs = foldr (⊗) e′ xs c n

Theproofissimilarto thatfor Lemma3. Instantiatef in Lemma2 intoλr c n. foldr c n◦
r. This lemmais usefulto prove thefollowing theorem.

Theorem 9 (Second-order Warm-up Transformation 1).

f [] = e
f (x : xs) = x⊕ f xs

foldr c′ n′ ◦ e = e′ c′ n′

foldr c′ n′ ◦ (a⊕ r) = (a⊗ (λc′′ n′′. foldr c′′ n′′ ◦ r)) c′ n′

f = λxs ys. build (λc n. foldr (⊗) e′ xs c n ys)

The proof is similar to that for Theorem4. As in Theorem4, the input function
f is transformedinto build form. In this case,the input function takesan extra
argumentfor accumulation,though.

Weshow theexamplethatChitil’ s approach[Chi99] cannotderivebuild form,
while Theorem9 can.

Example 10. Considercomputingreverseof thelongestincreasingprefix.

dec xs = dec′ xs (−∞)
dec′ [] = []
dec′ (x : xs) y = if x > y then dec′ xs x++[x] else []

For example,dec [1,3,5,4,2] returns[5,3,1]. Functiondec′ canbedescribedasa
functionfoldr (⊕) e overa list where

e = λ . []
x⊕ p = λy. if x > y then p x++[x] else []

This is asecondorderfoldr becauseit takesa list to yield asecond-orderfunction.



407

With theabove e and(⊕), wecancalculateasfollows.

foldr c′ n′ ◦ e
= { Definitionof e }

foldr c′ n′ ◦λ . []
= λ . foldr c′ n′ []
= { Definitionof foldr }
= λ . n′

foldr c′ n′ ◦ (a⊕ r)
= { Definitionof (⊕) }

foldr c′ n′ ◦λy. if x > y then r x++[x] else []
= λy. foldr c′ n′ (if x > y then r x++[x] else [])
= { Distributefoldr c′ n′ over if statement,foldr c′ n′ is strict}
= λy. if x > y then foldr c′ n′ (r x++[x]) else foldr c′ n′ []
= { Definitionof foldr }

λy. if x > y then foldr c′ n′ (r x++[x]) else n′

= { Definitionof (++) }

λy. if x > y then foldr c′ n′ (build (λc n. foldr c (foldr c n [x]) (r x))) else n′

= { ShortcutFusion}
λy. if x > y then foldr c′ (foldr c′ n′ [x]) (r x) else n′

= { Definitionof foldr }
λy. if x > y then foldr c′ (c′ x n′) (r x) else n′

Weobtain

e′ c′ n′ = λ . n′

(x⊗ r) c′ n′ = λy. if x > y then r c′ (c′ x n′) x else n′

By Theorem9, weobtain

dec = λxs. build (λc n. foldr (λa r c n y. if a > y then r c (c a n) a else n)
(λc n . n) xs c n (−∞))

Lemma6 canbeusedto simplify theargumentsof functionfoldr, andleadingto

dec = λxs. build (λc n. foldr (λa r n y. if a > y then r (c a n) a else n)
(λn . n) xs n (−∞)).

Sinceateachrecursiontheaccumulationparametern is changed,wecannotapply
Lemma6 anymore.

As mentionedabove, thereis anotherinstantiationof the promotiontheorem
into thesecond-orderpromotionlemma;here,we instantiatef as(◦foldr c n). We
usethe fusion lemmafor the reversedirection in the sensethat a single foldr is
decomposedinto two functionsg andfoldr. Theaimof this lemmais to sweepout
all theconstructorabstractionvariablesn andc into accumulationparameters.
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Lemma 11 (Pushing Computation into Accumulation Parameter).

e r = e′ (foldr c n r)
a⊕ (a2◦ foldr c′ n′) = (a⊗a2)◦ foldr (d2 c′ n′ a) (d1 c′ n′ a)

foldr (⊕) e xs = g◦ foldr c′′ n′′

where (g,(c′′,n′′)) = foldr (®) (e′,(c,n)) xs
x® (xs1,(c′,n′)) = (x⊗ xs1,(d2 c′ n′ x,d1 c′ n′ x))

Proof. As seenbefore,any function f which takesa list andproduces alist canbe
trivially transformedinto

λxs. build (λc n. foldr c n ( f (foldr (:) [] xs)))

Thepromotionlemmaandthepreconditiontransformsit into

λxs. build (λc n. foldr c n (foldr (⊕) e xs))

By Lemma3 andtheprecondition,weobtain

f = λxs. build (λc n. foldr (⊗) e′ xs c n).

¤

This lemmais usedto prove thefollowing theorem.

Theorem 12 (Second-order Warm-up Transformation 2).

f [] = e
f (x : xs) = x¯ f xs

foldr c n◦ (a¯ r) = a⊕ (foldr c n◦ r)
foldr c n◦ e = e′ ◦ foldr c n

a⊕ (a2◦ foldr c n) = (a⊗a2)◦ foldr (d2 c n a) (d1 c n a)

f = λxs r. build (λc n. let (g,(c′′,n′′)) = foldr (®) (e′,(c,n)) xs
x® (xs1,(c′,n′)) = (x⊗ xs1,(d2 c′ n′ x,d1 c′ n′ x))

in g (foldr c′′ n′′ r))

Proof. Sincethefunction f is describedas

f [] = e
f (x : xs) = x¯ f xs

weobtain
f = foldr (¯) e (1)

By theequation
foldr c n◦ (a¯ r) = a⊕ (foldr c n◦ r)

andthehigher-orderpromotionlemmagives

foldr c n◦ foldr (¯) e xs = foldr (⊕) (foldr c n◦ e) xs (2)
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By theequations

e = e′ ◦ foldr c n
a⊕ (a2◦ foldr c n) = (a⊗a2)◦ foldr (d2 c n a) (d1 c n a)

andLemma11gives

foldr (⊕) (foldr c n◦ e) xs = g◦ foldr c′′ n′′

where (g,(c′′,n′′)) = foldr (®) (e′,(c,n)) xs
(3)

Equations(1-3)give theconclusionof thetheorem. ¤

This theoremabstractsconstructorswith accumulationparameters.To show
it, we borrow the following examplefrom [Voi02]. Warm fusion rewriting rule
in [LS95] without higher-ordervariablesandsometrick, andtype inferencebase
warm-uptransformation[Chi99] arenotapplicableto thefunction.

Example 13 (Partition). Considerthe following function to partition a list xs ac-
cordingto predicatep.

part p xs = let f [] zs = zs
f (x : xs) zs = if p x then x : f xs zs

else f xs (zs++[x])
in f xs []

For example,part even [1,2,3,4,5,6] returns[2,4,6,1,3,5]. We canapplyTheo-
rem12 to function f . By higher-ordermatching,wehave

e zs = zs
(x¯ r) zs = if p x then x : r zs else r (zs++[x])

Then,wecalculate

foldr c n◦ (x¯ r)
= { Definitionof (¯) }

foldr c n◦ (λzs. if p x then x : r zs else r (zs++[x]))
= { η-expansionandDefinitionof (¯) }

λzs. foldr c n (if p x then x : r zs else r (zs++[x]))
= { Distributefoldr c n over if statement}
λzs. if p x then foldr c n (x : r zs) else foldr c n (r (zs++[x]))

= { Definitionof foldr }
λzs. if p x then c x (foldr c n (r zs)) else foldr c n (r (zs++[x]))

Matchingtheresultwith a⊕ (foldr c n◦ r) gives

x⊕ r = λzs. if p x then c x (r zs) else r (zs++[x])
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For the fourthprecondition,wecalculate

foldr c n◦ e
= { Definitionof e }

foldr c n◦ (λzs. zs)
= { η-expansionandDefinitionof (◦) }

foldr c n

andobtain
e′ = λzs. zs

For thelastprecondition,wecalculate

a⊕ (a2◦ foldr c n)
= { Definitionof (⊕) }

λzs. if p a then c a (a2 (foldr c n zs)) else a2 (foldr c n (zs++[a]))
= { Definitionof (++) }

λzs. if p a then c a (a2 (foldr c n zs))
else a2 (foldr c n (build (λc n. foldr c (foldr c n [a]) zs)))

= { ShortcutFusion}
λzs. if p a then c a (a2 (foldr c n zs)) else a2 (foldr c (foldr c n [a]) zs)

= { Definitionof foldr }
λzs. if p a then c a (a2 (foldr c n zs)) else a2 (foldr c (c a n) zs)

= { ? }

λzs. (if p a then c a◦a2 else a2) (foldr c (if p a then n else c a n) zs)

Matchingtheresultwith (a⊗a2)◦ foldr (d2 c n a) (d1 c n a) returns

a⊗a2 = if p a then c a◦a2 else a2

d1 c n a = if p a then n else c a n
d2 c n a = c

By Theorem12,wefinally obtain

part p xs = build (λc n. let (g,(c′′,n′′)) = foldr (®) (λzs. zs,(c,n)) xs
x® (xs1,(c′,n′)) = (if p x then c′ x◦ xs1 else xs1,

(c′, if p x then n′ else c′ x n′))
in g n′′)

At eachrecursive stepof foldr, valuec (c′ or c′′) is not changed.Therefore,we
canhoist this. At the moment,we arenot clearhow to formalizesuchhoisting
conciselyasa calculationalrule. Using this humaninsight andhandcalculation,
weobtain

part p xs = build (λc n. let (g,n′′) = foldr (®) (λzs. zs,n) xs
x® (xs1,n′) = (if p x then c x◦ xs1 else xs1,

if p x then n′ else c x n′)
in g n′′)

Here,thefunction part traversestheinput list xs only once.
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3 CONCLUSION

In this paper, we have proposeda setof calculationrules for warm-uptransfor-
mation,which candealwith a wide classof functionssomeof which theexisting
methodsmayfail to derive. Thesecalculationrulesareconciseandeasyto imple-
ment;they canbedirectlyprogrammedasit is formalized.In fact,wehave imple-
mentedall the calculationruleswith the Yicho system2 [YHT05] andsucceeded
in testingall examplesexcept part. An importantadvantageof our calculational
approachis its compatibility with othercalculations,suchas fusionandtupling.
Therefore,warm-uptransformationin this form can coexist well with many other
calculationsin the samesystem.As a future work, we aregoing to to apply our
approachfor fusinglargerandmorepracticalexamples.
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