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Abstract

Warm-uptransformatioris animportantpreproces$or shortcutfusion. In this paper
we formalizethewarm-uptransformatiorby proposinga setof generandpowerful
calculationrulesthat canbe directly implementedvith higherorderpatternmatch-
ing. The newly formalized warm-uptransformationcan deal with programsthat
existing methodsmay fail, and have beenefficiently implementedwith the Yicho
calculationsystem. One importantadvantageof our calculationalapproachis its
compatibilitywith othercalculationssuchasfusion,tupling, accumulationandpar
allelization. Therefore warm-uptransformationin this form can coeist well with
mary othercalculationsn the samesystem.
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1 INTRODUCTION

Constructingorogramsfrom componentsi.e., modules s animportanttechnique
in designinglarge software. Dividing problemsinto smallmodulesrealizedocal-
izationof problems.Consequentlyprogramsareeasyto maintain.If eachmodule
is maintainedas a versatilecomponentyeusabilityis improved. The problemis,
however, in its inefficiengy dueto unnecessarintermediatedatastructuregpassed
betweenmodules.Improvementof performanceanbe achievedif theseinterme-
diatedatastructuresareremoved by automaticanalysisandautomaticdransforma-
tion.

Fusion alsoknown asDeforestation is a techniquefor eliminationof interme-
diatedatastructure§Wad90]. Descendenfrom it, shortcut fusion, a single,local
transformatiorrule was proposedby Gill et al. [GLP93], to easethe implemen-
tation[PTHO1]. The preconditionof shortcutfusionis thatthe producerfunction
shouldbe expressedn termsof build.

If we could predefineall the functionsin termsof foldr andbuild, shortcutfu-
sioncouldremove intermediatelatastructuresiutomatically Functionalprogram-
mers,however, usuallydescribeprogramby generalrecursve definitions,instead
of foldr or build. Therefore, the problemis how to derive foldr or build from a
recursve definition. Thereis an approacho automaticallyderiving foldr [SF93,
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HIT96], sothe problemis settleddown into thederivationof build from arecursve
function.

Warmfusion[LS95] accompanieshortcutfusionwith a preprocesghereafter
we call it warm-uptransformation)lt transformsaclassof recursve functionsinto
functionsin termsof build automatically The techniquehasbeenimplemented
with the Stratgjo languagdgJV00], which is basedon term rewriting framework.
The implementation ofwarm fusion, however, appeardo be complex. Another
approacho deriving build is throughtypeinferencgChi99, Chi00]. Thisapproach
is easierto implementand is able to transforma wider classof list producing
functionsinto thebuild form thanLaunchlury andSheards approacHLS95]. But,
theimplementationis still complicated.

In this paper we formalize the warm-uptransformatiorby proposingseveral
generaland powerful calculationrules[THT98] thatcanbe directly implemented
with helpof higherorderpatternmatching.The newly formalizedwarm-uptrans-
formationcannotonly dealwith programshatexisting methodsmayfail, but also
suitablefor efficientimplementation.

Therestof this paperis structuredasfollows. In Section2, we presentvarm-
up transformatiorproblemandformalizewarm-uptransformatiorin calculational
form. Dependingon the orderof functionsto betransformedthe calculationrules
aredifferent. We shaw first-orderonein Section2.1 andsecond-ordeonein Sec-
tion 2.2. We discusduture worksandconcludeour paperin Section3.

2 WARM-UP TRANSFORMATION

In this sectionwe formalizethe warm-uptransformatiorin the calculationafform
following theideain [THT98]. Throughouthepaperwe useHaslell notation[Bir98].

Thewarm-uptransformatioris to transformrecursve programsnto constructor
abstractiorform (e.g. build). Considerfor example,the familiar map function,
which appliesafunctionto eachelementf alist.

map f || =
map f (x:xs) = fx:mapfxs

This function produces dist with two constructors:) and[]. To abstractthese
constructorswe introducefunctionbuild:

buildg=g (:) []
Theresultof thewarm-uptransformatiorfor functionmap is
map f = Axs. build (Ac n. foldr (co f) nxs).

Here,functionfoldr (@) eis ausefulHaslell function,which essentiallyreplaces
constructorg:) and[] in agivenlist with (&) ande respectiely.

foldr () e] = e
foldr (@) e(x:xs) = x@foldr (@) exs
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Thewarm-uptransformatiornis followedby thewell-known optimizationtech-
nique,shortcut fusion, definedasfollows!.

Lemmal (Shortcut fusion [GLP93]).
foldr k z (buildg) =gk z

Insteadof producinga list by passing(:) and[] to g andthenreplacinglist con-
structors(:) and|] with k andz respectrely, we do not produceary intermediate
list but directly passk andzto functiong.

To seehow the shortcutdeforestatiorrule works, considerthe following pro-
gram:

sum (map f xs)

wheresum is afunctionto sumup all elementf agivenlist:
sum = foldr (+) O.

In GHC [GHC], at the compile time, the shortcutfusion rule is appliedin the
following way by termrewriting with the simpletraversingstratey.

sum (map f xs)
= {Inline sumandmap }

foldr (+) O (build (Ac n. foldr (co f) nxs))
= { ShortcutFusion}

foldr ((+)o f)Oxs

While theinitial programsumo map f is inefficient dueto the intermediatedata
structurepassedrom map to sum, theresultdoesnot have ary intermediatedata
structure.

It may be surprisingthat ary recursioncan be trivially transformednto the
build form. Given ary function f, both producingand consuminglists, can be
rewritten as

Axs. build (Acn. foldr cn (f (foldr (:) [] xs)))

However, thisintroducesanintermediatedatastructurepassingrom f to foldr c n.

If we canfusefoldr c n, f, andfoldr (:) [], we may obtain more efficient code.
Thoughthe generalfusion problemis very difficult, if the right handside of the
compositionis describedn termsof foldr, they satisfya numberof calculational
propertiespneof whichis the promotionlemma.

Lemma?2 (Promotion).
fz = e
f (xoxs) = x@fxs
fofoldr (®) z=foldr () e

Lstrictly speakingwe needcertaintype restrictionon g.

401



Now returnto thefusion of
foldr cn (f (foldr (:) [] xs)).

Functionf is memgedinto function foldr andthe resultis alsofoldr form. If (®)
andzare(:) and(], thisis merelythe definition of theinductive recursve function
onlist. Then,if f isinductive recursve functionandthereare(®) ande satisfying
theabove conditions thewarm-uptransformatiorproblemis settleddown into the
problemto fuse

foldr cnofoldr (@) e

Thepromotionlemmabecomespplicableto thecomposition.Sincetheleft func-
tion of the functioncompositionis alwaysfunctionfoldr ¢ n, we canspecializehe
theoremby usingthe fact. Thetheoremvariesaccordingto the form of the right
foldr; we call thatthe function foldr is the first-orderif it takesthreeamguments,
andis the second-ordeif it takesextra agumentsWe shaw thefirst-ordercasein
the next subsectiorandthe second-ordecasen thefollowing subsection.

2.1 First-order Warm-up Transfor mation

Whenthe right foldr takesthreeargumentswe canusethe first-orderwarm-up
transformatiortheorem. Before statingand proving the theorem we preparethe
calculationlemmafor fusingtwo foldr’s.

Lemma 3 (First-order Promaotion of Two foldr’s).

Acn.foldrcne = ¢
Acn.foldrcn (x®xs) = x®Ac . foldrc’ n' xs

Acn. foldr ¢ n (foldr (@) exs) =foldr (®) € xs

Proof. Instantiatef in Lemma2 into Axs c n. foldr c n xs. O

Thoughthe expressie power of this lemmais lessthanPromotionTheorem,
this lemmais more suitablefor implementation. It is worth noting that in the
secondoreconditionthetwo foldrs take differentarguments A first-orderfunction
which takesa list andreturnsa list canbe transformednto the build form by the
following theorem.

Theorem 4 (First-order Warm-up Transformation).

f] = e
f(x:xs) = xdfxs
Acn.foldrcne = ¢
Acn. foldrcn(x@xs) = x®Acn. foldr cnxs

f = Axs. build (foldr (®) € xs)
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Proof. As seerbefore,ary function f which takesalist andproduces dist canbe
trivially transformednto

Axs. build (Acn. foldr cn (f (foldr (3) [] x9))).
By thepromotionlemmai,it is transformednto
Axs. build (Ac n. foldr ¢ n (foldr (@) exs)).
By Lemma3 andthe preconditionwe finally obtain
f = Axs. build (Acn. foldr (®) € xscn).

O
Theinputfunction f is transformednto build form; thenew operator§®) and
€ are produced byhe preconditions.Functionfoldr in the agumentof build is
higherorderandtakestwo extra argumentsvhich abstractonstructors.
Sincethe resultof Theorem4 is always a higherorderfoldr, it makesinef-
ficient closureswhen consumingthe input. What is worse, sequentialshortcut
transformatiorsuchas

foldr --- obuild --- obuild---

will stop halfway; evenif givenfoldr is first-order the resultof shortcutfusion
becomesecond-ordeandthisfoldr cannotbefusedwith thefollowing build. We
will shaw the solutionto this pointin thefollowing example.

Example5 (map). Considemap f function. We attemptto apply Theorermd. By
thedefinitionof map f, we obtain

e =

(@) = (()of)
Usingtheseoperatorsyve calculate

foldrc' n' e

= { Definitionofe }
foldr ¢’ n' []

= { Definitionof foldr }
n/

foldr ¢’ i’ (x& xs)

= { Definitionof & }
foldr ¢’ n' (f x:xs)

= { Definition of foldr }
¢ (f x) (foldr ¢’ n' xs)
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Then,wetry to matche' ¢’ n’ with n’. By first-ordermatchingiit fails. By second-
ordermatchingiit returns{€ — Ac’ n’. n'}. In thefollowing, we usematchingfor
higherordermatching.For inductive casematching

(x@Ac n'. foldr ' n' xs) ¢’ n’
with
c (f x) (foldr ¢’ i’ xs)

returns
{(®@) —Mxpcdn.c(fx) (pcn)}.

By Theoremd with theseconditions,we obtain
map f = Axs. build (foldr Ax pc' n’. ¢ (f x) (pc' n')) (A . n') xs).

Remarkably in the agumentof foldr, ¢ andn’ is passedo p without ary
changeThus,we canpassheseoperatorgirectly to theargumentof foldr, rather
thanthroughthe accumulatiorparameter This transformatiorcan be considered
asaninstantiationof the promotionlemma.

Lemma 6 (Removing Accumulation Parameters).
ec = ¢
(a®x)c = a®xc
foldr () exsc=foldr (®) € xs

Proof. Instantiatef intoAf. f cin thepromotionlemma. g
Theaccumulatiorparametec is removedandfoldr in theright handsidetakes
onelessamgumentghanthatin theleft handside. It is notedthatthistransformation
is mechanicalthe useronly needsto noticethatthe accumulatiorparametersio
not changeduringcomputationandjust appliesthis lemma.
Go backto the derivation of build form of map. With this lemma,the inner
foldr canbe simplifiedasfollows.

foldr (Axpc' . c (fx) (pcn')) (A . ') xs
= { n-expansion}
Ac. foldr Axpcd n'.c (fx) (pc n)) (Ad n'.n')xsc
= { Lemma6 }
Ac. foldr Axpn'.c(fx) (pn'))idxs
= { n-expansion}
Acn. foldr (Axpn'.c(fx) (pn’))idxsn
= { Lemmas6 }
Acn. foldr (cof) nxs

Finally, we obtainbuild-form of functionmap f

map f = Axs. build (Ac n. foldr (co f) nxs)

404



Sincetheresultof the transformationis afirst-orderfoldr, shortcutfusion can
be sequentiallyapplied. Note that transformatiorthat removes accumulatiorpa-
rametergs notalwayssucceededaswe will seein thefollowing example.

Example 7 (reverse). Considerthe following reversefunction:

reverse (] = |
reverse (X:xs) = reversexs—++[x|
where xs++ys= build (Ac n. foldr ¢ (foldr c nys) xs).

For simplicity, we assumg -+ ) is alreadyin the build form. By Theorem4 with
theseconditions,we obtain

reverse = Axs. build (foldr Ax pc' n’. pc’ (¢ xn')) (A\¢' n". i) xs).

Here,in the first agumentof foldr, ¢’ is passedo p without ary change.We
may want to passthis operatordirectly to the argumentof foldr, andwe obtain
build form of functionreverse by Lemmae:

reverse = Axs. build (Ac. foldr (Ax pr. p (cxr)) id xs).

However, operatoic changegachtime itis passedo p, andshouldnotberemoved.
It is worth notingthatthis resultcannotbeobtainedby applyingthepromotion
lemmato
foldr c nofoldr (Axr. r ++[x]) [],

but we have to derive it from
Acn. foldr ¢ n (foldr (Axr. r 4+4[x]) [] Xs).

Thoughit is difficult to instantiatef in PromotionTheoreninto Axsc n. foldr cnxs
automaticallyusingTheorend programmedoesnot have to noticethis.

2.2 Second-order Warm-up Transformation

In the previous subsectionwe have seenthe succes®of warm-uptransformation
for reversefunctionby Theoremd. But, Theorend will fail for thefollowing linear
time reversefunction:

Irev xs = lIrev xs|]
Irev' [ ys = ys
Irev (x:xs)ys = Irev xs(x:ys).

Thisis becausérev hasanaccumulatiorparameter

Hu et al. [HIT99] formulate a systematictreatmentof accumulationsvhen
functionwith accumulatioris second-ordefoldr. They give calculationtheorems
for manipulatingaccumulationsWe adapttheir accumulatiortheoremdo warm-
up transformatiorasthe following two lemmas,wherethe both functionsin the
compositionaredescribedn termsof foldr.

Thereare twowaysto make the promotionlemmasecond-ordelinstantiating
f as(foldr ¢ no) and(ofoldr c n). First, we shav theformer.
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Lemma 8 (Second-order Fusion of Two foldr’s).

foldrd noe = €cn
foldr ' no(a®r) = (a® (A’ n’.foldrc’n"or))c
foldr cnofoldr (@) exs=foldr (®) € xscn

Theproofis similarto thatfor Lemma3. Instantiatef in Lemma2into Ar cn. foldr cno
r. Thislemmais usefulto prove thefollowing theorem.

Theorem 9 (Second-order Warm-up Transfor mation 1).

fl] = e
f(x:xs) = x@&fxs
foldr ' noe = €cdn
foldrd no(a®r) = (a® (A’ n”.foldrc’ n"or))c'
f =Axsys. build (Ac n. foldr (®) € Xscnys)

The proof is similar to thatfor Theorem4. As in Theorem4, the input function
f is transformednto build form. In this case,the input function takes an extra
argumentfor accumulationthough.

We shav the examplethat Chitil’ s approactChi99] cannotderive build form,
while Theorem9 can.

Example 10. Considercomputingreverseof thelongestincreasingprefix.

dec xs = dec’ xs(—»)
dc'[- =
dec’ (x:xs)y = if x>ythen dec’ xsx++ [x] else ]

For example,dec [1,3,5,4, 2] returns[5, 3, 1]. Functiondec’' canbe describedcasa
functionfoldr (&) e overalist where

e = A
X&p = Ay.if x>ythen px+4+[x else]]

Thisis asecondrderfoldr becausét takesalist to yield a second-ordefunction.
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With theabove e and (@), we cancalculateasfollows.

foldr ' noe
= { Definitionof e }
foldr ¢/ noA_. ]
= A_.foldr ¢’ ' []
= { Definition of foldr }
=A.n

foldr ¢ n"o(aer)
= { Definitionof (®) }

foldr ¢ ' oAy. if x> ythen r x-+[X] else ]
= Ay. foldr ¢’ n’ (if x> y then r x++[x] else|])
= { Distributefoldr ¢’ n’ overif statementfoldr ¢’ n’ is strict }
= Ay. if x>y then foldr ¢ n’ (r x4+ [X]) elsefoldr ¢’ n' []
= { Definition of foldr }

Ay. if x> ythen foldr ¢’ ' (r x4++[x]) elsen’
= { Definitionof (++) }

Ay. if x> ythen foldr ¢’ n’ (build (Ac n. foldr ¢ (foldr cn [x]) (r x))) elsen’
= { ShortcutFusion}

Ay. if x> ythen foldr ¢ (foldr ¢’ n' [X]) (r x) elsen
= { Definition of foldr }

Ay. if x> ythenfoldr ¢’ (¢ xn') (r x) elsen’

We obtain

gcn = A

(x@r)dn = Ay.ifx>ythenrc (d xn') xelsen’
By Theoremd, we obtain

dec = Axs. build (Acn. foldr (Aar cny.ifa>ythenr c(can)aelsen)
(Acn_.n)xscn(—))

Lemma6 canbe usedto simplify the agumentsof functionfoldr, andleadingto

dec = Axs. build (Acn. foldr (Aar ny.ifa>ythenr (can) aelsen)
(An_.n) xsn (—o)).

Sinceat eachrecursionthe accumulatiorparameten is changedywe cannotapply
Lemma6 arymore.

As mentionedabove, thereis anotherinstantiationof the promotiontheorem
into the second-ordepromotionlemma;here we instantiatef as(ofoldr c n). We
usethe fusion lemmafor the reversedirectionin the sensethat a singlefoldr is
decomposeihto two functionsg andfoldr. Theaim of thislemmais to sweepout
all the constructombstractiorvariablesn andc into accumulatiorparameters.
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Lemma 11 (Pushing Computation into Accumulation Parameter).

er = € (fodrcnr)
ad (agofaldrd ) = (a®ap)ofoldr (d,c'n"a) (dic' n' a)
foldr (&) exs=gofoldr ¢’ n”
where (g, (c”,n")) = foldr () (€,(c,n)) xs
X (xs1, (¢,1)) = (X@Xxs,(d2 €' ' X, dy €' 1" X))

Proof. As seerbefore,ary function f whichtakesalist andproduces dist canbe
trivially transformednto

Axs. build (Acn. foldr cn (f (foldr (:) [] x9)))
The promotionlemmaandthe preconditiortransformst into
Axs. build (Ac n. foldr ¢ n (foldr () exs))
By Lemma3 andthe preconditionwe obtain

f = Axs. build (Ac n. foldr (®) € xscn).

Thislemmais usedto prove thefollowing theorem.

Theorem 12 (Second-order Warm-up Transfor mation 2).

il
f (X:x9)
foldr cno (acr)

= e

= XOfxs

= a®(foldrcnor)

foldrcnoe = ¢€ofoldrcn

ad (agofoldrcn) = (a®ap)ofoldr (d2cna)(dicna)

f =Axsr. build (Acn. let (g,(c”,n")) = foldr (@) (€, (c,n)) xs
X@ (xs1,(c,n)) = (X®@xs,(d2 ¢ ' x,dy ¢ n' x))
ing (foldr ¢’ n" r))

Proof. Sincethefunction f is describedhs

f = e
f (x:xs) X® f xs

we obtain
f =foldr (®) e (1)

By theequation
foldr cno(a®r) =aa (foldr cnor)

andthe higherorderpromotionlemmagives

foldr cnofoldr (©) exs=foldr (&) (foldr cnoe) xs (2)
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By theequations

e = €ofaldrcn
ad (agofoldrcn) = (a®ap)ofoldr (d2cna)(dicna)

andLemmall gives

foldr (&) (foldr cnoe) xs= gofoldr ¢’ n’ 3)
where (g, (c”,n”)) =foldr (©) (€,(c,n)) xs

Equationq1-3) give the conclusionof thetheorem. O
This theoremabstractonstructorswith accumulatiorparameters.To show
it, we borrawv the following examplefrom [V0i02]. Warm fusion rewriting rule
in [LS95] without higherordervariablesandsometrick, andtype inferencebase
warm-uptransformatiorfChi99] arenot applicableto the function.

Example 13 (Partition). Considerthe following functionto partition a list xs ac-
cordingto predicatep.

part pxs = let f [| zs=125
f (x:xs) zs=if pxthenx: f xszs
else f xs (zs++[x])
in fxs||

For example,part even [1,2,3,4,5,6] returns|2,4,6,1,3,5]. We canapply Theo-
rem12to function f. By higherordermatchingwe have

ezs = 5
(xor)zs = if pxthenx:r zselser (zs++[x))

Then,we calculate

foldr cno (x®r)
= { Definitionof (®) }
foldr cno (Azs. if pxthen x:r zselser (zs4++[X)))
= { n-expansionandDefinitionof (®) }
Azs. foldr cn (if pxthen x:r zselser (zs4++[X]))
= { Distributefoldr c n overif statement
Azs. if pxthen foldr cn (x:r zs) elsefoldr cn (r (zs++[X]))
= { Definition of foldr }
Azs. if pxthen cx (foldr cn (r zs)) elsefoldr cn (r (zs++[X]))

Matchingtheresultwith a (foldr cnor) gives

X@r =Azs. if pxthencx(r zs) elser (zs++x|)
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For the fourthpreconditionwe calculate

foldr cnoe

= { Definitionof e }
foldr cno (Azs. zs)

= { n-expansiorandDefinition of (o) }
foldr cn

andobtain
g =\zs. 75

For thelastpreconditionwe calculate

a® (agofoldr cn)
= { Definitionof (¢) }

Azs. if pathen ca(ay (foldr cnzs)) elsea, (foldr cn (zs++[a]))
= { Definitionof (++) }

Azs. if pathen ca (az (foldr cn zs))

else a; (foldr ¢ n (build (Ac n. foldr ¢ (foldr cn [a]) zs)))

= { ShortcutFusion}

Azs. if pathen ca(ay (foldr cnzs)) elseay (foldr ¢ (foldr ¢ n [a]) zs)
= { Definition of foldr }

Azs. if pathen ca(ay (foldr cnzs)) elseay (foldr c (can) zs)
= {%}

Azs. (if pathen caocap elseay) (foldr c (if pathennelsecan) zs)

Matchingtheresultwith (a® ay) ofoldr (d, cna) (di cna) returns

aRay = Iifpathencacayédsea,
dicna = ifpathennesecan
dcna = c

By Theoreml2, we finally obtain

part pxs= build (Acn. let (g,(c”,n”)) = foldr (©) (Azs. zs,(c,n)) XS
X@ (xs1,(c,n')) = (if pxthen ¢ xoxs; else xsy,
(c,if pxthen/ elsec’ xn'))
ingn”)

At eachrecursve stepof foldr, valuec (¢’ or ¢”) is not changed.Therefore,we
canhoistthis. At the moment,we are not clear how to formalize suchhoisting
conciselyasa calculationalrule. Using this humaninsightandhandcalculation,
we obtain

part pxs= build (Acn. let (g,n”) = foldr (©) (Azs. zs,n) xs
X@ (xs1,n’) = (if pxthen cxoxs; elsexsy,
if pxthenn' elsecxn)
ingn’)

Here,thefunction part traversegheinputlist xs only once.
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3 CONCLUSION

In this paper we have proposeda setof calculationrulesfor warm-uptransfor
mation,which candealwith awide classof functionssomeof which the existing
methodsmayfail to derive. Thesecalculationrulesareconciseandeasyto imple-
ment;they canbedirectly programmedsit is formalized.In fact,we have imple-
mentedall the calculationruleswith the Yicho systemd [YHT05] andsucceeded
in testingall examplesexcept part. An importantadvantageof our calculational
approachis its compatibility with othercalculations suchas fusionandtupling.
Therefore warm-uptransformatiorin this form can coeist well with mary other
calculationsin the samesystem. As a future work, we aregoingto to apply our
approacHor fusinglargerandmorepracticalexamples.
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