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1 INTRODUCTION

Epigram? [18, 3] is atthe sametime a functional programminglanguagewith
dependentypesandatype-driven,interactive programdevelopmentsystem.Epi-
gram’stypesystenis strongenoughto expressawide rangeof programproperties,
from basicstructuralinvariantsto full specifications.The systemsupportghein-
teractive developmenbf programsexploiting typesto directthedesignprocesand
helpingthe programmeto keeptrack of the constraintghe evolving programhas
to satisfy

Epigraminteractswith the programmerin termsof a high level languageof
userextensibleprogrammingconstructsvhich is elabomatedinto Epigrams Type
Theory ETT. ETT is a ratherspartan\-calculuswith dependentypes,basedon
Luo’s UTT (Unified Type Theory)[12] and more broadly on Martin-Lof’s Type
Theory[14]. It playstherdle of a‘corelanguage’it canbeevaluatedsymbolically;
it canalso becompiledinto efficient executablecode,exploiting a nev potential
for optimisationsdueto the presencef dependentypes[4].

Typecorrectness ibuilt into theelaboratiorprocessbut in this paperwe shall
implementa standalongypecheckrfor ETT in Haslell. Why do we needthis?

1. Wewantto reloadexistinglibrary componentinto the Epigramsystenwith-
out wastingtime re-elaboratinghe program. However, to presere safety
andconsisteng, we shouldmalke surethatthereloadeccodedoestypecheck.

2. Consumer®f our codemay not trustthe elaboratorbut want to ensurethe
safetyof codebeforerunningit. Thisis understandable—thelaboratoiis a
big programwhich mayeasilycontainbugs,while thetypecheckris asmall
programwith aprecisespecificatiorwhich maybeimplementedandverified
independently We have learntfrom proof carryingcode[19] that we must
reducethe sizeof ourtrustedcodebase.
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1.1 Epigram and itsElaboration

Epigrams high-level sourcecodeis elaboratedincrementallyinto ETT. Theelab-
oratorproduceghedetailedevidencewhich justifieshigh-level programmingcon-
veniencessuchasthekind of ‘filling in the blanks’we usuallyassociatavith type
inference For example we maydeclarethe vectos—lists with a specificlength—
asfollows:

n:Nat; X:

* X: X; Xs: VecnX
VecnX : x where

vnil : VeczeroX vconsxxs: Vec (such) X

data

The elaboratorfleshesout all the implicit partsof thesedeclarationsmaking
the hiddenquantificationsexplicit:

Vec :Tl_n:Nat.MX:x
vnil 1 M_X:%. Veczero X
veons: M_X:.M_n:Nat. Mx: X.Mxs: VecnX. Vec (sucn) X

ETT isfully explicit, andit annotate$l1-quantifiersfor hiddenargumentswith
‘_’, andthe correspondingpplicationsf _s. We shall shov theseannotationgor
clarity now, but ignorethemin the implementationof the typecheckr here,for
easeof presentation.

For eachdatatype the elaboratorextendsthe standardoverloadedrecursion
operatorelim. We acquirea new specificinstancein ETT, which we write postfix.

In the caseof vectors,if xs: VecnX, then

xselimy,. : MP : Mn:Nat.Mxs:VecnX. x .
Mmvn: Pzero (vnil_X).
Mmvc: Mn':Nat. Mx: X. Nxs':Vecn' X.
Mh:Pn'xs.
P (sucn’) (vcons_X_n' xxs) .
Pnxs

You canseethis type asa schemdor constructingorogramsby simultaneous
‘patternmatching’on a vectorandits length. Epigramhasno hard-wirednotion
of patternmatching—ratheiif you invoke aneliminator(Eg. elimxs) via the‘by’
constructe, the elaboratoreadsoff the appropriatepatterndrom thetype of the
eliminator If we have anappropriatelefinitionof +, we candefine+- for vectors
usingelim asfollows:

X,y - Nat

Xy T Nat X+y < elimx

zero+y =Yy
(sucX)+y =suc(X +vy)

let

Xs: VecmX; ys: VecnX
Xs++ys: Vec (m+n) X

Xs+Hys < elimxs
vnil4++ys=-ys
(vcons XXs) ++ys=-vcons X (XS ++Ys)

let
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Given this definition, what the elaboratoractually generatedor (++) is this
ratherlessreadabldump of ETT:

(++) — AX:x.A_m:Nat.A_n:Nat.Axs: VecmX. Ays: VecnX.
xselim,,.. (Am: Nat. Axs: VecmX. N_n:Nat. Mys: VecnX. Vec (m+n) X)
(An:Nat.Ays:VecnX.ys)
(A :Nat. Ax: X. AxS : Vec ' X.
Ah:T_n:Nat. Mys:VecnX. Vec (M +n) X.
An:Nat. Ays: VecnX.vcons_X_(m +n) x(hnys))
nys

The elaboratomvorks even harderwhenthe situationis morecomplex. In the
following program,we needto apply elim,,.. not for a vectorof ary length, but
only for nonemptywectors. Correspondinglywe only geta vcons case—vnil is
impossiblebecauseero is not (sucn).

xS Vec (sucn) X
vtail xs: VecnX

let vtail xs < elimxs

vtail (vconsxxs) = xs

All of the hardwork is donebehindthe scenes. The first-order unification
on lengthswhich eliminatesthe vnil caseand specialiseghe vcons caserestson
standardnoConfusiontheorem—constructorare disjoint and injective—proven
by the elaboratorfor eachdatatype,and on the substoperator—replacingequal
with equal. Thesetechriquesandconstrucibnsaredetailedin [15, 16]. Theeffect
is to deliver alarge but dull termin ETT which providesa checkablesxplanation
for theapparentmagic’ of dependentaseanalysis.

vtail — A_n:Nat.A_X:x.Axs: Vec (sucn) X. xselimye.

(Am: Nat. Ays: VecmX. n: Nat. Mxs: Vec (sucn) X.Mg:m=sucn. Mg :ys=xs VecnX)

(An:Nat. Axs: Vec (sucn) X.Aq: zero =sucn. Aq : vnil =Xs gnoConfusiof,; (VecnX))

(A :Nat. Ax: X. Axs : Vecr.

Ah:Mn:Nat. Nxs: Vec (sucn) X.Mg:n’ =sucn. Mg :xg =xs VecnX.

An:Nat. Axs: Vec (sucn) X.Aq:sucn’ =sucn.Aq :vcons_X-n' xxg =xs

gnoConfusioR,; (VecnX)

(Ag:n’ =n.qsubst

(An:Nat.Txs : Vecn’ X.Mh:Mn: Nat. Mxs: Vec (sucn) X. Mg:n’ =sucn. Mg :xg§ =xs VecnX.
Mxs: Vec (sucn) X. Mg :vcons_X_n’ xxs =xs VecnX)
(Axs :Vecn' X.Ah:Mn: Nat. Mxs: Vec (sucn) X. Mq:n’ =sucn. Mg :xs =xs VecnX.
Axs: Vec (sucn’) X. A :veons X.1' xxg =xs ¢ substAxs: Vec (sucn’) X. Vecn'’ X) x¢)
xd hxsq'))

(sucn)xs(refl_Nat_(sucn)) (refl_(Vec (sucn) X)_xs)

1.2 Checking dependent types

A type checler for a languagewith dependentypeshasto decidesymboliccon-
version. E.g. tocheckthatthe definitionof ++ above is well typedwe may want
to checkthatthetype of theleft handside (vconsxxs) ++ys: Vec ((sucm)+n) X
agreeswith thetypeof theright handsidevcons x (xs +ys) : Vec (suc (m+n) X.
Hencethetypecheckr hasto exploit that(sucm) +n ~ suc (m+n).

We specify our type systemby judgementsvhich areinductively definedby
derivationrules. Apart from the usualjudgement” -t : T expressingthatt has
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type T given the typing assumptionsn I we alsointroducethe judgementd” +
of context validity andequalityl =t ~ t' : T. Thetyping judgementlso coers
thecasel - T : x expressinghatT is avalid typewrt I'. Typing andequalityare
connectedvia theconversionrule:

FEs:S TES~T: %
Fr-s: T

Thisrule allovs usto useequalities)iketheone abwee, duringtypechecking.The
conversionrule interactsnicely with the dependenépplicationrule

Mr=f:MNx:ST Ns:S
N=fs: [x— s:9T

which instantiateghe codomainof a dependenfunction using local definitions
X — s:9T.

Theequalityrulesincludef-ruleswhichallow usto carryoutcomputationsaind
replacenamedy their definitions.Apartfrom thesepurelycomputationafuleswe
addn-rulesandrulesfor proof-irrelevanttypes,which arejustified by thefactthat
sometermscannotbedistinguishedy ary obsenation. A proof-irrelvanttypeis a
typewhich, obsenationally hasat mostoneelenent; examplesaretheunit type 1
andthe emptytypeO.

Equality checkingand hencetype checkingis decidable,f all computations
terminate.While a carefully designedanguagecanachieve this goalby only exe-
cutingtrustedprogramsontypelevel we will notadresghisissuehere.Indeedour
currentimplementatiorof Epigramusesx : x (Typeis a Type)andhencecontains
non-terminatingermsdueto Girard’'s paradoX7]. This articleis concernedvith
type checkingcore functionality. Stratificationof universesandwell-formedness
of inductive definitionsarewell established[11]2] andorthogonalto the subject
of this article.

1.3 Related Work

Type checkingalgorithmsfor dependentypesareat the coreof implementations
of systemdike LEGO [13], COQ[5] or AGDA [6]. Coquand8] presents sim-
ple algorithmwhich decides3n-equalityfor INM-types;in joint work with Abel [1]
this hasrecentlybeenextendedto includethe Bn-equalityfor Z-types.Coquands
andAbel’s algorithmsare shape-directedndit is not obvious how to extendthis
approacho includethen-rule for 1 or proof-irrelevancefor O. Thealgorithmwe
presentereis type-directecandhencecandealwith thosesituations.

2 EPIGRAM'STYPE THEORY IMPLEMENTED

We presenterethe formaldefinitionof ETT togethemwith a sketchof ourimple-
mentationof atypecheclerfor it in Haslell.
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2.1 Syntax

We startwith the definition of the syntaxandits representatioim Haslell. Note
thatin adependentypetheory typesarejust a subseof terms.

Thefollowing constantareterms:

*  thetypeof types

1 theunittype

() theonly elementbof theunit type
O theemptytype;

Thevariablex is aterm;

If S T,f,s tandp areterms,soarethefollowing:

Mnx:ST Dependenfunctionspace

M:ST Lambdaabstraction

fs Functionapplication

2X:ST Dependenproductspace

(st)t Pair

PO First projection

pm Secondorojection

zE ZeroElimination,or ‘naughtE’ if you prefer

[X — s:St  local definition

OurHaslell representationf terms:

data Term= RRefeence -- Freevariable
| Vint -- Boundvariable
| D QuantTermScope  -- [-typeor Z-type
| L TermScope -- A-abstraction
| P TermTermScope -- Pair
| CCon -- Constant
| Term:$(Elim Term) -- Elimination

| (Term:e Term):! Scope -- Local definition (let)
deriving Show

where:€ is just syntacticsugar for a pair indicatingthatit is a term or valueto-
getherwith its type:

dataa:eb=a:€b

Ourrepresentationf freevariabledR Refeencg, which catersfor parameterand
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global definitions,carriesmorethanthe just the namein theterm. It alsocarries
thetypein the caseof a parameterandthe actualvalueof thetermbeingdefined
andits correspondindypein the caseof a globaldefinition.

type Refeence= Name= (Object: Value)
data Object = Para|DefnValue

For boundvariables,we usea de Bruijn index [10] representatiorfvar Int). As
in [17], eachtime we shift indices,we wrapup thetermin scopeof the nev bound
variablein the datatypeScope This distinctionhelpsto avoid silly mistalesand
allows usto cachea stringto be usedonly for display-nameyeneration.

data Scope= String:. Term

CorrespondinghaA-termcarriesa Termfor its domain anda Scopedor its body
andl typesarerepresentedimilarly, (D QuantTermScopé where

data Quant= Sig| Pi deriving (ShowEq)

Pairs (P TermTerm Scopé carry the rangeof their Z-type—youcannotguesghis
givenonly the particularinstancefor a specificelementof thedomain.
The canonical constantreasfollows:

data Con= Star
| One
| Woid
| Zer
deriving Show

All theeliminationformsarewritten postfix (Term:$ (Elim Term)), where

dataElimt=At -- application
| PO --first projection
| P1 -- secondorojection
| OE --‘naughtE’, deliveringarnything from Zero
deriving Show

It is straightforvardto addthe standardeliminatorsfor inductive datatypesbhut we
omit themherefor reason®f space.

2.2 Checkingtypesand equality

ETT consistof threejudgemenformsanda setof rulesfor deriving them.
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I contet validity
Fret: T typing
M-t ~t: T equality

_ ITES:%x [Fs:S
F IMx:SE IMx—s:SH

FIGURE 1. Context validity rules|T -]

Therulesfor context validity (figurel) ensurghatthecontext canonly beextended
by awell-typedvariables. The emptycontet is valid andwe may only extendit
accordingto thetwo extensionrules,introducinga typing assumption®r alocal
definition, so we needonly considervalid contets. In the implementationthe
checkingof contects is doneimplicitly.

Therulesfor typing (figure 2) arethe centralpart of our type theory In the
implementatiorthey arerealizedby two functions,onefor typesynthesis

synth: Term— Cheding (Value:€ Value)
and ondor typecheding
ched:: (Term:e Value) — Cheding Value

Here Cheding is a monadwhich combineghe threadingof namespacesandthe
handlingof error message¥Ve usethetypeValueto representermstogethemwith
asemantiaepresentatioof their weakheadnormalform.

synthtakes a term and synthesizests type accordingto the typing rules. It
necessitatethatA-abstractiongandpairsareannotatedby theirtype’sdomainsand
rangegespectiely. It is clearfrom therulesthatintroducetheseconstrucions that
without the annotationsve would be unableto synthesizaheir types.

chedk canbeimplementedisingsynthandequatewhich checkscorversion:

chek (tm:e ty) = do
(tmval:€ synthty « synthtm
equate((ty, synthty :€ star)
returntmval

ched alsorealizesthe corversionrule (seefigure 2) by calling equate
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Declaredanddefinedvariables Universe
s . s . s
TEx:s¢Sel g siSel T wix

Corversion Local definition
[FSs:S TES~T:% MX—s:SHt: T
Nes: T N=[x— s:St: [x+— s:ST
Typeformation, introduction, andelimination
r M=
1:% rE(:1
= r-z:0
Fr~0:x M-z&: MNX:;%. X
F=f:MNx:ST
Mx:SFT:x Fx:SkHt: T N-s:S
FEMX:ST:x TEAXSt:MX:ST NrEfs: [x— s:ST
N-s:S
Mx:SET:x  [Htix—s§T [Fp:3x:ST
ME2x:STix THEEEHT:2XST  TkHpmp: S
MEpmy: xX—prp: 9T

FIGURE 2. Typingrules|T-t: T

equate: ((Value Value) :€ Value) — Cheding ()

equatedetermineswhethertwo well-typed terms are corvertible following the
rules givenin figure 3. It usesthe supplied typeo implementthe obserational
rulesfor M, %, 1 andO by atype-directegrocessTheserulesareequivalentto the
usualn-rulesfor N, Z and1, togetherwith proofirrelevancefor O. We maintain
valuesin asemantioveak-head-normdbrm, usinga gluedrepresentatioexploit-
ing ideasfrom [9]:

datat:w=t:Jw

type Value= Term:|} WhnV
syn: (t:lw)—t

syn (t:l_)=t

sen: (t:yw) —w

2We haveomitteda numberof trivial ruleshere,e.g.therulesstatingthat ~ is anequialence
andanumberof congruenceules.

336



definitionlookupanddispossal

=
NlN+-x~s:S

FFs~9d:S Mx—s:SHt~t': T
M-[x—s: 9t~ [x—5:t': [x—s:§T

X+—S:Sel

structuralrulesfor eliminations

TFu~u:0 FrEf~f:Nx:ST NFs~¢d:S
MU~ U E: Mx:*.X MrEfs~f's:[x— s:9T
MrEp~p :Zx:ST MrEp~p :Zx:ST

TEpmo~pm:S FEpm~pm: [x— (pm): 9T

B-rules
FCTEAM:St:MNx:ST Es:S
FE(Ax:St)s~ [x+— s:St: [x+— s:ST
MNe=(st)r : 2x:ST MNe=(st)r : 2x:ST
FE(stytm~s:STH(stytmy ~t:[x— s:9T

obsenationalrules

TFu:1 TFU:1T+-z:0 IT=Z:0
T’NFu~u:1 lrkz~Z:0
MrEpm~pm: S
Fx:SHfx~f'x:T F'-pm~pm: [x— (pTo):ST
r=f~f:MNx:ST MlN-p~p:2x:ST

FIGURE 3. Equalityrules|F-t~t: T

sem (_:}w) =w
HereWhrv is the semantiaepresentationf weakheadnormalforms:

data WhnV= WRRefeence[Elim Value] -- Spine

| WLScopeV -- A-abstraction
| WPValueValue -- Pair
| WCCon -- Constant

| WDQuantValueScopeV  -- Dependentype
deriving Show

ScopeVis the realworkhorseof this definition representatingermsdependingon
avariableasa pair of a Scopeanda Haslell function:

type Scope\= Scope| (Value— WhnV)
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We implementeliminationfor Value, incorporatingall the -rules,by
($9%) :: Value— Elim Value — Value

OurChed&ing monadcandeliver afreshvariablein agiventypevia this corvenient
higherorderfunction:

forFreshin: Value— (Value— Cheding ()) — Cheding ()

Togetherthis equipmengivesusaneasyimplementatbn of the type-directedb-
senationalrules.

equate((f1,2) :€ (_:} WD Pidomran))
= forFreshindom$Ax — equate((f1$$x, f2$$x) :€ semranx)
equate((pl,p2) :€ (-} WD Sigdomran))
= equate((p1$$PO, p2$$P0) :c dom) >>
equate((p1$$P1, p2$$P1) :c semran (p1$$PO)
equate(_:€ (_: WCOne) =return|()
equate(_ € (—: WCZemw)) = return()

Comparisomproceedstructurallyat typeswithout obsenationalrules.

3 CONCLUSIONSAND FURTHER WORK

The maindeliverableof our work is anindependentype-checkr for ETT which

playsanimportantrble in the overall architectureof the Epigramsystem.We have

adresse@ numberof challengesn implementinga strongercorversionincorpo-
rating obsenationalrules. This is importantat presenfor our implementatiorof

elaboratiorandit will play avital réle in future, for our projectof implementing
an Obsenational Type Theorywhich is computationallywell behaed but allows

obsenationalreasoningsee[2].
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