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1 INTRODUCTION

Epigram1 [18, 3] is at the sametime a functional programminglanguagewith
dependenttypesanda type-driven,interactive programdevelopmentsystem.Epi-
gram’stypesystemis strongenoughto expressawiderangeof programproperties,
from basicstructuralinvariantsto full specifications.Thesystemsupportsthe in-
teractivedevelopmentof programsexploiting typesto directthedesignprocessand
helpingtheprogrammerto keeptrackof theconstraintstheevolving programhas
to satisfy.

Epigraminteractswith the programmerin termsof a high level languageof
userextensibleprogrammingconstructswhich is elaborated into Epigram’s Type
Theory, ETT. ETT is a ratherspartanλ-calculuswith dependenttypes,basedon
Luo’s UTT (Unified Type Theory) [12] andmorebroadlyon Martin-Löf’s Type
Theory[14]. It playstherôleof a‘corelanguage’:it canbeevaluatedsymbolically;
it canalso becompiledinto efficient executablecode,exploiting a new potential
for optimisationsdueto thepresenceof dependenttypes[4].

Typecorrectness isbuilt into theelaborationprocess,but in thispaper, weshall
implementastandalonetypechecker for ETT in Haskell. Why doweneedthis?

1. Wewantto reloadexistinglibrarycomponentsinto theEpigramsystemwith-
out wastingtime re-elaboratingthe program. However, to preserve safety
andconsistency, weshouldmakesurethatthereloadedcodedoestypecheck.

2. Consumersof our codemaynot trust theelaboratorbut want to ensurethe
safetyof codebeforerunningit. This is understandable—theelaboratoris a
big programwhichmayeasilycontainbugs,while thetypechecker is asmall
programwith aprecisespecificationwhichmaybeimplementedandverified
independently. We have learntfrom proof carryingcode[19] thatwe must
reducethesizeof our trustedcodebase.
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1.1 Epigram and its Elaboration

Epigram’s high-level sourcecodeis elaboratedincrementallyinto ETT. Theelab-
oratorproducesthedetailedevidencewhich justifieshigh-level programmingcon-
veniences,suchasthekind of ‘filling in theblanks’weusuallyassociatewith type
inference.For example,wemaydeclarethevectors—listswith aspecificlength—
asfollows:

data n : Nat ; X : ?

VecnX : ?
where

vnil : VeczeroX
x : X ; xs : VecnX

vconsxxs : Vec (sucn)X

The elaboratorfleshesout all the implicit partsof thesedeclarations,making
thehiddenquantificationsexplicit:

Vec : Π n:Nat.ΠX :?. ?

vnil : Π X :?.VeczeroX
vcons : Π X :?.Π n:Nat.Πx:X.Πxs:VecnX.Vec (sucn)X

ETT is fully explicit, andit annotatesΠ-quantifiersfor hiddenargumentswith
‘ ’, andthe correspondingapplicationsf s. We shall show theseannotationsfor
clarity now, but ignore themin the implementationof the typechecker here,for
easeof presentation.

For eachdatatype,the elaboratorextendsthe standardoverloadedrecursion
operatorelim. We acquirea new specificinstancein ETT, which we write postfix.
In thecaseof vectors,if xs : VecnX, then

xselimVec : ΠP : Πn:Nat.Πxs:VecnX. ? .

Πmvn : Pzero (vnil X) .

Πmvc : Πn′ :Nat.Πx:X.Πxs′ :Vecn′X.

Πh:Pn′ xs′.
P(sucn′) (vcons X n′ xxs′) .

Pnxs

You canseethis typeasa schemefor constructingprogramsby simultaneous
‘patternmatching’on a vectorandits length. Epigramhasno hard-wirednotion
of patternmatching—rather, if you invoke aneliminator(Eg. elimxs) via the‘by’
construct⇐, theelaboratorreadsoff theappropriatepatternsfrom thetypeof the
eliminator. If wehaveanappropriatedefinitionof +, wecandefine++ for vectors
usingelim asfollows:

let x,y : Nat

x+y : Nat
x+y ⇐ elimx
zero+y ⇒y
(sucx′)+y ⇒suc (x′+y)

let xs : VecmX ; ys : VecnX
xs++ys: Vec (m+n)X

xs++ys⇐ elimxs
vnil++ys⇒ys
(vconsxxs′)++ys⇒vconsx(xs′++ys)
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Given this definition, what the elaboratoractuallygeneratesfor (++) is this
ratherlessreadablelumpof ETT:

(++) 7→ λ X :?.λ m:Nat.λ n:Nat.λxs:VecmX.λys:VecnX.

xselimVec (λm:Nat.λxs:VecmX.Π n:Nat.Πys:VecnX.Vec (m+n)X)
(λn:Nat.λys:VecnX.ys)
(λm′ :Nat.λx:X.λxs′ :Vecm′X.

λh:Π n:Nat.Πys:VecnX.Vec (m′+n)X.

λn:Nat.λys:VecnX.vcons X (m′+n)x(hnys))
nys

Theelaboratorworksevenharderwhenthesituationis morecomplex. In the
following program,we needto apply elimVec not for a vectorof any length,but
only for nonemptyvectors. Correspondingly, we only get a vcons case—vnil is
impossiblebecausezero is not (sucn).

let
xs : Vec (sucn)X
vtail xs : VecnX vtail xs⇐ elimxs

vtail (vconsxxs′)⇒xs′

All of the hard work is donebehindthe scenes.The first-order unification
on lengthswhich eliminatesthe vnil caseandspecialisesthe vcons caserestson
standardnoConfusiontheorem—constructorsare disjoint and injective—proven
by the elaboratorfor eachdatatype,and on the substoperator—replacingequal
with equal.Thesetechniquesandconstructionsaredetailedin [15, 16]. Theeffect
is to deliver a largebut dull termin ETT which providesa checkableexplanation
for theapparent‘magic’ of dependentcaseanalysis.

vtail 7→ λ n:Nat.λ X :?.λxs:Vec (sucn)X.xselimVec

(λm:Nat.λys:VecmX.Πn:Nat.Πxs:Vec (sucn)X.Πq:m= sucn.Πq′ :ys=xs.VecnX)
(λn:Nat.λxs:Vec (sucn)X.λq:zero= sucn.λq′ :vnil=xs.qnoConfusionNat (VecnX))
(λn′ :Nat.λx:X.λxs′ :Vecn′.
λh:Πn:Nat.Πxs:Vec (sucn)X.Πq:n′= sucn.Πq′ :xs′=xs.VecnX.

λn:Nat.λxs:Vec (sucn)X.λq:sucn′= sucn.λq′ :vcons X n′ xxs′=xs.
qnoConfusionNat (VecnX)
(λq:n′=n.qsubst

(λn:Nat.Πxs′ :Vecn′ X.Πh:Πn:Nat.Πxs:Vec (sucn)X.Πq:n′= sucn.Πq′ :xs′=xs.VecnX.

Πxs:Vec (sucn)X.Πq′ :vcons X n′ xxs′=xs.VecnX)
(λxs′ :Vecn′ X.λh:Πn:Nat.Πxs:Vec (sucn)X.Πq:n′= sucn.Πq′ :xs′=xs.VecnX.

λxs:Vec (sucn′)X.λq′ :vcons X n′ xxs′=xs.q′ subst(λxs:Vec (sucn′)X.Vecn′ X)xs′)
xs′ hxsq′))

(sucn)xs(refl Nat (sucn)) (refl (Vec (sucn)X) xs)

1.2 Checking dependent types

A typechecker for a languagewith dependenttypeshasto decidesymboliccon-
version.E.g. tocheckthat thedefinitionof ++ above is well typedwe maywant
to checkthatthetypeof theleft handside(vconsxxs′)++ys : Vec ((sucm)+n)X
agreeswith thetypeof theright handsidevconsx(xs′++ys) : Vec (suc (m+n)X.
Hencethetypecheckerhasto exploit that(sucm)+n ' suc (m+n).

We specifyour type systemby judgementswhich areinductively definedby
derivation rules. Apart from the usualjudgementΓ ` t : T expressingthat t has
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type T given the typing assumptionsin Γ we also introducethe judgementsΓ `
of context validity andequalityΓ ` t ' t′ : T. Thetyping judgementalso covers
thecaseΓ ` T : ? expressingthatT is a valid typewrt Γ. Typing andequalityare
connectedvia theconversionrule:

Γ ` s : S Γ ` S' T : ?

Γ ` s : T

This rule allowsusto useequalities,like theone above,duringtypechecking.The
conversionrule interactsnicelywith thedependentapplicationrule

Γ ` f : Πx:S.T Γ ` s : S
Γ ` f s : [x 7→ s:S]T

which instantiatesthe codomainof a dependentfunction using local definitions
[x 7→ s:S]T.

Theequalityrulesincludeβ-ruleswhichallow usto carryoutcomputationsand
replacenamesby theirdefinitions.Apart from thesepurelycomputationalruleswe
addη-rulesandrulesfor proof-irrelevanttypes,whicharejustifiedby thefactthat
sometermscannotbedistinguishedby any observation.A proof-irrelvanttypeis a
typewhich,observationally, hasat mostoneelement;examplesaretheunit type1

andtheemptytypeO.
Equality checkingandhencetype checkingis decidable,if all computations

terminate.While a carefullydesignedlanguagecanachieve this goalby only exe-
cutingtrustedprogramsontypelevel wewill notadressthis issuehere.Indeed,our
currentimplementationof Epigramuses? : ? (Typeis aType)andhencecontains
non-terminatingtermsdueto Girard’s paradox[7]. This article is concernedwith
type checkingcorefunctionality. Stratificationof universesandwell-formedness
of inductive definitionsarewell established[11,12] andorthogonalto thesubject
of thisarticle.

1.3 Related Work

Typecheckingalgorithmsfor dependenttypesareat thecoreof implementations
of systemslike LEGO [13], COQ[5] or AGDA [6]. Coquand[8] presentsa sim-
ple algorithmwhich decidesβη-equalityfor Π-types;in joint work with Abel [1]
this hasrecentlybeenextendedto includetheβη-equalityfor Σ-types.Coquand’s
andAbel’s algorithmsareshape-directedandit is not obvioushow to extendthis
approachto includetheη-rule for 1 or proof-irrelevancefor O. Thealgorithmwe
presenthereis type-directedandhencecandealwith thosesituations.

2 EPIGRAM’S TYPE THEORY IMPLEMENTED

We presentherethe formaldefinitionof ETT togetherwith a sketchof our imple-
mentationof a typechecker for it in Haskell.
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2.1 Syntax

We startwith the definition of the syntaxandits representationin Haskell. Note
thatin adependenttypetheory, typesarejustasubsetof terms.

Thefollowing constantsareterms:

? thetypeof types
1 theunit type
〈〉 theonly elementof theunit type
O theemptytype;

Thevariablex is a term;

If S, T, f , s, t andp areterms,soarethefollowing:

Πx:S.T Dependentfunctionspace
λx:S.T Lambdaabstraction
f s Functionapplication
Σx:S.T Dependentproductspace
〈s;t〉T Pair
pπ0 First projection
pπ1 Secondprojection
zŒ ZeroElimination,or ‘naughtE’ if youprefer.
[x 7→ s:S]t localdefinition

OurHaskell representationof terms:

data Term= RReference -- Freevariable
| V Int -- Boundvariable
| D QuantTermScope -- Π-typeor Σ-type
| L TermScope -- λ-abstraction
| P TermTermScope -- Pair
| C Con -- Constant
| Term:$(Elim Term) -- Elimination
| (Term:∈ Term) :! Scope -- Localdefinition(let)

deriving Show

where:∈ is just syntacticsugar for a pair indicatingthat it is a term or valueto-
getherwith its type:

data a :∈ b = a :∈ b

Ourrepresentationof freevariables(RReference), whichcatersfor parametersand
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globaldefinitions,carriesmorethanthe just thenamein the term. It alsocarries
thetypein thecaseof a parameter, andtheactualvalueof thetermbeingdefined
andits correspondingtypein thecaseof aglobaldefinition.

type Reference= Name:=(Object:∈ Value)
data Object = Para | DefnValue

For boundvariables,we usea de Bruijn index [10] representation(Var Int). As
in [17], eachtimeweshift indices,wewrapup thetermin scopeof thenew bound
variablein the datatypeScope. This distinctionhelpsto avoid silly mistakesand
allowsusto cacheastringto beusedonly for display-namegeneration.

data Scope= String: .Term

Correspondinglyaλ-termcarriesaTermfor its domain andaScopefor its body. Σ
andΠ typesarerepresentedsimilarly, (D QuantTermScope) where

data Quant= Sig| Pi deriving (Show,Eq)

Pairs (P TermTermScope) carry therangeof their Σ-type—youcannotguessthis
givenonly theparticularinstancefor aspecificelementof thedomain.

Thecanonical constantsareasfollows:

data Con= Star
| One
| Void
| Zero

deriving Show

All theeliminationformsarewrittenpostfix(Term:$(Elim Term)), where

data Elim t = A t -- application
| P0 -- first projection
| P1 -- secondprojection
| OE -- ‘naughtE’, deliveringanything from Zero

deriving Show

It is straightforwardto addthestandardeliminatorsfor inductivedatatypes,but we
omit themherefor reasonsof space.

2.2 Checking types and equality

ETT consistsof threejudgementformsandasetof rulesfor deriving them.
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Γ ` context validity
Γ ` t : T typing
Γ ` t1 ' t2 : T equality

`
Γ ` S : ?

Γ;x:S`
Γ ` s : S

Γ;x 7→ s:S`

FIGURE 1. Context validity rules Γ `

Therulesfor context validity (figure1) ensurethatthecontext canonly beextended
by a well-typedvariables.Theemptycontext is valid andwe mayonly extendit
accordingto the two extensionrules,introducinga typing assumptionsor a local
definition, so we needonly considervalid contexts. In the implementation,the
checkingof contexts is doneimplicitly.

The rulesfor typing (figure 2) arethe centralpart of our type theory. In the
implementationthey arerealizedby two functions,onefor typesynthesis

synth:: Term→ Checking(Value:∈ Value)

and onefor typechecking

check :: (Term:∈ Value)→ CheckingValue

HereChecking is a monadwhich combinesthe threadingof namespacesandthe
handlingof error messages.WeusethetypeValueto representtermstogetherwith
asemanticrepresentationof theirweakheadnormalform.

synthtakesa term andsynthesizesits type accordingto the typing rules. It
necessitatesthatλ-abstractionsandpairsareannotatedby their type’sdomainsand
rangesrespectively. It is clearfrom therulesthatintroducetheseconstructions that
without theannotationswewouldbeunableto synthesizetheir types.

check canbeimplementedusingsynthandequatewhichchecksconversion:

check (tm :∈ ty) = do
(tmval:∈ synthty)← synthtm
equate((ty,synthty) :∈ star)
returntmval

check alsorealizestheconversionrule (seefigure2) by callingequate:
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Declaredanddefinedvariables

Γ `
Γ ` x : Sx:S∈ Γ Γ `

Γ ` x : Sx 7→ s:S∈ Γ

Universe

Γ `
Γ ` ? : ?

Conversion

Γ ` s : S Γ ` S' T : ?

Γ ` s : T

Localdefinition

Γ;x 7→ s:S` t : T
Γ ` [x 7→ s:S]t : [x 7→ s:S]T

Typeformation, introduction, andelimination

Γ `
1 : ?

Γ `
Γ ` 〈〉 : 1

Γ `
Γ ` O : ?

Γ ` z : O

Γ ` zŒ : ΠX :?.X

Γ;x:S` T : ?

Γ `Πx:S.T : ?

Γ;x:S` t : T
Γ ` λx:S. t : Πx:S.T

Γ ` f : Πx:S.T
Γ ` s : S

Γ ` f s : [x 7→ s:S]T

Γ;x:S` T : ?

Γ ` Σx:S.T : ?

Γ ` s : S
Γ ` t : [x 7→ s:S]T
Γ ` 〈s;t〉T : Σx:S.T

Γ ` p : Σx:S.T
Γ ` pπ0 : S
Γ ` pπ1 : [x 7→ pπ0 :S]T

FIGURE 2. Typing rules Γ ` t : T

equate:: ((Value,Value) :∈ Value)→ Checking()

equatedetermineswhethertwo well-typed terms are convertible following the
rules2 given in figure3. It usesthesupplied typeto implementthe observational
rulesfor Π, Σ, 1 andO by atype-directedprocess.Theserulesareequivalentto the
usualη-rulesfor Π, Σ and1, togetherwith proof irrelevancefor O. We maintain
valuesin asemanticweak-head-normalform, usingagluedrepresentationexploit-
ing ideasfrom [9]:

data t :⇓ w = t :⇓ w
type Value= Term:⇓WhnV

syn:: (t :⇓ w )→ t
syn (t :⇓ ) = t

sem:: (t :⇓ w )→ w

2We haveomittedanumberof trivial ruleshere,e.g.therulesstatingthat' is anequivalence
andanumberof congruencerules.
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definitionlookupanddispossal

Γ `
Γ ` x ' s : Sx 7→ s:S∈ Γ Γ ` s' s′ : S Γ;x 7→ s:S` t ' t′ : T

Γ ` [x 7→ s:S]t ' [x 7→ s′ :S]t′ : [x 7→ s:S]T

structuralrulesfor eliminations

Γ ` u ' u′ : O

Γ ` uŒ' u′Œ : Πx:?.x
Γ ` f ' f ′ : Πx:S.T Γ ` s' s′ : S

Γ ` f s' f ′ s′ : [x 7→ s:S]T

Γ ` p ' p′ : Σx:S.T
Γ ` pπ0 ' p′π0 : S

Γ ` p ' p′ : Σx:S.T
Γ ` pπ1 ' p′π1 : [x 7→ (pπ0) :S]T

β-rules

Γ ` λx:S. t : Πx:S.T Γ ` s : S
Γ ` (λx:S. t)s' [x 7→ s:S]t : [x 7→ s:S]T

Γ ` 〈s;t〉T : Σx:S.T
Γ ` 〈s;t〉T π0 ' s : S

Γ ` 〈s;t〉T : Σx:S.T
Γ ` 〈s;t〉T π1 ' t : [x 7→ s:S]T

observationalrules

Γ ` u : 1 Γ ` u′ : 1

Γ ` u ' u′ : 1

Γ ` z : O Γ ` z′ : O

Γ ` z' z′ : O

Γ;x:S` f x ' f ′ x : T
Γ ` f ' f ′ : Πx:S.T

Γ ` pπ0 ' p′π0 : S
Γ ` pπ1 ' p′π1 : [x 7→ (pπ0) :S]T

Γ ` p ' p′ : Σx:S.T

FIGURE 3. Equality rules Γ ` t ' t′ : T

sem ( :⇓ w) = w

HereWhnv is thesemanticrepresentationof weakheadnormalforms:

data WhnV= WRReference[Elim Value] -- Spine
| WLScopeV -- λ-abstraction
| WPValueValue -- Pair
| WCCon -- Constant
| WDQuantValueScopeV -- Dependenttype

deriving Show

ScopeVis therealworkhorseof this definitionrepresentatingtermsdependingon
avariableasapair of aScopeandaHaskell function:

type ScopeV= Scope:⇓ (Value→WhnV)
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Weimplementeliminationfor Value, incorporatingall theβ-rules,by

($$) :: Value→ Elim Value→ Value

OurCheckingmonadcandeliverafreshvariablein agiventypevia thisconvenient
higher-orderfunction:

forFreshIn:: Value→ (Value→ Checking())→ Checking()

Together, this equipmentgivesusaneasyimplementation of thetype-directedob-
servationalrules.

equate((f1, f2) :∈ ( :⇓WDPi domran))
= forFreshIndom$λx→ equate((f1$$x, f2$$x) :∈ semranx)

equate((p1,p2) :∈ ( :⇓WDSigdomran))
= equate((p1$$P0,p2$$P0) :∈ dom)>>

equate((p1$$P1,p2$$P1) :∈ semran(p1$$P0)
equate( :∈ ( :⇓WCOne)) = return()
equate( :∈ ( :⇓WCZero)) = return()

Comparisonproceedsstructurallyat typeswithoutobservationalrules.

3 CONCLUSIONS AND FURTHER WORK

Themaindeliverableof our work is an independenttype-checker for ETT which
playsanimportantrôle in theoverall architectureof theEpigramsystem.Wehave
adresseda numberof challengesin implementinga strongerconversion incorpo-
ratingobservationalrules. This is importantat presentfor our implementationof
elaborationandit will play a vital rôle in future, for our projectof implementing
anObservationalType Theory, which is computationallywell behavedbut allows
observationalreasoning,see[2].
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