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Abstract

We show how to construct a one-pass optimizing transformation by fusing a non-optimizing
transformation with an optimization pass. We state the transformation in build form and
the optimization pass in cata form, i.e., as a catamorphism; and we use cata/build fusion to
combine them. We illustrate the method by fusing Plotkin’s call-by-value and call-by-name
CPS transformations with a reduction-free normalization function for the A-calculus, thus
obtaining two new one-pass CPS transformations. The method can be used to construct
other one-pass transformations via program fusion.

1 INTRODUCTION

Compiler writers often face a choice between implementing a simple, non-optimizing
transformation pass that generates poor code which will require subsequent optimization,
and implementing a complex, optimizing transformation pass that avoids generating poor
code in the first place. A two-pass strategy is compelling because it is simpler to imple-
ment correctly, but its disadvantage is that the intermediate data structures can be large
and traversing them unnecessarily can be costly. In a system performing just-in-time com-
pilation or run-time code generation, the costs associated with a two-pass compilation
strategy can render it impractical. A one-pass optimizing transformation is compelling
because it avoids generating intermediate data structures requiring further optimization,
but its disadvantage is that the transformation is more difficult to implement.

The specification of a one-pass transformation is that it is extensionally equal to the
composition of a non-optimizing transformation and an optimization pass. A one-pass
transformation is not usually constructed this way however, but is instead constructed
as a separate artifact which must then be demonstrated to match its specification. Our
approach is to directly construct one-pass transformations as the fusion of passes via
shortcut deforestation [15, 25], thus maintaining the explicit connection to both the non-
optimizing transformation and the optimization pass.

Shortcut deforestation relies on one of a pair of simple but powerful program trans-
formations known as cata/build fusion and destroy/ana fusion.! Using destroy/ana fusion
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252



to construct a one-pass transformation requires that the non-optimizing transformation be
an anamorphism: a function whose call tree is isomorphic to the structure of the output
it produces. Since we use the continuation-passing style (CPS) transformation as our
example in this paper, and since the CPS transformation is not an anamorphism, we con-
centrate on cata/build fusion instead. The method described here would work equally
well for fusing an anamorphic transformation with an optimization pass in destroy form.

Cata/build fusion requires both the transformation and optimization passes to be ex-
pressed in a stylized form. The transformation must be in build form, abstracted over the
constructors of its input; and the optimization pass must be a catamorphism, defined by
compositional recursive descent over its input.

The non-optimizing CPS transformation generates terms that contain administrative
redexes which can be optimized away by B-reduction. A one-pass CPS transforma-
tion [10, 11] generates terms that do not contain administrative redexes, in a single pass,
by contracting these redexes at transformation time. Thus B-reduction is the notion of
optimization for the CPS transformation. The normalization function we will use for re-
duction of CPS terms, however, contracts all B-redexes, not just administrative redexes.
In Section 6 we describe how to contract only the administrative redexes.

When using a metalanguage to express normalization in the object language, as we
do here, the evaluation order of the metalanguage is usually important. However, because
CPS terms are insensitive to evaluation order [22], evaluation order is not a concern.

This work. We present a systematic method to construct one-pass transformations, based
on the fusion of a non-optimizing transformation with an optimization pass. We demon-
strate the method by constructing new one-pass CPS transformations as the fusion of
non-optimizing CPS transformations with a catamorphic normalization function.

The rest of the paper is organized as follows. First, we briefly review catamorphisms
and cata/build fusion in Section 2. Then, in Section 3, we restate Plotkin’s call-by-value
CPS transformation [22] in build form; and in Section 4 we restate a reduction-free nor-
malization function for the untyped A-calculus to use a catamorphism. We then present
a new one-pass CPS transformation obtained by fusion, in Section 5. In Section 6 we
describe how to modify the transformation to contract only the administrative redexes.
We compare our new CPS transformation to the one-pass transformation of Danvy and
Filinski [11] in Section 7. In Section 8 we repeat the method for Plotkin’s call-by-name
CPS transformation; and we present related work and conclude in Section 9.

Prerequisites. The reader should be familiar with reduction in the A-calculus, and the
CPS transformation. Knowledge of functional programming, particularly catamorphisms
(i.e., the higher-order function fold) is expected.

2 CATAMORPHISMS OVER A-TERMS

An algebraic datatype is the least fixed point of a (category-theoretic) functor capturing
the shape of the datatype. In particular, the familiar datatype of A-terms (assuming a set
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Ident of identifiers), defined by the following context-free grammar:

Term>m :=varx | lam (x,m) | app (m, m)

is the least solution to the equation X = TX, where T is the functor:

TA = Ident + (Ident x A) + (A X A)

We use var, lamT, and appT for the injection functions into the sum on the right-hand
side. T describes A-terms abstracted over the type of their subterms. The action of T
on a function f: A — B is to produce a new function 7f : TA — TB that applies f to
the subparts of its input. The isomorphism Term = T (Term) is witnessed by a pair of
functions in : T (Term) — Term and out : Term — T (Term).

A pair (A, @) of a type A and a function @ : TA — A (such as (Term,in)) is called a
T-algebra. A T-algebra homomorphism is a function f : A — B between the carriers of
two T-algebras that makes the following diagram commute:

A——8B

]

TA Tf> TB
T-algebras and T-algebra homomorphisms form a category, and (Term,in) is the initial
object in this category. Initiality guarantees that for any T-algebra @, there is a unique
T-algebra homomorphism f that makes the following diagram commute:

Term —f> A

4k

T (Term) 7 TA

The data T and @ uniquely determine f, which is known as a T-catamorphism (of ¢) and
written with “banana” brackets [21] as (@) 7.
Because in and out are inverses, the following diagram also commutes:

Term — A

T(Term) W TA

The catamorphism ()7 can be defined as the least fixed point of a functional that uses
out to decompose a A-term into a 7' (Term) which contains the arguments of the recursive
calls as subparts, maps itself over the subparts to produce the results of the recursive calls,
and uses the T-algebra ¢ to construct final the result:
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(©)7 =fix(Af.9oT foout)
Cata/build fusion is a simple program transformation that fuses a catamorphism with a
function written in build form. A function f:A — Term is in build form if it is written
as a polymorphic function t: VB.(TB — B) — A — B (i.e., a function abstracted over an
arbitrary T-algebra) applied to the initial 7-algebra in. In that case, the acid-rain theorem
allows fusion with a catamorphism (@) 7:

Theorem 1 (Acid rain for catamorphisms [25]). If T is a polymorphic function of type
VB.(TB — B) — A — B then

(@)7o(Tin) =T
3 THE CALL-BY-VALUE CPS TRANSFORMATION IN BUILD FORM
The non-optimizing call-by-value CPS transformation [22] is given in Figure 1. We as-

sume the ability to choose fresh identifiers when needed; the identifiers k, v, and v; are
chosen fresh.

transform : Term — Term

transform (var x) = lam (k, app (var k, var x))

transform (lam (x,m)) = lam (k, app (var k, lam (x, transform m)))
transform (app (mo, my)) = lam (k, app (transform my,

lam (vo, app (transform my,
lam (v1, app (app (var vo, var vi), var k))))))

FIGURE 1. Plotkin’s non-optimizing call-by-value CPS transformation

Fusion with a catamorphic normalization function requires that the transformation is
put into build form, i.e., parameterized over the constructors used to produce its output.
We first replace each of the A-term constructors with the composition of the corresponding
T -constructor followed by the initial T-algebra in (e.g., replace app with inoappT), and
then abstract over the T-algebra. The transformation in build form thus constructs a
Church encoding of the original output,? with the functor T carrying the arguments to
the A-term constructors and the injection tags of T selecting between constructors. The
non-optimizing transformation in build form is shown in Figure 2.

4 A CATAMORPHIC NORMALIZATION FUNCTION

Normalization by evaluation (NBE) is a reduction-free approach to normalization that
is not based on the transitive closure of a single-step reduction function. Instead, NBE

2Swapping the order of the arguments to T in Figure 2 yields a function that constructs the Church
encoding of the output of transform in Figure 1
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T : VA(TA—A) — Term — A
T @ (varx) = ¢ (lamT (k, ¢ (appT (¢ (varT k), ¢ (vart x)))))
T (lam (x,m)) = ¢ (lamT (k, ¢ (appT (¢ (varT k), ¢ (lamT (x, T 9 m))))))
T (app (mo, m1)) = ¢ (lamt (k, ¢ (appT (T @ mo,
¢ (lamt (vo, @ (appT (TQ my,
¢ (lamt (vi, ¢ (appT (@ (appT (@ (vart vo), @ (varr v1))),
¢ (varr £)))))))))))))

transform . Term — Term
transform m =Tinm

FIGURE 2. Non-optimizing CPS transformation in build form

uses a non-standard evaluator to map a term to its denotation in a residualizing model.
The residualizing model has the property that a denotation in the model can be reified
into a syntactic representation of a term, and that reified terms are in normal form. A
reduction-free normalization function is then constructed as the composition of evaluation
and reification.

NBE has been used in the typed A-calculus, combinatory logic, the free monoid,
and the untyped A-calculus [9]. We adopt the traditional normalization function for the
untyped A-calculus as our optimizer for CPS terms. We show it in Figure 3. Just as in
the CPS transformation, we assume the ability to choose a fresh identifier when needed.
We note, however, that our approach works equally well with other methods of name
generation (e.g., threading a source of fresh names through the evaluator or using de
Bruijn levels).

The normalization function maps terms to their 3-normal form. Normal forms are
given by the grammar for Norm in Figure 3. Elements Val of the residualizing model
are either atoms (terms that are not abstractions, given by the grammar for Afom), or else
functions from Val to Val.

Environments are somewhat unusual in that the initial environment maps each iden-
tifier to itself as an element of the residualizing model, which allows us to handle open
terms:

Pinit X = res (vary x)
(p{x—=vhx=v
(Ply—vhx=pxifxs#y

Abstractions denote functions from Val to Val. The recursive function reify (|) extracts a
normal term from an element of the residualizing model. The function app dispatches on
the value of the operator of an application to determine whether to build a residual atom
or to apply the function.

Normalization is then the composition of evaluation (in the initial environment) fol-
lowed by reification. Because the evaluation function is compositional, we can rewrite it
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Norm > n =atomya | lamy (x, n)

Atom > a =varyx | appn (a, n)
Val = Atom+ (Val — Val)
Val > v n=resa | fun f

Env = lIdent — Val
Env>p 5= Pinir | plx— v}
eval . Term — Env — Val
eval (var x) p = px

eval (lam (x,m)) p fun (Av.eval m (p{x+— v}))
eval (app (mg,my)) p = app (eval mgy p) (eval m; p)

! . Val — Norm

| (res a) = atomyna

L (fun f) = lamy (x, | (f (res (vary x)))), where x is fresh
app . Val — Val — Val

app (resa) v = res (appn (a, [ v))

app (fun f)v = fv

normalize : Term — Norm

normalize m = | (eval m piyir)

FIGURE 3. Reduction-free normalization function

as a catamorphism over A-terms, given in Figure 4. The domains of terms, atoms, values,
and environments do not change, nor do the auxiliary functions | and app.

5 A NEW ONE-PASS CALL-BY-VALUE CPS TRANSFORMATION

We fuse the non-optimizing CPS transformation (7 in) : Term — Term of Section 3 and
the catamorphic evaluation function (@) : Term — Env — Val of Section 4 to produce a
one-pass transformation from A-terms into the residualizing model. This one-pass trans-
formation is simply (T @) : Term — Env — Val. We then extract $-normal forms from the
residualizing model by applying to the initial environment and reifying, as before.

Inlining the definitions of T and @, performing B-reduction, and simplifying environ-
ment operations (namely, replacing environment applications where the value is known
with that value and trimming bindings that are known to be unneeded) yields the sim-
plified specification of the one-pass transformation shown in Figure 5. The domains of
normal terms, atoms, values, and environments as well as the auxiliary functions | and
app are the same as in Figure 3.

We have implemented this one-pass transformation in Standard ML, letting the ML
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(0] : T(Env — Val) — Env — Val
@ (varTx) p =px

¢ (lamt (x,m))p = fun (Awm (p{x+—v}))

© (appr (mo, m1)) p = app (mo p) (m1 p)
normalize . Term — Term

normalize m = L ((9)7 m pinit)

FIGURE 4. Normalization function with catamorphic evaluator

xform : Term — Env — Val
xform (var x) p = fun (Ak.app k (p x))
xform (lam (x,m)) p = fun (Ak.app k (fun (Av.xform m (p{x — v}))))
xform (app (mo, m;)) p = fun (Ak.app (xform mg p)
(fun (Avg.app (xform m; p)
(fun (Avi.app (app vo v1) k)))))

transform : Term — Norm
transform m = | (xform m piniy)

FIGURE 5. A new one-pass call-by-value CPS transformation

inferencer acts as a theorem prover to verify that the transformation returns a 3-normal
form if it terminates [12].

6 SUPPRESSING CONTRACTION OF SOURCE REDEXES

Compared to traditional one-pass CPS transformations, our transformation is overzealous.
The normalization function we use contracts all B-redexes; it cannot tell which ones are
administrative redexes. Therefore our CPS transformation does not terminate for terms
that do not have a B-normal form (e.g., (Ax.x x) (Ax.x x)). Of course, if we restricted the
input to simply-typed A-terms, then the transformation would always terminate because
the corresponding normalization function does.

We can modify the new CPS transformation to contract only the administrative re-
dexes. We modify the datatype of intermediate terms (and the associated catamorphism
operator) to contain two types of applications, corresponding to source and administrative
redexes. This is an example of a general technique of embedding information known to
the first pass in the structure of the intermediate language, for use by the second pass.

Term>m :=varx | lam (x,m) | app (m, m) | srcapp (m, m)
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We then modify the non-optimizing CPS transformation to preserve source applications
(by replacing the application app (var vg, var vy ) with srcapp (var vg, var v;) in the clause
for applications); and we modify the normalization function (to always reify both the
operator and operand of source applications). The datatype of normal forms now includes
source redexes:

Norm > n ::= atompy a | lamy (x, n)
Atom > a ::=varyx | appn (a, n) | srcappn (n, n)
The result of fusing the modified call-by-value CPS transformation with the modified

normalization function is shown in Figure 6. Again, the domains of values and environ-
ments, and the auxiliary functions | and app are the same as in Figure 3.

xform : Term — Env — Val
xform (var x) p = fun (Ak.app k (p x))
xform (lam (x,m)) p = fun (Ak.app k (fun (Av.xform m (p{x — v}))))
xform (app (mo, m;)) p = fun (Ak.app (xform mg p)
(fun (Avo.app (xform m; p)
(fun (Avi.app (res (srcappn (Lvo, L v1))) )))))

transform : Term — Norm
transform m = | (xform m pny)

FIGURE 6. A call-by-value CPS transformation that does not contract source redexes

7 COMPARISON TO DANVY AND FILINSKI’S ONE-PASS CPS TRANSFOR-
MATION

Danvy and Filinski [11] obtained a one-pass CPS transformation by anticipating which
administrative redexes would be built and contracting them at transformation time. They
introduced a binding-time separation between static and dynamic constructs in the CPS
transformation (static constructs are represented here by metalanguage variables, abstrac-
tions, and applications; and dynamic constructs by the constructors var, lam, and app).
Static B-redexes are contracted at transformation time and dynamic redexes are residual-
ized. We present their transformation in Figure 7.

In our transformation, the binding-time separation is present as well. Residualized
atoms are dynamic and functions from values to values are static. This distinction arises
naturally as a consequence of the residualizing model of the normalization function. Dy-
namic abstractions are only constructed by the auxiliary function |, and dynamic appli-
cations are only constructed by app.

Both CPS transformations are properly tail recursive: they do not generate 1n-redexes
as the continuations of tail calls. In order to avoid generating this 1-redex, Danvy and
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xform : Term — (Term — Term) — Term
xform (var x) = AK.K (var x)
xform (lam (x, m)) = Ax.x (lam (x, lam (k, xform’ m (vark))))
xform (app (mo, m;)) = AK.xform mg
(Avo.xform my
(Avy.app (app (var vy, var vy), lam (x, x (var x)))))

xform’ . Term — Term — Term
xform' (var x) = Ak.app (k, var x)
xform’ (lam (x,m)) = Ak.app (k, lam (x, lam (kK', xform’ m (var k'))))
xform' (app (mg, my)) = Ak.xform myg
(Avo.xform m
(Avy.app (app (var vg, var vy), k)))

transform : Term — Term
transform m = lam (k, xform’ m (var k))

FIGURE 7. Danvy and Filinski’s one-pass CPS transformation

Filinski employ a pair of transformation functions, one for terms in tail position and one
for terms in non-tail position. Our transformation uses a single transformation function
for both terms in tail position and terms in non-tail position. The app function determines
whether the operand of an application will be reified or not (reification will construct an
n-expanded term if its argument is not already a normal-form atom).

8 A NEW ONE-PASS CALL-BY-NAME CPS TRANSFORMATION

The same fusion technique can be used with the CPS transformations for other evalua-
tion orders [19]. For instance, we can start with Plotkin’s call-by-name CPS transforma-
tion [22] shown in Figure 8.

transform : Term — Term
transform (var x) =varx
transform (lam (x,m)) = lam (k, app (var k, lam (x, transform m)))

transform (app (mg, my)) = lam (k, app (transform my,
lam (v, app (app (var v, transform my ), var k))))

FIGURE 8. Plotkin’s non-optimizing call-by-name CPS transformation

After fusion and simplification, we obtain the one-pass call-by-name CPS transfor-
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mation of Figure 9.

xform : Term — Env — Val
xform (var x) p =px
xform (lam (x,m)) p = fun (Ak.app k (fun (Av.xform m (p{x — v}))))
xform (app (mo, m;)) p = fun (Ak.app (xform mg p)
(fun (Av.app (app v (xform my p)) k)))

transform : Term — Norm
transform m = | (xform m pniy)

FIGURE 9. A new one-pass call-by-name CPS transformation

The evaluation order of the normalization function is the same as that of the metalan-
guage. Due to the indifference theorems for both the call-by-value and call-by-name CPS
transformations [22], the evaluation order of the normalization function is irrelevant here.

9 RELATED WORK AND CONCLUSION

This work brings together two strands of functional-programming research: program fu-
sion and normalization by evaluation. It combines them to construct new one-pass CPS
transformations based on NBE.

Program fusion. Techniques to eliminate intermediate data structures from functional
programs have been an active area of research spanning three decades [6]. Wadler coined
the term “deforestation” to describe the elimination of intermediate trees [26], and Gill et
al. introduced the idea of using repeated application of the foldr/build rule for “shortcut”
deforestation of intermediate lists [15]. Takano and Meijer extended shortcut deforesta-
tion to arbitrary polynomial datatypes [25]. Our contribution is the use of program-fusion
techniques to construct one-pass transformations

Normalization by evaluation. The idea behind normalization by evaluation, that the
metalanguage can be used to express normalization in the object language, is due to
Martin Lof [20]. This idea is present in Danvy and Filinski’s one-pass CPS transfor-
mation [10, 11], which is therefore an instance of NBE. Other examples include the free
monoid [5], the untyped lambda-calculus and combinatory logic [16, 17, 18], the simply-
typed A-calculus [2, 4], and type-directed partial evaluation [8]. The term “normalization
by evaluation” was coined by Schwichtenberg in 1998 [3]. Many people have discovered
the same type-directed normalization function for the typed A-calculus, using reify and
reflect auxiliary functions [9]. The normalization function for the untyped A-calculus has
also been multiply discovered (e.g., by Coquand in the setting of dependent types [23]).
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It has recently been investigated operationally by Aehlig and Joachimski [1] and deno-
tationally by Filinski and Rohde [14]. Our contribution is to factor Danvy and Filinski’s
early example of NBE—the one-pass CPS transformation—into Plotkin’s original CPS
transformation and the normalization function for the untyped A-calculus. The factoriza-
tion scales to other CPS transformations [19] and more generally to other transformations
on the A-calculus.

NBE and the CPS transformation. Two other works combine normalization by evalu-
ation with the CPS transformation. Danvy uses type-directed partial evaluation to resid-
ualize values produced by a continuation-passing evaluator for the A-calculus [7], pro-
ducing CPS terms in B-normal form; he does this for both call-by-value and call-by-
name evaluators, yielding call-by-value and call-by-name CPS transformations. Filin-
ski defines a (type-directed) extensional CPS transformation from direct-style values to
CPS values and its inverse [13]; he composes this extensional CPS transformation with a
type-directed reification function for the typed A-calculus to obtain a transformation from
direct-style values to CPS terms. We are not aware, however, of any other work combin-
ing the CPS transformation and reduction-free normalization using program fusion.

Acknowledgements. 1 wish to thank Olivier Danvy for his encouragement, his helpful
discussions regarding normalization by evaluation, and for his comments.
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