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Fixing the semantic

HampusWeddig

Abstract

Thispaperexamineswaysto alterthesemanticmeaningof recursively definedfunc-
tions. The ideahasits roots in model theoreticsemanticsandevaluationmethods
found in logic basedlanguages.The resultfits naturallyinto the purely functional
paradigmin theform of fixedpointcombinators,andcanbesmoothlyembeddedinto
thefunctionallanguageHaskell. Thebenefitsarethesameasin thelogic paradigm,
improved declarative semanticand termination. Somemotivating examplesof its
applicationsaregivenaswell.

1 INTRODUCTION

Someexampleswill be usedto give aquick introductionto the main idea. The
readeris assumedto befamiliar with thefunctionallanguageHaskell.

1.1 Example

Considerthegraphdescribedby figure 1. In Haskell theedgesof thegraphmight
beencodedby thefollowing nondeterministicfunction.

a

b c

FIGURE 1. acyclicgraph

edge "a" = return "b" ‘mplus‘ return "c"
edge "b" = mzero
edge "c" = mzero

Given the above function edge onecould definea function path that takes as
argumenta nodeandgeneratesthenodesreachableby apathconsistingof zeroor
moreedges.

path x = return x ‘mplus‘ (do y <- edge x; path y)

Evaluatingpath "a" for instancewould generatethe answers"a", "b" and
"c" andtheevaluationwould thenterminate.

This will work fine aslong asthegraphis acyclic. However if thegraphcon-
tainsa cycle problemswill arise.Considerthegraphgivenby figure2.
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Evaluatingpath "a" for this graphwould createa loop infinitely reporting
"a" and"b", andnever reporting"c". In otherwordspath fails to generatethe
reachablenodes,contraryto what wasclaimedabove. However by changingthe
semanticof how recursive function callsareexecutedit is possibleto restorethis
property. For this purposetheconceptof fix edpoint combinatoris introduced.

type FPC a b = ((a -> b) -> a -> b) -> a -> b

The combinatorsare simply meansof expressingrecursion,and thoughthe
typemight look complicatedthey arestraightforward to use.Considerthefollow-
ing fix edpoint combinatorrfp, anabbreviation of recursive fix edpoint.

rfp :: FPC a b
rfp f = f (rfp f)

With this combinatorevery recursive functioncanberewritten into anequiva-
lent fix edpoint computation.For instancepath canberewritten as:

path = rfp $ \path x ->
return x ‘mplus‘ (do y <- edge x; path x)

Notethatwith this definition therecursive call insidepath is no longermade
to theHaskell definition,but tothefunctionsuppliedby thefix edpointcombinator.
It is importantto understandthis becausethewholepurposeof rewriting thefunc-
tion this way is to give thecombinatorcontrolover how recursive callsaremade.
The semanticof the function is now decidedby the propertiesof the fix ed point
combinator.

To solve theabove mentionedproblemwith cyclesthecombinatorrfp is re-
placedby anotherfix edpointcombinatornamedndlfp. Thenameis anabbrevia-
tion for nondeterministicleastfix edpoint. As thenamesuggestndlfpwill, under
certainconditions,constructtheleastfix edpoint suchthat for all inputndlfp f
will terminateand the equalityndlfp f = f (ndlfp f) will hold. In this
examplethis meansthatpath will alwaysgenerateall reachablenodesandthen
terminate,aslong astherearenot infinitely many nodesor edgesin thegraph.

Along theselines anothertype of fix ed point combinatorswill be presented.
Considerthefollowing two examplesacyclic andcyclic which takesa node
asinput andreturna booleanvaluereportingwhetheror not the graphreachable
from thenodeis acyclic respectively cyclic.

a

b c

FIGURE 2. cyclic graph
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acyclic = lfp $ \acyclic x ->
all (edge x) $ \y -> acyclic y

cyclic = gfp $ \cyclic x ->
any (edge x) $ \y -> cyclic y

A coupleof thingsneedto be explainedhere. First of all the functionsall and
any arenot theonesprovided by theHaskell Prelude,they have for convenience
beenredefinedin thispaper. Thefix edpointcombinatorsarelfp andgfp creating
lowestrespectively greatestfix edpoints.

Both acyclic andcyclic will terminateregardlessof whetherthe graph
containscycles,andcorrectlyreportif cyclesarepresentor notaslongasthegraph
is of finite size. Note the declarative readingof thesedefinitions, the reachable
graphis acyclic (cyclic) if all (any) edgesleadsto nodeswherethereachablegraph
is acyclic (cyclic). Note alsothat while the combinatorsmakesthesedefinitions
well-defined,theplain recursive definitionwould bemeaningless.

2 SEMANTICS

2.1 Origin

Thework in this paperis basicallywrappedaroundanattemptto embedtheben-
efits of tabledevaluationinto Haskell. Tabledevaluationis anevaluationstrategy
for logic languageslike Prolog. It improvesthedeclarative natureof the language
and improves termination. Usesof tabledevaluationinclude parsingandmodel
checkingamongothers.Themainsystememploying this strategy is theXSB sys-
tem. For moredetailsseefor instanceSLG resolutionpresentedin [1], which is
theenginebehindtheXSB system,or see[3].

Theaim of this work hasbeentrying out new ideas,soit shouldbeconsidered
experimental.This meansthat therearedefinitely thingsthat canbe improvedor
donedifferently. This goesfor thetheoreticalbackgroundpresentedhereaswell.

2.2 Monads in Haskell

Monadsareusedin Haskell asanabstractionof computations,a niceintroduction
canbefoundin [10]. They areinstancesof a typeclassdefinedas

class Monad m where
return :: a -> m a
(>>=) :: m a -> (a -> m b) -> m b

Thefunctionsreturn and>>= arerequiredto satisfycertainaxiomsnot stated
here.Withoutgettingto technicalit couldbesaidthatif m is amonadthenm a are
computationsof valuesof typea. Nondeterminismcanbeincorporatedin Haskell
throughspecialkindsof monads
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class Monad m => MonadPlus m where
mzero :: m a
mplus :: m a -> m a -> m a

In this paperthetypeconstructorND is aninstanceof MonadPlus usedto create
nondeterministiccomputations.Thatis if

f :: a -> ND b

thenf is a non deterministicfunction. Deterministiccomputationson the other
handwill behandledwith themonadDT.

2.3 Somelattice theory

A partially orderset(L,≤) formsa latticeif all finite subsetsof L hasa leastupper
boundlub aswell asagreatestlowerboundglb. For example(2X

,⊆) thepowerset
of any setX formsa latticeundersetinclusion. CertainHaskell typescanalsobe
consideredalattice,for instance thetypeBool orderedby x≤ y↔ x<= y= True
formsa lattice. In this papernondeterministiccomputationswill theoreticallybe
considereda lattice,seenassetsof answersorderedby setinclusion. In particular
ND a is considereda lattice.

Latticescanalsobealternatively expressedasanalgebraicstructure(L,∨,∧,0,1)
with theoperatorsdefinedby x∨y= lub {x,y} andx∧y= glb {x,y}, andconstants
0= glb L and1= lub L. Herelub denotesleastupperbound,andglb greatestlower
bound.This structurecanbecapturedasaHaskell typeclass:

class JoinLattice a where
one :: a
(*) :: a -> a -> a

class MeetLattice a where
zero :: a
(+) :: a -> a -> a

class (JoinLattice a, MeetLattice a) =>
Lattice a

Hereone = 1,* = ∧, zero = 0 and+ = ∨. Wecannow declareBool instanceof
Lattice like:

instance JoinLattice Bool where
one = True
x * y = x && y

instance MeetLattice Bool where
zero = False
x + y = x || y

instance Lattice Bool



240

Thefollowing two definitionswill turn out to beuseful. They areabstractionsof
thefunctionswith thesamenamefrom theHaskell Prelude,only with theorderof
thetwo argumentsflipped.

all :: Lattice a => [b] -> (b -> a) -> a
all xs f = foldr (*) one (map f xs)
any :: Lattice a => [b] -> (b -> a) -> a
any xs f = foldr (+) zero (map f xs)

Importanttheoreticallyfor this paperis that certaintypesof functionscanbe
consideredlattices.Formally if B is a latticethenfunctionsof typeA→ B formsa
latticeorderedby f ≤ g↔∀x : A f (x)≤ g(x). Typesof nondeterministicfunctions
formslattices,seenasfunctionsresultingin setsof answers.

2.3.1 The Knaster Tarski theorem

A completelattice L is a lattice whereevery subset(finite or infinite) hasa least
upperboundaswell asa greatestlower bound. An orderpreservingfunction f :
A→B is functionsuchthat∀x,y∈A x≤ y→ f (x)≤ f (y). A fix pointof afunction
f : A→ A is anx∈ A suchthat f (x) = x.

Theorem 1 (Knaster Tarski) If L is a completelattice and f : L → L is an order
preservingfunctionthenthesetof fix pointsof f formsa completelattice.

In this paperwe will only be concernedwith the leastandgreatestfix ed points:
lfp( f ) andgfp( f ).

And now to themainpoint: if B is a latticeand f : (A→ B)→ (A→B) is order
preservingthenaccordingto KnasterTarskistheorem f hasa leastandgreatest
fix edpoint: lfp( f ) : A→ B andgfp( f ) : A → B. It arethesefix edpointsthat the
combinatorsndlfp, lfp andgfp areconcernedwith. Thetypeof thecombina-
torsare

ndlfp :: FPC a (ND b)
lfp :: MeetLattice b => FPC a (DT b)
gfp :: JoinLattice b => FPC a (DT b)

Ideally we shouldhave ndlfp f = lfp(f), lfp f = lfp(f) andgfp f =
gfp(f), but in generalthis is not possible.

2.4 Declarative semantic

In this subsectiona reasonablecondition for correspondencewith the theoretical
fix ed points will be formulated. This condition will serve as the declarative se-
manticof the fix ed point combinators.Internally the combinatorsusea table to
keeptrackof thecallsmadeandanswersgenerated,andtheintuition is thatfor the
computationto terminatethetablesmustbebuilt in afinite numberof steps.More
detailsaboutthe tablesaregiven in thesectionon theoperationalsemantic.With
this intuition in mind we formulatethefollowing criteria
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Theorem 2 (Corr ectness)If B is a lattice, f : (A → B) → (A → B) is order-
preservingand A and B havea finite numberof elementsthenndlfp f x =
lfp(f)(x).

with similar conditionsfor lfp andgfp. Thetheoremis motivatedlike this:
the fact that A hasa finite numberof elementsenablesthe table to be of finite
size(finite numberof entries),thefactthat f is order-preservingandB hasa finite
numberof elementsenablesthe fix ed point to be reachedin a finite numberof
steps.

To beableto dealwith functionsthatrangesover typesthatdon’t have afinite
numberof elementsit is necessaryto considerrestrictionsof thefunction to finite
subsetsof thetypes.By a restrictionit is meantthatif g : A→ B andA′ andB′ are
finite subsetsof A andB thenwecanconsidera restrictionof g to A′ → B′ if for all
x∈ A′ theng(x) ∈ B′. We formulatethefollowing corollaryto theorem2.

Corollary 1 SupposeB isa latticeandf : (A→B)→ (A→B) is order-preserving.
If A′ andB′ arefinitesubsetsofAandBsuch that f canberestrictedto (A′ →B′)→
(A′ → B′) thentheequalityndlfp f x= lfp(f)(x) holdsfor all x ∈ A′.

andsimilarly for lfp andgfp.

2.4.1 Example

Letsreturnto theexamplesin theintroductionandverify thatthey arecorrect.We
takepath wherex = "a" and

f path x = return x ‘mplus‘
(do y <- path x; edge y)

The fact thatf is order-preservingmeansthat if pth returnsmoreanswersthan
pth’ for all inputsthenf pth mustreturnmoreanswersthanf pth’ for all
inputs. Given the definition of f it is not hardto seethat thecontrarycannot be
true. A moreformal proof would beto show thatf is built up byorder-preserving
subexpressions.Sincethenumberof nodesin thegraphis finite we canfulfill the
conditionsof corollary1. It is actuallypossibleto tightenthisevenmoreby seeing
that it is sufficient for thenumberof nodesreachablefrom "a" to befinite for the
corollary to beused.

Theexamplescyclic andacyclic canbeverified in asimilar way.

2.4.2 Connection to model theory

Thereexist ananalogybetweenthefix edpointsandthemodelsof acorresponding
logic program.Justasa logic programoftenhasmany modelsmostof which are
not interestingthereare often fix ed points which are not interesting. Consider
the disconnectedgraph in figure 3 togetherwith the definition of path in the
introduction.
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Theleastfix edpointwill assignboth"a" and"b" to {"a", "b"} and"c" to
{"c"}. However thereexist anotherfix edpoint which assignsboth"a" and"b"
to {"a", "b", "c"} and"c" to {"c"}. Sincewe intendedpath to generate
reachablenodesthis is clearlynot afix edpoint we areinterestedin.

3 USAGE

3.1 Implementation

Theimplementationof thefix edpoint combinatorsdoesnot involve alot of code,
but is perhapsa little complicatedto explain. Theembeddingdoesnot requireany
extensionsof thelanguage,it is written in ordinaryHaskell98. Internallya tableis
usedfor memoing.Theapproachis somewhatsimilar to theoneusedfor memoing
of ordinaryfunctionsasdescribedin [7]. In particularlow level detailsfor memory
managementandperformancediscussedtherearerelevanthere.

3.2 Usage

As saidbeforeboth ND andDT aremonads.Non determinismis introducedby
makingND an instanceof MonadPlus. It probablywould have beenpossibleto
implementND andDT asmembersof monadtransformers,but at thispoint thishas
beenput on thetodolist.

instance Monad ND where ...
instance Monad DT where ...
instance MonadPlus ND where ..

To actuallyaccessthesemonadsthefollowing functionsareused.

toDT :: IO a -> DT a
fromDT :: DT a -> IO a
toND :: IO a -> ND a
solsND :: ND a -> IO [a]

SinceDT is createdto deal with the combinatorslfp andgfp andso is heav-
ily involved with expressionsof type Lattice, we for conveniencedefine the
following instances

FIGURE 3. disconnectedgraph
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instance JoinLattice a => JoinLattice (DT a) where
one = return one
x * y = liftM2 (*) x y

instance MeetLattice a => MeetLattice (DT a) where
zero = return zero
x + y = liftM2 (+) x y

instance Lattice a => Lattice (DT a)

A weaknessof solsND givenabove is that i generatesall theanswers.This pre-
ventsfrom defininga computationthatcouldgeneratea potentiallargeamountof
answerseventhoughwe areonly interestedin one. Thefunctiondet solvesthis
problemby efficiently turning a non deterministiccomputationto onethat com-
putesexactly oneanswer.

class MonadPlus m => MonadDet m where
det :: a -> m a -> m a

instance MonadDet ND where ...

A shortcomingof thecombinatorsarethatthey areinconvenientto usefor defining
functionsthataremutually recursive. Thereforea functiontable is defined.An
exampleof its usewill begivenin thesectiononparsing.

class MonadPlus m => MonadTable m where
table :: (Eq a, Eq b) => (a -> m b) -> a -> m b

instance MonadTable ND where ...

To explain how it is usedtake alook at the following example. With table the
functionpath couldbedefinedas

path = table $ \x ->
return x ‘mplus‘ (do y <- path x; edge y)

InternallythefunctionunsafePerformIO is usedbytable to createthetable
usedfor memoing,soits easyto make mistake aboutits behavior. In theprevious
examplethe table createdwill be usedthroughout the lifetime of the program,
so this could lead to a potentialspaceleak. Also the following wouldn’t work,
becausehereanew tablewill becreatedeachtimepath is invoked.

path x = aux x where
aux = table $ \x ->

return x ‘mplus‘ (do y <- path x; edge y)

3.3 Efficiency

The efficiency of the implementationdependsupon the lookup time of the data
structuresmakingup thetable. In thepresentimplementationassociationlists are
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used,whichhave alookuptimelinearto thesizeof thelist. An efficient implemen-
tationwould usehashtableswith a lookuptime of O(1). The inconveniencewith
hashtablesarethat they requirefunctionscalculatinggoodhashkeys. A perhaps
moresubtlepoint is thatthefix edpointcombinatorsoftenwouldbeusedto build a
largedatabaselike structurewhereall dataarealive until theentirestructureis re-
leased.Howeverthegarbagecollectortypically foundin aHaskell implementation
wouldn’t betheoptimalchoicefor managingsuchastructure.

4 MOTIVATING EXAMPLES

In the following a coupleof examplesare given to show somepotential appli-
cationsof the fix ed point combinators,aswell as to motivate the conceptof the
combinators.

4.1 Parser

Tablingcanextendaparsercombinatorlibrary with theability to handleleft recur-
sive grammars,aswell astakingcareof efficiency problemsdueto backtracking.
In fact any context free grammarcanbe parsedwith the additionof tabling. For
a detailedexpositionof a parsercombinatorlibrary seefor instance[6]. A parser
canbedefinedalongthelinesdescribedthereusingND with

newtype Parser a =
Parser (String -> ND (a,String))

The novel extensionof the parserwould be the addition of tabling. The type
Parser is madeaninstanceof MonadTable like this

instance MonadTable Parser where
table fn x = Parser $ \str ->

aux (x,str)
where aux = table $ \(x,str) ->

applyP (fn x) str

Now, hereis anexampleof a left recursive grammartakingadvantageof this fea-
ture. It capturesexpressionsof ordinaryalgebrainvolving floatingpoint numbers.
Thegrammarusetable_ to takecareof boththeproblemof nonterminationdue
to left recursion,aswell asremoving inefficiency dueto backtracking.

table_ :: (Eq a, MonadTable m) => m a -> m a
table_ m = let aux = table (\() -> m)

in aux ()

opr e1 str e2 op =
do x <- e1; string str; y <- e2; return (op x y)
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exp1 :: Parser Float
exp1 = table_ $ opr exp1 "+" exp2 (+)

‘mplus‘ opr exp1 "-" exp2 (-)
‘mplus‘ exp2

exp2 :: Parser Float
exp2 = table_ $ opr exp2 "*" exp3 (*)

‘mplus‘ opr exp2 "/" exp3 (/)
‘mplus‘ exp3

exp3 :: Parser Float
exp3 = float ‘mplus‘ paren exp1

In practicethis parserwould be inefficient for larger examplesif associationlists
are usedinternally by the tabling mechanism.But if hashtableswhereusedit
shouldwork quitewell.

4.2 Model checkingand processalgebra

Model checkingis a techniquefor verification of finite stateconcurrentsystems,
anda processalgebrais a formal languagefor concurrentsystems. Bothareasare
to complex to bedescribedherein a simpleway. Thereaderaredirectedto other
sourcesfor explanation.For a book onmodelcheckingsee[4], andfor bookson
processalgebrassee[5] or [8].

Oneof the applicationsof tabledlogic programmingis model checking,for
instance theXSB systemshasbeenusedfor implementingsuchsystems. The
reasonis that many model checkingalgorithmsarenaturally expressedasfix ed
point computations.It would be aninterestingtestof thefix edpoint combinators
developedin this articleto implementsuchalgorithms.

But the algorithmsby them selves are not of much usewithout a language
to expressthe finite statesystemsthat areto be verified. For this purposea sim-
ple processalgebrais embeddedin Haskell, representedby theabstracttypeclass
PrAlg.

4.2.1 Process Algebra

class PrAlg a where
one :: a
(*) :: a -> a -> a
zero :: a
(+) :: a -> a -> a
(|||) :: a -> a -> a
silent :: a
inp :: String -> a
out :: String -> a
(\\) :: a -> String -> a
def :: String -> a -> a
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idn :: String -> a

In the classPrAlg one representssuccessfulterminationandx * y sequen-
tial compositionof x andy. Non deterministicchoice is introducedby + with
x + y being the choiceof eitherx or y, andzero representinga processthat
hasgotstuck(will never terminate).Theoperator||| is parallelcomposition,i.e.
x ||| y representsx andy runningin parallel.

Whatmakesthealgebracapableof expressinginterestingsystemsaretheabil-
ity of processesto communicatewith eachotherthroughchannels.This commu-
nication is accomplishedby the functionsinp andout, which allows processes
to perform simple synchronoushandshake operations.For instanceif a process
executesinp a thenit is suspendeduntil another processrunningin parallelex-
ecutesa correspondingout a. The resultof sucha communicationwould be a
silentactionrepresentedby silent.

To restrictprocessesfrom communicatingwith eachotherthe operator\\ is
introduced.Its useis explainedby anexample.

x = (out a \\ a) ||| (inp a \\ a)
y = (out a ||| inp a) \\ a

Herex andy representstwo verydifferentprocesses,with x beingtwo deadlocked
processrunningin parallelwhile y resultsin asilentactioncausedby communica-
tion.

Theability to make recursive definitionsarecateredby def andidn. Again
anexamplewill clarify how.

pause = def "pause" $ one + (silent * idn "pause")

Theprocesspausewill performzeroor moresilentactions.Theoreticallyit might
evenperforminfinitely many such.

Labeled Transition System To actuallybeableto examinesystemsexpressedin
someprocessalgebrathey aretranslatedinto somethingcalled labeledtransition
systems.The labeledtransitionsystemof a processis a graphwherethe nodes
correspondsto thestatestheprocesscanbe in, andtheedgesarelabeledwith the
action theprocessperformwhenmoving from onestateto another. Thetypeclass
LTS is usedto abstracttheselabeledtransitionsystems.HereIOS representthe
threeactionthatcanbeperformed;input,outputandthesilentaction.

data IOS = Silent
| Inp String
| Out String deriving Eq

class Eq a => LTS a where
arch :: MonadPlus m => a -> m (Maybe (IOS, a))
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To shedsomelight on thesemanticsof arch herearesomeidentities.

arch zero = mzero
arch (x+y) = arch x ‘mplus‘ arch y
arch one = return Nothing

4.2.2 Simulation

Working with labeledtransitionsystemsthe model checkingalgorithmscan be
defined.Thealgorithmsthathasbeenchosento be implementedaresimulations,
becausethey arequitesimpleto expressandintuitive to understand.Hereis how
simulationcanbeexpressedasafix edpoint computation.

sim :: (LTS a, LTS b) => (a,b) -> DT Bool
sim = gfp $ \sim (x,y) ->
all (arch x) $ \mx ->
any (arch y) $ \my ->
case (mx,my) of
(Nothing,Nothing) -> return True
(Just (a,x’), Just (b,y’)) ->
if a == b then sim (x’,y’)

else return False
_ -> return False

Bisimulationis easilyexpressedin termsof simulation.

bisim :: (LTS a, LTS b) => (a,b) -> DT Bool
bisim (x,y) = sim (x,y) * sim (y,x)

Simulationandbisimulationareoftento strict for makinginterestingcomparisons.
The reasonis that processesmusthave the samesilent actions,andthosearethe
resultof hiddeninternalcommunications.Usuallyit is only interestingto compare
theway systemsinteractwith theoutsideworld. Theconceptof weaksimulations
is usedfor this purpose.Thedefinition of weaksimulationis thesameastheone
of simulationgiven above, with the exceptionthatarch hasbeenreplacedwith
warch where

warch :: LTS a => a -> ND (Maybe (IOS, a))
warch = ndlfp $ \warch x ->

do m <- arch x
case m of
(Just (Silent,x’))
-> warch x’

_ -> return m

wsim :: (LTS a, LTS b) => (a,b) -> DT Bool
wsim = gfp $ \wsim (x,y) ->
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do mxs <- toDT (solsND (warch x))
mys <- toDT (solsND (warch y))
(all mxs $ \mx ->
any mys $ \my ->
...)

wbisim (x,y) = wsim (x,y) * wsim (y,x)

Having definedweakbisimulationit is actuallypossibleto make someinteresting
verifications. As example,a simplified versionof the alternatingbit protocolhas
beenverified to be weakly bisimilar to its specification.This protocol is usedas
examplein [2] althoughfor adifferentalgorithm.

The alternatingbit protocol is usedto transmitmessagesover an faulty line
wherethemessagesmightbelost. Theprotocolensuresthatall messagessentfrom
thesenderareeventuallyreceivedby thereceiver. Eachmessagesentis taggedwith
abit andthereceiver will acknowledgeeachreceivedmessageby sendingthatbit.
Sincetheacknowledgmentmight be lost aswell, thesenderkeepson sendingthe
samemessageuntil it hasreceivedthecorrectacknowledgment,while thereceiver
keepsonacknowledging.

Theversionverifiedherehasbeensimplifiedsothatonly ahandshake is trans-
mitted, no actualmessage.The codefor the protocol is includedin an appendix
sinceit is a little to long to be shown here. The correctbehavior to which it is
shown to beweaklybisimilar is shown instead.

correct :: PrAlg a => String -> String -> a
correct a b = def "correct" $

inp a * out b * idn "correct"

As afinal noteit canbesaidthatthemodelcheckingalgorithmspresentedhereare
not symbolic. But sincebinary decisiondiagramsquite naturallyform a lattice it
shouldn’t be impossibleto implementsymbolicmodelcheckingalgorithmsusing
theideaspresentedin this article.

5 FUTURE WORK

Thereis a lot of thingsthatcouldpotentiallybe improved. Froma practicalpoint
of view the efficiency of the implementationshouldbe improved. The example
with model-checkingis anapplicationwheremorecomplex exampleswouldplace
high demandson efficiency, which thecurrentimplementationcannot live up to.

An otherareais proving that the operationalsemanticsof the fix edpoint op-
erators(operationalsemanticswasnot coveredin this paperdueto lack of space)
coincideswith thedeclarative semantic.

Comparedto logic basedlanguagestherearetwo majorareasnot coveredby
the combinatorsdevelopedhere,negationandunification. In the logic paradigm
negationis usuallyproblematicin thesensethatit is oftenonly soundundercertain
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conditions.In theframework presentedin this papertheproblemwith negationis
that it is not order-preserving,at leastnot theway order-preservingwasdefinedin
thesectiononsemantics.Thereexistssomeinterestingsolutionshowever, but due
to lack of spaceit couldnot bebroughtuphere.

Unification or more generallythe ability to handleconstraintshasnot been
lookedinto, but it would definitelybeinterestingto do so.

6 RELATED WORK

As hasbeensaidbeforethiswork startedoutasanattemptto embedtabledevalua-
tion in Haskell, asit seemedbothinterestingandunlikely it hadbeendonebefore.
Thefix edpoint combinatorsarosein this process.To whatextent theresultof the
work mightcoincidewith whatothershavedoneI don’t know. In particularI don’t
know if tabledevaluationhasbeentranslatedto the purely functional paradigm
before,or if the fix ed point combinatorshasbeenusedto alter the semanticof
recursive functionsin asimilar way.

The work I have found that is most closely relatedseemsto be the one de-
scribedin[9], called theoryof partial-orderprogramming.The goal is similar to
the one here, to extend the conceptof tabledevaluation to functional program-
ming. Onedifferenceis thatpartial-orderprogrammingtargetsa mixedfunctional
logic language,while thematerialpresentedhereis setwithin thepurelyfunctional
paradigm.It don’t appearsto beusingfix edpoint combinatorseither.

Onecouldof coursecomparetheapproachwith fix edpoint combinatorsdevel-
opedherewith tabledevaluationfor Prolog. As wasbroughtup in thesectionon
futurework negationandunification is not presentlycoveredby thecombinators.
But the motivating examplesbroughtup shows that thereareapplicationswhere
thesefeaturesarenot needed.By arguing that lessis moreit onecouldclaim that
thatin thosecasesit would bebetterto dowithout them.

7 CONCLUSION

The fix edpoint combinatorspresentedherecanprovide a way to improve termi-
nationanddeclarative semanticof functionalprograms.To whatextent they will
provide aconvenientwayof solvingproblemsremainsto beseen.

A THE ALTERN ATING BIT PROTOCOL

module AltBit where

import Prelude hiding ((*),(+))
import Alg
import PrAlg
import Bisim
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import DT

faulty a1 a2 b1 b2 b3 = rec
where aux = inp a1 * (out b1 + out b3)

+ inp a2 * (out b2 + out b3)
rec = def "faulty" $ aux * idn "faulty"

sender a c1 c2 e1 e2 e3 = rec where
rec = def "sender" $

inp a * send1 * inp a *
send2 * idn "sender"

send1 = def "send1" $
out c1 * ((inp e2 + inp e3) *

idn "send1" + inp e1)
send2 = def "send2" $

out c2 * ((inp e1 + inp e3) *
idn "send2" + inp e2)

receiver b d1 d2 d3 f1 f2 = rec where
rec = def "receiver" $

receive1 * receive2 * idn "receiver"
receive1 = def "receive1" $

inp d1 * out b * out f1
+ (inp d2 + inp d3) *

out f2 * idn "receive1"
receive2 = def "receive2" $

inp d2 * out b * out f2
+ (inp d1 + inp d3) *

out f1 * idn "receive2"

altbit a b c1 c2 d1 d2 d3 e1 e2 e3 f1 f2 =

a

c1
c2

d1
d2
d3

e1
e2
e3

f1
f2

b

FIGURE 4. schemaof altbit
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sender a c1 c2 e1 e2 e3 |||
receiver b d1 d2 d3 f1 f2 |||
faulty c1 c2 d1 d2 d3 |||
faulty f1 f2 e1 e2 e3

correct :: PrAlg a => String -> String -> a
correct a b = def "correct" $

inp a * out b * idn "correct"

check = testDT (wbisim (x,y))
where x :: PA

x = altbit a b c1 c2 d1 d2 d3
e1 e2 e3 f1 f2

\\ c1 \\ c2 \\ d1 \\ d2 \\ d3
\\ e1 \\ e2 \\ e3 \\ f1 \\ f2

y = correct a b :: PA
(a,b) = ("a", "b")
(c1,c2,d1,d2,d3) =
("c1", "c2", "d1", "d2", "d3")

(e1,e2,e3,f1,f2) =
("e1", "e2", "e3", "f1", "f2")
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