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Abstract

This paperexamineswaysto alterthe semantianeaningof recursvely definedfunc-

tions. The ideahasits rootsin modeltheoreticsemanticsand evaluationmethods
foundin logic basedanguages.The resultfits naturallyinto the purely functional
paradigmin theform of fixedpointcombinatorsandcanbesmoothlyembeddeéhto

the functionallanguageHaslell. The benefitsarethe sameasin thelogic paradigm,
improved declaratve semanticand termination. Somemotivating examplesof its

applicationsaregivenaswell.

1 INTRODUCTION

Someexampleswill be usedto give aquick introductionto the mainidea. The
readeris assumedo befamiliar with the functionallanguageHaslell.

1.1 Example

Considerthe graphdescribedoy figure 1. In Haslell the edgesof the graphmight
beencodedyy the following nondeterministicfunction.

FIGURE 1. acyclicgraph

edge "a" = return "b" ‘nplus‘’ return "c
edge "b" = neero
edge "c¢" = neero

Given the abore function edge one could definea function pat h that takes as
argumenta nodeandgenerateshe nodesreachabldyy a pathconsistingof zeroor
moreedges.

path x = return x ‘nplus’ (do y <- edge x; path y)

Evaluatingpat h "a" for instancewould generatethe answers'a" , " b" and
" ¢" andtheevaluationwould thenterminate.

This will work fine aslong asthe graphis agyclic. However if the graphcon-
tainsa gscle problemswill arise.Considerthe graphgivenby figure 2.
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Evaluatingpat h "a" for this graphwould createa loop infinitely reporting
"a" and" b", andneverreporting” c" . In otherwordspat h failsto generatehe
reachablenodes,contraryto what was claimedabove. However by changingthe
semantioof how recursve function calls are executedit is possibleto restorethis
property For this purposehe concepiof fix ed point combinatoris introduced.

type FPCa b = ((a ->b) ->a ->b) ->a->b

The combinatorsare simply meansof expressingrecursion,and thoughthe
type mightlook complicatedthey arestraightforvard to use.Considerthe follow-
ing fix edpoint combinaton f p, anabbreiation of recursve fix ed point.

rfp :: FPCa b
rfpf =1f (rfp f)

With this combinatorevery recursve function canbe rewritten into anequia-
lent fix ed point computation For instancepat h canberewritten as:

path = rfp $ \path x ->
return x ‘nplus‘ (do y <- edge x; path x)

Notethatwith this definitiontherecursve call insidepat h is nolongermade
to theHaslell definition, but tothefunction suppliedby thefix edpointcombinator
It is importantto understandhis becauséhe whole purposeof rewriting the func-
tion this way is to give the combinatorcontrol over how recursve callsaremade.
The semanticof the function is now decidedby the propertiesof the fix ed point
combinator

To solve the abore mentionedproblemwith cyclesthe combinator f p is re-
placedby anotheffix edpointcombinatomamedndl| f p. Thenameis anabbreia-
tion for nondeterministideastfix edpoint. As thenamesuggesndl f p will, under
certainconditions,constructthe leastfix ed point suchthatfor all inputndl f p f
will terminateandthe equalityndl fp f =f (ndl fp f) wil hold. In this
examplethis meanghatpat h will alwaysgenerateall reachablenodesandthen
terminateaslong astherearenotinfinitely mary nodesor edgesn thegraph.

Along theselines anothertype of fix ed point combinatorswill be presented.
Considerthefollowing two examplesacycl i ¢ andcycl i ¢ whichtakesanode
asinput andreturna booleanvalue reportingwhetheror not the graphreachable
from the nodeis agyclic respectiely cyclic.

(=)
%

FIGURE 2. cyclicgraph
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acyclic = Ifp $ \acyclic x ->

all (edge x) $ \y -> acyclic y
cyclic = gfp $ \cyclic x ->

any (edge x) $ \y -> cyclicy

A coupleof things needto be explainedhere. First of all the functionsal | and
any arenot the onesprovided by the Haslell Prelude they have for corvenience
beerredefinedn thispaper Thefix edpointcombinatorsarel f p andgf p creating
lowestrespectrely greatesfix edpoints.

Bothacycl i c andcycl i ¢ will terminateregardlessof whetherthe graph
containscycles,andcorrectlyreportif cyclesarepresenbr notaslongasthegraph
is of finite size. Note the declaratve readingof thesedefinitions, the reachable
graphis agyclic (cyclic) if all (ary) edgedeadsto nodeswherethereachableyraph
is agyclic (cyclic). Note alsothat while the combinatorsmalkesthesedefinitions
well-defined the plain recursve definition would be meaningless.

2 SEMANTICS

2.1 Origin

Thework in this paperis basicallywrappedaroundan attemptto embedthe ben-
efits of tabledevaluationinto Haslell. Tabledevaluationis an evaluationstratgy
for logic languagedik e Prolog. It improvesthe declaratve natureof the language
andimprovestermination. Usesof tabledevaluationinclude parsingand model
checkingamongothers.The main systememploying this strateyy is the XSB sys-
tem. For more detailsseefor instanceSLG resolutionpresentedn [1], which is
the enginebehindthe XSB systemor see€[3].

Theaim of thiswork hasbeentrying out new ideas,soit shouldbe considered
experimental. This meanghat thereare definitely thingsthat canbe improved or
donedifferently This goesfor thetheoreticalbackgroundpresentedereaswell.

2.2 Monadsin Haskell

Monadsareusedin Haslell asanabstractiorof computationsa nice introduction
canbefoundin [10]. They areinstance®f atype classdefinedas

cl ass Monad m where
return :: a ->ma
(>>=) :: ma->(a->mb) ->mb

Thefunctionsr et ur n and>>= arerequiredto satisfy certainaxiomsnot stated
here.Without gettingto technicalit couldbesaidthatif mis amonadthenm a are
computation®f valuesof typea. Non determinisncanbeincorporatedn Haslell

throughspecialkinds of monads
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cl ass Monad m => MonadPl us m wher e
neero :: ma
mplus :: ma->ma ->ma

In this paperthe type constructoMD is aninstanceof MonadPl us usedto create
nondeterministiccomputationsThatis if

f :: a->NDb

thenf is a non deterministicfunction. Deterministiccomputationson the other
handwill behandledwith the monadDT.

2.3 Somelattice theory

A partially orderset(L, <) formsalatticeif all finite subset®f L hasaleastupper
boundlub aswell asagreatestower boundglb. For example(2X, C) the power set
of ary setX formsalattice undersetinclusion. CertainHaslell typescanalsobe
consideredlattice, for instance théypeBool orderecbyx <y« x<=y=Tr ue
formsallattice. In this papernon deterministiccomputationswill theoreticallybe
considered lattice, seenassetsof answerorderedby setinclusion. In particular
ND a is considered lattice.

Latticescanalsobealternatvely expresse@sanalgebraicstructure(L, Vv, A,0,1)
with theoperatorsiefinedby x vy = lub {x,y} andxAy = glb {x,y}, andconstants
0=glbL and1=IubL. Herelub denoteseastupperbound,andglb greatestower
bound.This structurecanbe capturedasa Haslell type class:

class JoinLattice a where

one :: a
(*) :: a->a->a

cl ass MeetlLattice a where
zero :: a
(+) :: a->a->a

class (JoinLattice a, MeetlLattice a) =>
Lattice a

Hereone =1,* = A, zer o = 0and+ = V. We cannow declareBool instanceof
Latti celike:

i nstance Joi nLatti ce Bool where
one = True
X *y =x &y

i nstance Meet Lattice Bool where
zero = Fal se
X+y=x]||y

i nstance Lattice Bool
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Thefollowing two definitionswill turn outto be useful. They areabstractionof
thefunctionswith the samenamefrom the Haslell Prelude only with the orderof
thetwo argumentdlipped.

all :: Lattice a =>[b] -> (b ->a) ->a
all xs f =foldr (*) one (map f xs)
any :: Lattice a =>[b] -> (b ->a) ->a

any xs f = foldr (+) zero (nap f xs)

Importanttheoreticallyfor this paperis that certaintypesof functionscanbe
consideredattices.Formally if B is alattice thenfunctionsof type A — B formsa
latticeorderedby f < g« Vx: A f(x) <g(x). Typesof nondeterministidfunctions
formslattices,seenasfunctionsresultingin setsof answers.

2.3.1 TheKnaster Tarski theorem

A completelattice L is a lattice whereevery subsef(finite or infinite) hasa least
upperboundaswell asa greatesiower bound. An orderpreservingfunction f :
A — BisfunctionsuchthatVx,y € Ax<y— f(x) < f(y). A fix pointof afunction
f : A— Aisanx e Asuchthat f (x) = x.

Theorem 1 (Knaster Tarski) If L is a completdatticeand f : L — L is anorder
preservingfunctionthenthe setof fix pointsof f formsa completdattice.

In this paperwe will only be concernedwith the leastand greatesftix ed points:
Ifp(f) andgfp(f).

And now to themainpoint: if Bis alatticeandf : (A— B) — (A— B) is order
preservingthen accordingto KnasterTarskistheoremf hasa leastand greatest
fixedpoint: Ifp(f) : A— B andgfp(f) : A — B. It arethesefix ed pointsthatthe
combinatorand! f p, | f p andgf p areconcernedvith. Thetype of thecombina-
torsare

ndlfp :: FPC a (ND b)
I[fp :: MeetLattice b => FPC a (DT b)
gfp :: JoinLattice b => FPC a (DT b)

Ideally we shouldhave ndl fp f =Ifp(f ), | fp f =Ifp(f) andgfp f =
ofp(f ), but in generatlthis is not possible.

2.4 Declarative semantic

In this subsectiora reasonablecondition for correspondencwiith the theoretical
fixed pointswill be formulated. This conditionwill sene asthe declaratve se-
mantic of the fix ed point combinators. Internally the combinatorsusea table to
keeptrackof the callsmadeandanswergeneratedandtheintuition is thatfor the
computatiorto terminatethe tablesmustbe built in afinite numberof steps.More
detailsaboutthe tablesaregivenin the sectionon the operationalemantic.With
thisintuition in mind we formulatethe following criteria
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Theorem 2 (Correctness)If B is a lattice, f : (A — B) — (A — B) is order
preservingand A and B havea finite numberof elementghenndl fp f x =

Itp(f )(x).

with similar conditionsfor | f p andgf p. Thetheoremis motivatedlik e this:
the fact that A hasa finite numberof elementsenablesthe table to be of finite
size(finite numberof entries)thefactthat f is orderpreservingandB hasa finite
numberof elementsenablesthe fix ed point to be reachedin a finite numberof
steps.

To beableto dealwith functionsthatrangesover typesthatdon't have afinite
numberof elementst is necessaryo considerrestrictionsof thefunctionto finite
subsetof thetypes.By arestrictionit is meantthatif g: A— B andA’ andB’ are
finite subsetof A andB thenwe canconsiderarestrictionof g to X — B’ if for all
x € A’ theng(x) € B'. We formulatethe following corollaryto theorem2.

Corollary 1 Suppos®isalatticeandf : (A— B) — (A— B) isorder-preserving
If A’ andB' arefinite subset®f AandB sud that f canberestrictedto (A’ — B') —
(A" — B') thentheequalityndl fp f x =Ifp(f )(x) holdsfor all x € A’.

andsimilarly for | f p andgf p.

24.1 Example

Letsreturnto the examplesin theintroductionandverify thatthey arecorrect.We
takepat h wherex = "a" and

f path x = return x * nplus’
(do y <- path x; edge vy)

Thefactthatf is orderpreservingmeansthatif pt h returnsmore answershan
pt h’ for all inputsthenf pt h mustreturnmoreanswerghanf pth’ for all
inputs. Giventhe definition of f it is not hardto seethatthe contrarycannot be
true. A moreformal proof would beto shav thatf is built up by orderpreserving
subepressions . Sincethe numberof nodesin the graphis finite we canfulfill the
conditionsof corollary 1. It is actuallypossibleto tightenthis evenmoreby seeing
thatit is sufficient for the numberof nodesreachabldrom " a" to befinite for the
corollaryto beused.
Theexamplescycl i ¢ andacycl i ¢ canbeverifiedin asimilar way.

2.4.2 Connection to model theory

Thereexist ananalogybetweerthefix ed pointsandthe modelsof a corresponding
logic program.Justasa logic programoften hasmary modelsmostof which are
not interestingthere are often fix ed points which are not interesting. Consider
the disconnectedyraphin figure 3 togetherwith the definition of pat h in the
introduction.
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Theleastfix edpointwill assigrboth” a" and" b" to{"a","b" } and"c" to
{" c" }. However thereexist anotherfix ed point which assigndoth" a" and" b"
to{"a","b","c"}and"c" to {"c"}. Sincewe intendedpat h to generate
reachablenodesthis is clearly not afix ed point we areinterestedn.

3 USAGE

3.1 Implementation

Theimplementatiorof the fix ed point combinatorsdoesnot involve alot of code,
but is perhapsa little complicatedo explain. The embeddingloesnot requireary
extensionof thelanguageit is writtenin ordinaryHaslkell98. Internally atableis
usedfor memoing.Theapproachs someavhatsimilar to theoneusedfor memoing
of ordinaryfunctionsasdescribedn [7]. In particularlow level detailsfor memory
managemendandperformancaliscussedherearerelevanthere.

3.2 Usage

As said beforeboth ND and DT are monads. Non determinismis introducedby
makingND aninstanceof MonadPl us. It probablywould have beenpossibleto
implementND andDT asmemberof monadtransformersbut atthis pointthis has
beenputon thetodolist.

i nstance Monad ND where ...
i nstance Monad DT where ...
i nstance MonadPl us ND where ..

To actuallyaccesgshesemonadghefollowing functionsareused.

toDT :: 10a -> DT a
fronDT :: DT a -> 10 a
toND :: 1O0Oa -> ND a

solsND :: NDa ->10]a]

SinceDT is createdto deal with the combinatord f p andgf p andsois hear-
ily involved with expressionsof type Lat ti ce, we for corveniencedefine the
following instances

g o

FIGURE 3. disconnectedgraph
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i nstance JoinLattice a => JoinLattice (DT a) where
one = return one
X *y =1liftM (*) xvy

i nstance MeetlLattice a => MeetlLattice (DT a) where
zero = return zero
X +y =1liftM (+) xvy

i nstance Lattice a => Lattice (DT a)

A weaknes®f sol sND givenabove is thati generatesll the answers.This pre-
ventsfrom defininga computatiornthat could generatea potentiallarge amountof
answersventhoughwe areonly interestedn one. Thefunctiondet solvesthis
problemby efficiently turning a non deterministiccomputationto one that com-
putesexactly oneanswer

cl ass MonadPl us m => MbnadDet m where
det :: a->ma->ma
i nstance MonadDet ND where ...

A shortcomingof thecombinatorsarethatthey areinconvenientto usefor defining
functionsthataremutually recursve. Thereforeafunctiont abl e is defined.An
exampleof its usewill begivenin the sectionon parsing.

cl ass MonadPl us m => MonadTabl e m where
table :: (Eq a, EQ b) => (a ->mb) ->a ->mb
i nstance MonadTabl e ND where ...

To explain how it is usedtake alook at the following example. With t abl e the
functionpat h couldbedefinedas

path = table $ \x ->
return x ‘nplus‘ (do y <- path x; edge y)

Internallythefunctionunsaf ePer f or M Oisusedbyt abl e to createthetable
usedfor memoing,soits easyto make mistake aboutits behaior. In the previous
examplethe table createdwill be usedthrough out the lifetime of the program,
so this could lead to a potential spaceleak. Also the following wouldn't work,
becauséderea new tablewill becreatedeachtime pat h is invoked.

path x = aux x where
aux = table $ \x ->
return x ‘nplus* (do y <- path x; edge y)
3.3 Efficiency

The efficiency of the implementationdependsupon the lookup time of the data
structuregmakingup thetable. In the presenimplementatiorassociatiorlists are
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usedwhich have alookuptimelinearto thesizeof thelist. An efficientimplemen-
tation would usehashtableswith alookuptime of O(1). Theincorveniencewith
hashtablesarethatthey requirefunctionscalculatinggood hashkeys. A perhaps
moresubtlepointis thatthefix ed point combinatorsoftenwould be usedto build a
large databasdik e structurewhereall dataarealive until the entirestructureis re-
leased Howeverthegarbagecollectortypically foundin aHaslell implementation
wouldn't bethe optimal choicefor managingsucha structure.

4 MOTIVATING EXAMPLES

In the following a couple of examplesare given to shav some potential appli-
cationsof the fix ed point combinatorsaswell asto motivate the conceptof the
combinators.

4.1 Parser

Tablingcanextenda parsercombinatodibrary with the ability to handleleft recur
sive grammarsaswell astaking careof efficiency problemsdueto backtracking.
In factary contet free grammarcanbe parsedwith the addition of tabling. For
a detailedexposition of a parsercombinatoribrary seefor instance[6]. A parser
canbedefinedalongthelines describedhereusingND with

newt ype Parser a =
Parser (String -> ND (a, String))

The nowel extension of the parserwould be the addition of tabling. The type
Par ser is madeaninstanceof MonadTabl e like this

i nstance MonadTabl e Parser where
table fn x = Parser $ \str ->
aux (x,str)
where aux = table $ \(x,str) ->
appl yP (fn x) str

Now, hereis an exampleof aleft recursve grammartaking advantageof this fea-
ture. It capturesexpressionf ordinaryalgebrainvolving floating point numbers.
Thegrammaruset abl e_ to take careof boththeproblemof nonterminationdue
to left recursionaswell asremoving inefficiency dueto backtracking.

table_ :: (Eq a, MonadTable m => ma -> ma
table_ m=let aux = table (\() ->m
in aux ()

opr el str e2 op =
do x <- el; string str; y <- e2; return (op X V)
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expl :: Parser Float

expl = table_ $ opr expl "+" exp2 (+)
“nplus’ opr expl "-" exp2 (-)
‘“nmplus’ exp2

exp2 :: Parser Float

exp2 = table_ $ opr exp2 "*" exp3 (*)
“nmplus’ opr exp2 "/" exp3 (/)
“mplus’ exp3

exp3 :: Parser Float

exp3 = float ‘nplus‘ paren expl

In practicethis parserwould be inefficient for larger examplesif associatiorists
are usedinternally by the tabling mechanism.But if hashtableswhere usedit
shouldwork quite well.

4.2 Model checkingand processalgebra

Model checkingis a techniquefor verification of finite stateconcurrentsystems,
anda processlgebrais a formal languageor concurrentsystems. Botlareasare
to comple to be describedcherein a simpleway. Thereaderaredirectedto other
sourcedor explanation. For a book onmodelcheckingsee[4], andfor bookson
processlgebrassee[5] or [8].

One of the applicationsof tabledlogic programmingis model checking,for
instance theXSB systemshasbeenusedfor implementingsuch systems. The
reasonis that mary model checkingalgorithmsare naturally expressedasfix ed
point computations.It would be aninterestingtestof the fix ed point combinators
developedin this article to implementsuchalgorithms.

But the algorithmsby them selves are not of much use without a language
to expressthe finite statesystemshatareto be verified. For this purposea sim-
ple processalgebrais embeddedn Haslell, representedby the abstractype class
PrAl g.

4.2.1 Process Algebra

class PrAl g a where

one :: a
(*) :: a->a->a

zero :: a

(+) :: a->a->a
(rrr) - a->a->a
silent :: a

inp :: String -> a

out :: String -> a

(\\) :: a->String -> a
def :: String ->a -> a
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idn :: String -> a

In the classPr Al g one representsuccessfuterminationandx * y sequen-
tial compositionof x andy. Non deterministicchoiceis introducedby + with
X + y beingthe choiceof eitherx ory, andzer o representinga processthat
hasgot stuck(will neverterminate).Theoperatoy | | is parallelcompositionj.e.
X ||| Yy representx andy runningin parallel.

Whatmalesthe algebracapableof expressingnterestingsystemsarethe abil-
ity of processe$o communicatenith eachotherthroughchannels.This commu-
nicationis accomplishedy the functionsi np andout , which allows processes
to perform simple synchronoushandsha& operations. For instanceif a process
executes np a thenit is suspendedntil another processunningin parallelex-
ecutesa correspondingput a. Theresultof sucha communicatiorwould be a
silentactionrepresentety si | ent .

To restrict processefrom communicatingwith eachotherthe operator\ \ is
introduced.lts useis explainedby anexample.

(out a\\ a) ||| (inp a\\ a)
(out a ||| inp a \\ a

X
y

Herex andy representswo very differentprocessesyith x beingtwo deadloclked
processunningin parallelwhile y resultsin asilentactioncausedy communica-
tion.

The ability to make recursve definitionsarecateredby def andi dn. Again
anexamplewill clarify how.

pause = def "pause" $ one + (silent * idn "pause")

Theprocespause will performzeroor moresilentactions.Theoreticallyit might
evenperforminfinitely mary such.

Labeled Transition System  To actuallybe ableto examinesystemsexpressedn
someprocessalgebrathey aretranslatednto somethingcalled labeledtransition
systems. The labeledtransition systemof a processis a graphwherethe nodes
correspondso the statesthe processcanbe in, andthe edgesarelabeledwith the
action theprocesperformwhenmoving from onestateto another Thetype class
LTS is usedto abstracttheselabeledtransitionsystems.Here |l OS representhe
threeactionthatcanbe performed;input, outputandthe silentaction.

data I CS = Sil ent
| I'np String
I

Qut String deriving Eq

class Eq a => LTS a where
arch :: MnadPlus m=> a -> m (Maybe (1CS, a))
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To shedsomelight onthe semanticof ar ch herearesomeidentities.

arch zero=nzero
arch (x+y) =arch x ‘“nplus' arch y
arch one =return Not hi ng

4.2.2 Simulation

Working with labeledtransition systemsthe model checkingalgorithmscan be
defined. The algorithmsthat hasbeenchosento be implementecdare simulations,
becausehey arequite simpleto expressandintuitive to understandHereis how
simulationcanbe expressedisafix ed point computation.

sim:: (LTS a, LTS b) => (a,b) -> DT Bool
sim=gfp $ \sim(x,y) ->
all (arch x) $ \nx ->
any (archy) $\ny ->
case (nx, ny) of
(Not hi ng, Not hi ng) -> return True
(Just (a,x’), Just (b,y')) ->
if a==D>bthen sim(x',y")
el se return Fal se
_ ->return Fal se

Bisimulationis easilyexpressedn termsof simulation.

bisim:: (LTS a, LTS b) => (a,b) -> DT Bool
bisim(x,y) = sim(x,y) * sim(y,X)

Simulationandbisimulationareoftento strictfor makinginterestingcomparisons.
Thereasonis that processesnusthave the samesilent actions,andthosearethe
resultof hiddeninternalcommunicationsUsuallyit is only interestingto compare
theway systemsnteractwith the outsideworld. The conceptof weaksimulations
is usedfor this purpose.The definition of weaksimulationis the sameasthe one
of simulationgiven above, with the exceptionthatar ch hasbeenreplacedwith
war ch where

warch :: LTS a => a -> ND (Maybe (1CS, a))
warch = ndl fp $ \warch x ->
do m<- arch x

case m of
(Just (Silent,x"))
-> warch x’

_->return m

wsim:: (LTS a, LTS b) => (a,b) -> DT Bool
wsim=gfp $ \wsim(x,y) ->
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do nxs <- toDT (sol sND (warch x))
mys <- toDT (sol sND (warch y))
(all mxs $ \nx ->
any nys $ \ny ->

ca)

wbhisim(x,y) =wsim(x,y) * wsim(y, x)

Having definedweakbisimulationit is actuallypossibleto make someinteresting
verifications. As example,a simplified versionof the alternatingbit protocolhas
beenverified to be weakly bisimilar to its specification. This protocolis usedas
examplein [2] althoughfor a differentalgorithm.

The alternatingbit protocolis usedto transmitmessagesver an faulty line
wherethemessagemightbelost. Theprotocolensureghatall messagesentfrom
thesendemareeventuallyrecevvedby therecever. Eachmessagsentis taggedwith
abit andtherecever will acknavledgeeachreceived messagdy sendingthatbit.
Sincethe acknavledgmentmight be lost aswell, the sendetkeepson sendingthe
samemessageintil it hasreceivedthe correctacknavledgmentwhile therecever
keepson acknavledging.

Theversionverified herehasbeensimplified sothatonly ahandshag&is trans-
mitted, no actualmessage.The codefor the protocolis includedin anappendix
sinceit is a little to long to be shovn here. The correctbehaior to which it is
shavn to be weakly bisimilar is shovn instead.

correct :: PrAlg a => String -> String -> a
correct a b = def "correct" $
inpa* out b* idn "correct”

As afinal noteit canbesaidthatthe modelcheckingalgorithmspresentedhereare
not symbolic. But sincebinary decisiondiagramsquite naturally form a lattice it
shouldnt be impossibleto implementsymbolic modelcheckingalgorithmsusing
theideaspresentedn this article.

5 FUTURE WORK

Thereis alot of thingsthat could potentially be improved. Froma practicalpoint
of view the efficiency of the implementationshouldbe improved. The example
with model-checkings anapplicationwheremorecomplex exampleswould place
high demandsn efficiency, which the currentimplementatiorcannot live up to.

An otherareais proving that the operationalsemanticf the fix ed point op-
erators(operationalsemanticsvasnot coveredin this paperdueto lack of space)
coincideswith the declaratve semantic.

Comparedo logic basedanguagegsherearetwo major areasnot coveredby
the combinatorsdevelopedhere,negation and unification. In the logic paradigm
negationis usuallyproblematidn the sensehatit is oftenonly soundundercertain
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conditions.In the framavork presentedn this paperthe problemwith negationis
thatit is not orderpreserving atleastnot the way orderpreservingwasdefinedin
the sectionon semanticsThereexists someinterestingsolutionshowever, but due
to lack of spacdt could not be broughtup here.

Unification or more generallythe ability to handleconstraintshasnot been
lookedinto, but it would definitely beinterestingto do so.

6 RELATED WORK

As hasbeensaidbeforethis work startedout asanattemptto embedabledevalua-
tion in Haslell, asit seemedothinterestingandunlikely it hadbeendonebefore.
Thefix ed point combinatorsarosein this process.To whatextenttheresultof the
work might coincidewith whatothershave donel don't know. In particularl don't

know if tabledevaluationhasbeentranslatedto the purely functional paradigm
before, or if the fixed point combinatorshasbeenusedto alter the semanticof
recursve functionsin asimilar way.

The work | have found that is most closely relatedseemsto be the one de-
scribedin[9], calledtheory of partial-orderprogramming. The goal is similar to
the one here, to extend the conceptof tabled evaluationto functional program-
ming. Onedifferenceis thatpartial-ordemprogrammingargetsa mixed functional
logic languagewhile thematerialpresentedhereis setwithin thepurelyfunctional
paradigm.lt don't appeargo be usingfix edpoint combinatorseither

Onecouldof coursecompareheapproachwith fix edpoint combinatorsievel-
opedherewith tabledevaluationfor Prolog. As wasbroughtup in the sectionon
future work negationandunificationis not presentlycoveredby the combinators.
But the motivating examplesbroughtup shavs that thereare applicationswhere
thesefeaturesare not needed By arguing that lesss moreit onecould claim that
thatin thosecasedt would be betterto do without them.

7 CONCLUSION

The fix ed point combinatorgpresentecherecan provide a way to improve termi-
nationanddeclaratve semanticof functionalprograms.To what extent they will
provide a corvenientway of solving problemsremainsto be seen.

A THE ALTERN ATING BIT PROTOCOL

nodul e AltBit where

i mport Prelude hiding ((*),(+))
i mport Alg

i mport PrAlg

i nport Bisim
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i nport DT

faulty al a2 bl b2 b3 = rec

where aux = inp al * (out bl + out b3)
+inp a2 * (out b2 + out b3)
rec = def "faulty" $ aux * idn "faulty"

sender a cl c2 el e2 e3 = rec where
rec = def "sender" $
inp a* sendl * inp a *
send2 * idn "sender"
sendl = def "sendl" $
out cl * ((inp e2 + inp e3) *
idn "sendl" + inp el)
send2 = def "send2" $
out c2 * ((inp el + inp e3) *
idn "send2" + inp e2)

receiver b d1 d2 d3 f1 f2 = rec where
rec = def "receiver" $
receivel * receive2 * idn "receiver"
recei vel = def "receivel" $
inp d1 * out b * out f1
(inp d2 + inp d3) *
out f2 * idn "receivel"

+

receive2 = def "receive2" $
inp d2 * out b * out f2
+ (inp dl + inp d3) *

out f1 * idn "receive2"

altbit a b cl c2 dl d2 d3 el e2 e3 f1 f2 =

cl > di >
r‘?> d?>
d3s
~
—aS b
< el
< e2 <f1
< 3 <2
N N

FIGURE 4. schemaof altbit
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sender a cl c2 el e2 e3 |||
receiver b dl1 d2 d3 f1 f2 |]]|
faulty cl1 c2 di1 d2 d3 |||
faulty f1 f2 el e2 e3

correct :: PrAlg a => String -> String -> a
correct a b = def "correct" $
inpa* out b* idn "correct”

check = testDT (whisim(x,y))
where x :: PA
X altbit a b cl c2 dl d2 d3
el e2 e3 f1 f2
A\ ocl \\ c2 \\ dl\\ d2 \\ d3
\Voel A\ e2 \\ e3 VN f1 A\ f2
y correct ab :: PA
(a,b) = ("a", "b")
(cl,c2,d1,d2,d3) =
("c1", "c2", "di", "d2", "d3")
(el,e2,e3,f1,f2) =
("el", "e2", "e3", "f1", "f2")
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