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Abstract

Thispaperpresentsasystemfor searchingfor desiredsmallfunctionalprogramsby
just generatinga sequenceof type-correctprogramsin a systematicandexhaustive
mannerandevaluatingthem. Themaingoalof this line of researchis to easefunc-
tional programming,alongwith thesubgoalto provide anaxis to evaluateheuristic
approachesto programsynthesissuchas geneticprogrammingby telling the best
performancepossibleby exhaustivesearchalgorithms.While ourpreviousapproach
to thatgoalusedcombinatoryexpressionsin orderto simplify thesynthesisprocess,
which led to redundantcombinatorexpressionswith complex types,this timeweuse
deBruijn lambdaexpressionsandenjoy improvedresults.

1 INTRODUCTION

Typesystemsareby naturetoolsfor soundprogrammingthatconstrainprogramsto
help identifying errors. On the otherhand,by exploiting strongtyping, functional
programmingcan be donein a way like solving a jigsaw puzzle,by repetitionof
combiningunifying functionsandtheir argumentsuntil the programmereventually
obtainsthe intendedprogram.Search-basedapproachto inductive programsynthe-
sis,or programsynthesisfrom incompletespecification,canbeviewedasautomation
of thisprocess.
This researchproposesanalgorithmthatsearchesfor thetype-consistentsmallfunc-
tional programsfrom anincompletespecificationratherin a systematicandexhaus-
tive way, that is, by generatingall the programsfrom small to infinitely large that
matchthegiventypeandcheckingif they satisfythespecification.Notethatdueto
the incompletenessin the specificationthe synthesized programsmay not conform
theusers’intentions,like otherinductive programmingmethods.Thecorrectnessof
thesynthesized programscouldbeassuredthroughtestsduringor after thesynthe-
sis. Also, for theabove reasonit is desirablethatsynthesized programsareeasyto
understandandprettyprinted.
Theproposedalgorithmimprovestheefficiency of thepreviousalgorithm[3]by do-
ing thefollowing:

• it searchesfor deBruijn lambdaexpressions,while theold oneobtainscombi-
natoryexpressionswhich is moreredundant;

• the function taking thesetof availableatomexpressionsanda typet andre-
turningprioritizedsetof synthesizedexpressions1 whosetypeandt unify is
now memoized;

1Moreexactly it returnsprioritizedsetof tuplesof thesynthesizedexpressionsandtheunifier
substitution.
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• moreequivalentexpressionswhich causeredundancy in thesearchspaceand
multiplecountingareexcluded,i.e.,while theold algorithmexcludesfrom the
searchspacereducibleexpressionsonly in thesenseof combinatorreduction,
thenew oneknowssomefusionrules.

Perspective applications Oneobviouseffect of this researchis to programming.
Readersmay have moreconcreteimagefrom Subsection2.1, thoughfurther rear-
rangementof theobtainedexpressionsmaybedesired.
Anotherapplicationcanbeauto-completionin functionalshells(e.g.Esther[9]).

Relatedwork GeneticProgramming(GP) alsosearchesfor functionalprograms
underlikewise conditions,which is a kind of heuristicapproachto searchfor pro-
gramsby maintainingasetof “promisingprograms”andby exchangingandvarying
their subexpressions,basedon the assumptionthat promisingprogramsshouldin-
cludeusefulsubexpressions. Although GP is heuristic,however, researchersof GP
tendsnot to comparetheir algorithmswith non-heuristicapproaches,leaving it un-
clearwhetherthe heuristicworks or not, andhow muchit improvesthe efficiency.
Thispaperfocusesonefficient implementationof exhaustiveenumerationof expres-
sions,andprovidesabasisonwhich to build heuristicapproachesin future.

2 IMPLEMENTED SYSTEM

2.1 Overview

Userinterface TheimplementedsystemhasauserinterfacethatlookslikeHaskell
interpreters. Figure 1 shows a sampleinteractionwith the implementedsystem,
whereeach> representsacommandline prompt.
Whentheusertypesin abooleantypedfunctionin Haskell astheconstraint, thesys-
temtriesto synthesizeanexpressionwhichsatisfiesit, i.e.,whichmakesthefunction
returnTrue. Thenit prints the expressionconverted intousuallambdaexpression
acceptableby Haskell interpretersandcompilers. The line beginning with :load
loadsthe library file written in Haskell subsetwith theHindley-Milner typesystem,
andduringthesynthesis,functionsandconstantsin thelibrary file areusedassubex-
pressionsof theresultingexpression.Hereis anexamplelibrary file.

� � � � � �
Library � � � � �

zero :: Int

zero = 0

inc :: Int→Int

inc = λx → x+1

nat_para :: Int → a → (Int → a → a) → a

nat_para = λi x f → 	 
 i � � � � x � � 
 � f (i−1) (nat_para (i−1) x f)

nil :: [a]

nil = []

cons :: a → [a] → [a]

cons = (:)
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list_para :: [b] → a → (b → [b] → a → a) → a

list_para = λl x f → � � 
 � l � 
 [] → x

a:m → f a m (list_para m x f)

Although the above specificationmay look natural, it is not commonamongGP
systemssolvingthesamekind of problems.Eachtime synthesizinga function,they
requireafile written,whichdescribes:

• whichprimitive functions/terminalsto use,

• whatconstraintsto satisfy,

• whatfitnessfunctionto useasheuristic,and

• whatvaluesof theparametersto use.

This usuallymeansthatsynthesizinga functionrequiresmoreskills andlaborsthan
thosefor implementingthe functionby hand. Unlike thosesystems,we make only
realisticrequirementsaimingto obtainausefulsystem.

2.2 The old algorithm

This sectiondescribesthe implementationusedin thepreviouswork[3], whosede-
tails have beenunpublished.Section2.2.1and2.2.2aredevotedto definitionof the
monadfor doing breadth-firstsearchandtype inferenceat the sametime. Section
2.2.3overviews thewholealgorithm

2.2.1 Monad for breadth-firstsearch

Spivey [8] devisedamonadthatabstractsandthuseasesimplementationof breadth-
first searchalgorithms.Its ideasare:

• the monadis definedas a streamof bags,representinga prioritized bag of
alternatives,wherethe n-th elementof the streamrepresentsthe alternatives
thatresideat thedepthn of thesearchtreeandhave then-th priority,

• thedepthn of thedirectproductof two of suchmonadscanbedefinedusing
thei-th bagof thefirst monadandthe j-th of thesecondmonadfor all thei and
j combinationssuchthat i + j = n, and

• thedirectsumof suchmonadscanbedefinedasconcatenationof bagsat the
samedepth.

Oncesuchmonadis defined,onecaneasilydefinebreadth-firstalgorithmsusingthe
direct sumandproduct,or just by replacingthemonadfor depth-firstsearchin the
sourcecodeof algorithmswith theaboveone.
Preliminaryexperimentsshowed thatusingtheSpivey’s monadwithout changefor
our algorithmcauseshugeconsumptionof theheapspace.Changingthedefinition
of the monadto recomputeeverythingas the focusgoesdeeperin the searchtree
solvedtheproblem:
� � � � � � �

Recomp a = Rc {unRc :: Int → Bag a}

	 � 
 � � � � �
Monad Recomp � � � � �

return x = Rc f � � � � � f 0 = [x]

f _ = []
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Rc f >>= g = Rc (λn → [ y | i ← [0..n]

, x ← f i

, y ← unRc (g x) (n−i) ])

	 � 
 � � � � �
MonadPlus Recomp � � � � �

mzero = Rc (const [])

Rc f ‘mplus‘ Rc g = Rc (λi → f i ++ g i)

2.2.2 Typeinferencemonad

When implementingtype inference,it is usually convenientto definea monadto
hide statessuchas the currentsubstitutionand fresh variableID and to represent
errorstates(e.g.[2]). Oneof suchimplementationsin Haskell canbeasfollows:
� � � � � � �

TI a = TI (Subst → Int → Maybe (a, Subst, Int))

whereSubstsrepresentthecurrentsubstitutionandIntsrepresenttheID of thenext
freshvariable.
In order to infer consistenttypesduring search,we have to extend the type infer-
encemonadto representpossibilitiesalongwith their currentsubstitutions,because
the substitutiondiffers dependingon eachpossiblenodeof the searchtree. Such
extensionof thetypeinferencemonadcanbedefinedas
� � � � � � � (Monad m) => TI m a = TI (Subst → Int → m (a, Subst, Int))

wherem representsthemonadfor representingthepossibilities.This monadis usu-
ally usedin the form of TI Recomp a in our algorithm,but TI [] a is sometimes
moreefficient underuniform priorities. Theconventionaltypeinferencemonadcan
berepresentedasTI Maybe a.

2.2.3 Theexpressionconstruction

The old algorithmenumeratestype-correctcombinatorexpressionsthat matchthe
requestedtype,andfor representinglambdaabstractionsit heavily dependsonprim-
itive SKIBC combinators.It worksasfollows: let usassumeexpressionsthathave
thesametypeasor amoregeneraltypethan,say, ∀ a b. [a] → b→ Int arerequested.
Firstly, type variables,which are assumedto be universally quantifiedunder the
Hindley-Milner typesystem,arereplacedwith non-existenttypeconstructornames,
say, G0 andG1 for the above cases.Thena functionnamedunifyableExprs is
invokedto obtaintheprioritizedbagsof expressionswhosetypesandtherequested
type[G0] → G1→ Int unify.
Given [G0] → G1→ Int asanargument,internallyunifyableExprs makesa pri-
oritizedbagof pairsof theprimitive expressionsthatreturn[G0] → G1→ Int (cor-
respondingthehead)andtheir argumenttypes(correspondingthe spine)alongwith
their substitutioninformationwrappedin Recomp; thenfor eachargumenttype of
eachpair it recursively callsunifyableExprs with thatargumenttypeto obtainre-
sultingargumentexpressions,exprss in theabovecode;finally it combinesthehead
expressionwith exprss to return.
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2.3 Impr ovements

2.3.1 deBruijn lambdacalculus

The old primitive combinatoryapproachis inefficient becausethe polymorphism
loosenstherestrictionsover thesearchdomain,thatis,

• expressionsbecomeredundant:polymorphicprimitivecombinatorspermitcom-
binatory expressionssuchasB C C which canalsobe implementedby I, and
suchpolymorphiccombinatorscan appeareverywhereincluding placesthat
havenothingto dowith theprogramstructure;

• undecidedtype variablesmake the shallow nodesin the searchtree branch
many times: becausetype variablesare replacedtoo late after beingpassed
throughcomputations,branchingis not restrictedenoughwhile computingthe
programcandidates,evenin thecaseswhereeventuallyat theleafof thesearch
treethe algorithmfinds out that thereis no type-consistentexpressionbelow
thatnode;

• thecomplexity of therequesttypebloatsrapidlyastheprogramsizeincreases.

A solutionto the above problemscould be useof directorstrings[4]. In this paper
we go further to searchover thedeBruijn lambdaexpressionsequivalentto theex-
pressionsusingdirectorstrings. Oneof the simplestforms of this algorithmis the
following variedunifyableExprs function:

• the variedunifyableExprs takesan additionalargumentavails::[Type]
which representsthetypesof usabledeBruijn variables,wherethen-th of the
avails representsthetypeof thedeBruijn variablexn;

• if therequestedtypeis a functiontype,

– its argumenttypesare piled at the beginning of avails in the reverse
order,

– with the resultingavails and the return type of the requestedtype as
arguments,a functionnamedunifyableExprs’whichhasthesametype
asunifyableExprs is invoked,and

– for eachof the expressionsunifyableExprs’ returns,lambdaabstrac-
tion is mapped asmany timesasthearity of therequestedtype;

otherwise,unifyableExprs’ is invokedwith thesamearguments;

• unifyableExprs’ makesa setof theexpressionsfrom theprimitive setand
avails whosereturn typesand the requestedtype reqtype unify, and as-
suming the set of the expressionsas the head,it forms the spine invoking
unifyableExprs recursively usingeachargumenttype as the requesttype;
then it returnsthe combinationof the headwith the resultsof the recursive
calls.

Thus,aslongasthereturntypeof theheadis notatypevariable,unifyableExprs’
returnsη-reducibleexpressions,wherepartial applicationis not permitted.For ex-
ample,λxs → take 4 xs is electedovertake 4. This is not a problem,becausewe
areonly interestedin generatingonly oneexpressionfrom oneequivalentclassin or-
derto avoid redundantsearchspace,andtheelectedprogramneednot beoptimized
— optimizingtheresultingprogramcouldbedoneby compilersandis not thescope
of this line of research.
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Theactualimplementationof unifyableExprs’ hasto be morecomplicatedthan
onewould imaginefrom theabove description,becausethe returntypeof thehead
canbea typevariable,in which casethenumberof its argumentscanbe any large.
Our currentapproachto this problemis rathernaive, trying the infinite numberof
alternative substitutions[X/a], [b → X/a], [b → c → X/a], [b → c → d → X/a], ...
whereX is therequestedreturntype,a is thereturntypeof thehead,andb,c, ... are
freshvariables.
Notethat theabove approachis quite inefficient in someways,preventingthealgo-
rithm from beingappliedto synthesisof larger programs.For example,whenthe
typevariablea is replacedwith ann-ary functiontype,by permutingthearguments
therearen! equivalentexpressions.Currentlywearefixing thisproblem.
Also notethat theargumentsnewly introducedby thesubstitutionshave to beused.
Becausethis caneasilybetestedby seeingif all thefreshvariablesarereplaced,the
ideais alreadyimplementedin theproposed algorithm.

2.3.2 Memoization

Theproposedalgorithmoften triesto synthesizetheprioritizedsetof subexpressions
on requestsof thesametype. In suchcasesmemoizationoftenworks.
Although lazy memoizationthat hashesthe pointersof objectsis quite commonly
known in functionalprogramming,this time it is not a goodoption,becausepointer
equalitymakeslittle sensehere,andthereis no needof lazy memoization.We im-
plementeda trie-basedmemoizationby

• definingthedatatypeof lazyinfinite trie indexedby theargumentsof thememo
function,

• puttingthereturnvalueof thememofunctionateachleafnodeof thetrie, and

• lookingupthetrie insteadof computingthefunctionvaluewheneverthereturn
valuefor any argumentis required.

How to implementthegeneralizedtrie indexedby any datatypeis detailedin [1]. 2

WhenmemoizingunifyableExprs’, thetrie is indexedby avails andreqtype,
andhasaSpivey’smonadinsteadof Recomp ateachleafnode.Thetypevariablesin
avails andreqtype shouldbenormalizedbeforethe look up, or e.g. ∀ a. [a] and
∀ b. [b] wouldberegardedasdifferenttypes.
Oneproblemis thatalthoughthesametypesareoftenrequested,thesetof available
functionschangefrom timeto time. Especiallybecausethesetof availablefunctions
increasesmonotonicallyas the positionof the spinein questiongoesdeeper, it is
quite likely that thememoizationwhoseargumentis thesimplecombinationof the
requestedreturntypeandthesetof theavailableexpressionsrarelyhits.
A hint on this problemis: “when constructinga type-consistentexpressionwe are
only interestedin the typesof the available functions,not thosefunctions them-
selves”, or in otherwords, “availableexpressionsof the sametype arealternative
in thesenseof type-consistency.” Thus,insteadof just lookingup thememotrie one

2Notethata lazy infinite trie insteadof a resizablefinite trie hasto beusedhere,andthusunlike
theimplementationin [1] Patriciatreeimplementationis not fitted for theinteger-indexedtries.
However, becausetheonly integersusedasindexesaretheidentificationnumbersfor typevariables
andtypeconstructors,whichareusuallysmallbelow ten,usuallazy lists canbeusedinsteadof
Patriciatreewithoutoutstandinglossof efficiency.
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shoulddothefollowing to makememotrie hit moreoftenandto savetheheapspace
for memoization:

• reorganizethesetof availableexpressionsby sortingthemanddividing them
into theequivalenceclasshaving thesametype,andassignnew variablenum-
berfor eachclass,

• look up thereturnvaluefrom thetrie usingthereorganizedlist, and

• replaceall thevariablenumbersintroducedabove in theobtainedexpressions
with theavailableexpressions.

Becausememoizationcoststhe heapspace,the valuesthat are rarely looked up
shouldratherberecomputedthanmemoized.In thecaseof memoizingunifyableExprs’,
it is effective to look up from thememoonly smallexpressionsbecausethey arere-
questedmany times.

2.3.3 Excluding unoptimizedexpressions

Every known optimizationrule suggestswhenequivalentprogramscanbe synthe-
sized,andhelpsto avoid suchredundantsynthesis.Takinga caseof functionfusion
as an example, from the foldr/nil rule we know that foldr opx [] = x , and thus
we shouldalwaysavoid synthesisof expressionsincluding foldr ? ?[] patternasa
subexpression.Failureto exploit suchrulescancausea tremendouslossto ouralgo-
rithm becausewithoutdoingso foldr ? ?[] patterncanappeareverywhereevenwhen
therequestedtypehasnothingto do with lists at all. Thoughsuchfusionpointscan
beidentifiedby a generalrule[7], currentlywe usethefollowing heuristicto capture
them:

• identify thelibrary functionsthatconsumesomedatatypebeforehand;whether
a functionis aconsumeror not is currentlyjustguessedfrom its type;

• prohibit useof constructorswheninvokingunifyableExprs for theparame-
terof consumeddatatype.

2.3.4 Interpreter

The improved systemusesan interpreterbasedon categorical combinatorylogic
(CCL) [5], while that usedby the old systemusedthe Turner’s algorithm. This is
a naturalchangebecauseCCL hasa strongtie with the de Bruijn style lambdaex-
pressions.

3 EFFICIENCY EVALUATION

Honestlyspeaking,the currentsystemrequiresfurther improvementsin efficiency
to becomevery useful. Althoughsynthesisof simplefunctionsconsistedof several
primitive expressionsrequiresonly afew seconds,synthesisof functionsconsistedof
morethantwelveprimitive expressionsusuallyrequiresmorethanaminute,andmay
notfinish thesynthesiswithin anhour. Still, thereis largeroomfor improvementsby
suppressingredundantexpressionsbeforetrying heuristicapproaches.
In addition to the old system,this researchis relatedto GP algorithmssuch as
PolyGP[11],[10]thatisGPunderpolymorphichigher-ordertypesystem,andADATE[6]
that usesmonomorphicfirst-ordertype system.Although it is usuallydesirableto
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comparethe proposedmethodwith suchalgorithms,herewe do not compareeffi-
ciency with themfor thereasonsbelow.
Comparisonwith PolyGPwould be unnecessary, becausethe comparisonbetween
PolyGPandtheold systemis donein [3], wherethe lattershowedbetterresultson
all problemsthere,andthusif thecurrentsystemshows improvementsfrom theold
systemon thoseproblems,thatwouldbeenough.
TheADATE systemhastwo releases:version0.3and0.41,but unfortunatelyin our
modernenvironmentboth of themcould not reproducethe interestingresultsfrom
the literature. The version0.3 is releasedonly in the binary form, compiledin an
outdated,specificenvironment,andthusis not runnablein our recentLinux systems.
Although theversion0.41seemsrunnable,it doesnot show the reportedefficiency
even from thesamplespecificationsthat comewith the release— for example,the
list sortingproblem,which canreportedlybe solved in 1529secondson 200MHz
PentiumIII, cannotbesolvedin fivedaysonour3GHzPentium4 machine.3

Onepossiblereasonof theabove discouragingresultmight beasfollows: although
in usualGP somedescendantsof parentindividualswho arestuckat local minima
are droppedto minima at someinterpolatingpositionsby the crossover operator,
sinceADATE lacksin any crossover it is likely thatwithoutgoodluck in therandom
numberseedit is difficult for any individualprogramto getoutof localminima.
It is unknown how oftenADATE fails,whenit shouldberestartedif it seemsto have
failed, andhow long it takes in averageto obtaina desiredresult finally after the
failures.

Improvementsfrom the old algorithm Table 1 shows the executiontime of
synthesizingthesamefunctionsin thesameenvironmentasin [3], i.e. on Pentium4
2.00GHzmachinewith theGlasgow Haskell Compilerver. 6.2onLinux 2.4.22,with
the-O optimizationflag.
For thenew algorithmanadaptedversionof theoriginal library file excludingSKIBC
combinatorsandspecializedvariantsof paramorphismsthatareno longernecessary
is used,i.e.:

� � � � � �
Library � � � � �

zero :: Int

zero = 0

inc :: Int→Int

inc = λx → x+1

nat_para :: Int → a → (Int → a → a) → a

nat_para = λi x f → 	 
 i � � � � x � � 
 � f (i−1) (nat_para (i−1) x f)

dec :: Int → Int

dec = λx → 	 
 x ≡ 0 � � � � 0 � � 
 � x−1

nil :: [a]

nil = []

cons :: a → [a] → [a]

cons = (:)

list_para :: [b] → a → (b → [b] → a → a) → a

3In addition,whengivenotherproblemsthanthesamples,it abortsbecauseof lack in error
handling.
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TABLE 1. Computation time (sec.)of the old and the newalgorithms.

nth map length
computationtime for theold system(real) 5.3 2.2 0.03

(user) 5.1 2.2 0.02
nth map length

computationtime for thenew system(real) 0.8 1.9 0.03
(user) 0.6 1.2 0.02

list_para = λl x f → � � 
 � l � 
 [] → x

a:m → f a m (list_para m x f)

hd :: [a] → a

hd = head

tl :: [a] → [a]

tl = tail

In all theexperimentsperformanceimprovementsareobserved.

4 CONCLUSIONS

An algorithmthat searchesfor the type-consistentfunctionalprogramsfrom an in-
completesetof constraintsin a systematicandexhaustive way is proposed.It im-
provestheefficiency of thepreviousalgorithmby usingdeBruijn lambdacalculusat
thebackend,memoization,andsomeknown fusionrulesto avoid multiplecounting
of theequivalentexpressions.
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> :set --quiet
> \f -> f ["sldkfj", "", "324oj", "wekljr3","43sld"] == "s3w4"
The inferred type is: (([] ([] Char)) -> ([] Char)).
Looking for the correct expression.
current program size = 1
current program size = 2
current program size = 3
current program size = 4
current program size = 5
current program size = 6
current program size = 7
current program size = 8
current program size = 9
Found!
(\ a -> list_para a nil (\ b c d -> list_para b d (\ e f g -> cons e d)))
1 sec in real,
0.83 seconds in CPU time spent.
> :load LibList
> \f -> f "sldkjf" == "fjkdls"
The inferred type is: (([] Char) -> ([] Char)).
Looking for the correct expression.
current program size = 1
current program size = 2
current program size = 3
current program size = 4
current program size = 5
current program size = 6
current program size = 7
current program size = 8
Found!
(\ a -> list_para a (\ b -> b) (\ b c d e -> d (cons b e)) nil)
1 sec in real,
0.35 seconds in CPU time spent.
>

FIGURE 1. Sampleuser interaction.


